DENSE CODENSE PREDICATES AND NTP,

ALEXANDER BERENSTEIN AND HYEUNGJOON KIM

ABsTrACT. We show that if T is any geometric theory having NTPy then
the corresponding theories of lovely pairs of models of T' and of H-structures
associated to T also have NTP3. We also prove that if T' is strong then the
same two expansions of T are also strong.

1. INTRODUCTION

The family of NTP, theories has attracted a lot of attention recently. On the one
hand it provides a setting that includes both simple and dependent theories. On
the other hand the family is small enough to have some very nice model-theoretic
properties, such as the equivalence of forking and dividing for types over models
[8]. There are several recent results on natural theories that are NTPy but are not
simple nor dependent, they include ultraproducts of p-adics [6] and the theory of
the non-standard Frobenius automorphism acting on an algebraically closed valued
field of equicharacteristic 0 [7].

In this paper we study some expansions of geometric NTPs theories and prove
that NTP5 also holds in those expansions. In technical terms, we prove that expan-
sions of any geometric NTPs theory with a dense/co-dense predicate are also NTPs,
provided that the predicate defines either an algebraically independent subset or
an elementary substructure.

There are several papers on the preservation of stability and NIP under adding
predicates. For example, there are the work of Casanovas and Ziegler on stability
[5] and a similar result by Chernikov and Simon on NIP theories [9], [10]. A key
fact in both papers is the following result: inside a highly saturated model of T,
the family of stable (or NIP) formulas is closed under boolean combination and it
suffices to check (under some technical assumptions) that the induced structure on
a predicate is stable (respectively NIP).

On the other hand, for NTPs and simple theories, there are no results along
the lines of Casanovas-Ziegler, Chernikov-Simon and we require different tools for
analyzing expansions of these theories. In the case of simple theories, one can study
independence relations that characterize forking and simplicity. For NTP5 theories,
the main tool is that the burden is sub-multiplicative [6] and thus it suffices to look
at formulas in a single variable. This is the path followed in [6] to show that any
geometric NTPy theory with a random predicate is again NTPs. In this paper we
use a similar approach, we concentrate on formulas with a single variable and apply
tools about indiscernible arrays and burden to prove our results.
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Strong theories and burden were first defined by Adler in [1] and they provide
notions analogous to those like superstability and U-rank but in the setting of NTP,
theories. Examples include henselian valued field of equicharacteristic 0 where the
residue field and the valued group are both strong [6], and also the ultraproduct of
p-adics. In this paper we also prove a result on the preservation of strongness: if T
is strong then the expansion by a dense/co-dense predicate is again strong.

Our work is organized as follows. In section 2 we review the notions of H-
structures and lovely pairs and improve some results about the definable sets of
these expansion from [3, 4]. In section 3 we review some key results on NTP,
theories, burden and indiscernible arrays. Finally in section 4 we prove our main
results.

2. H-STRUCTURES AND LOVELY PAIRS

In this section, we review the notions of H -structures and lovely pairs of geo-
metric theories. All the essential definitions and results in this section are due
to Berenstein and Vassiliev ([3], [4]), but we also refine some of their results on
definable sets (Propositions 2.10 and 2.11 below).

Recall that a theory is called geometric if (1) it eliminates the quantifier 3°° and
(2) the algebraic closure satisfies the exchange property. By ‘independence’ we shall
mean algebraic independence and use the symbol | to denote this independence
relation. Whenever M =T and a € M, we write acly(a) for the algebraic closure
of @ inside M and tpp(a) for the type of @ inside M.

Definition 2.1. Given a geometric complete theory T in a language £ and a
model M E T, add a new unary predicate symbol H to form an extended language
Ly = LU{H}. Let (M, H(M)) denote an expansion of M to Ly, where H(M) :=
(1) (M,H(M)) is called a dense/co-dense expansion if, for any non-algebraic
L-type p(xz) € S1(A) where A C M has a finite dimension, p(x) has real-
izations both in H(M) and in M \ aclp(AU H(M)).
(2) A dense/co-dense expansion (M, H(M)) is called a lovely pair if H(M) is
an elementary substructure of M.
(3) A dense/co-dense expansion (M, H(M)) is called an H -structure if H(M)
is an L-algebraically independent subset of M.

Theorem 2.2 ([3], [4]). Given any geometric complete theory T, all the lovely pairs
(resp. H-structures) associated with T are elementarily equivalent to one another.

Notation 2.3. Tp and T denote the common complete theories of the lovely
pairs and the H-structures, respectively, associated with T'. By T* we shall mean
either Tp or T®,

Remark 2.4. Not every model of T* may be an H-structure (resp. lovely pair),
but all the sufficiently saturated ones are. (See [4, Examples 2.11, 2.12].)

Notation/convention
(1) Throughout the rest of the paper, we shall fix a geometric complete theory
T and work inside some fixed, k-saturated model (M, H(M)) E T* for some
sufficiently large cardinal k. When we talk about subsets of M, we shall
mean subsets of cardinality < & unless stated otherwise.
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(2) For a subset AC M, H(A) :={x € A| H(z)}.
(3) We shall use H-subscripts to distinguish those operations in £y from those
in L. (e.g., aclg(a), tpy(a).)

Definition 2.5. A subset A C M is called H-independent if A | H(M).

H(A)
The following proposition is easy to verify.

Proposition 2.6. (1) For any tuple a, there exists some finite tuple h in
H(M) such that a | ; H(M). And, for such h, ah is H-independent.
(2) If @ is any H-independent tuple, then for any finite tuple h in H(M), ah
18 also H-independent.
Lemma 2.7 ([3], [4]). For any H-independent tuples a and b,
tpy (@) = tpy (b) & tprp(aH(a)) = tpr(bH(b))
Definition 2.8. For any subset A C M,
scl(A) :==aclp (AU H(M))
is called the small closure of A. Any subset B C scl(A) is called A-small.
Remark 2.9. It is easy to check that M \ scl(A) is type-definable (in Ly ) over A.

In the remainder of the section, we prove Propositions 2.10 and 2.11 which are
refined versions of the original theorems by Berenstein and Vassiliev [4], [3]. (The
original versions do not make explicit references to parameters.) We need these
stronger versions to prove our main results later, so we include their full proofs.

Proposition 2.10. If ¢(Z,a) is any Lyg-formula where a is H-independent, then
there exists some L-formula ¥ (Z,a) such that

E o(z,a) NH(Z) + ¢(T,a) AN H(T)
Proof. Let X C M™ be the set defined by ¢(Z,a). We may assume that H(M)"NX
and H(M)™\ X are both nonempty.
Claim. For any hy € H(M)" N X and any hy € H(M)™ \ X, there exists some
L-formula 65, 7, (Z,a) such that hy = 0(Z,a) and hy F —0(Z,a).

Proof of Claim. Let hy € H(M)" N X and hy € H(M)™ \ X Then_tpH(}_le) #
tpy (hea) since p(T,7) € tpy(hia) \ tpy(hea). Moreover, hia and hoa are both
H-independent by Proposition 2.6(2). Hence tp;(h1a) # tpy(hea) by Lemma 2.7.
This completes the proof of Claim.

For each hy € H(M)™ \ X, consider the following £p-type over a:
S5, (%) = {H(Z) A p(,a)} U{~05,5,(Z,a) | hn € H(M)" N X}

which is clearly inconsistent. Hence, since M is saturated, there exist finitely many
tuples hi,--- k¥ in H(M)™ N X such that the £-formula

k
Ui, (Z,8) = \/ i, (T, 0)
=1

is satisfied by every tuple in H(M)™ N X. Note hy ¥ vy, (Z,a).
Next, consider the following L£g-type X(Z) over a:
2(z) = {H(Z) A ~(Z,a)} U {3, (2,0) | he € H(M)" \ X}
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which is clearly inconsistent. Hence, since the structure M is saturated, there exist
finitely many tuples k3, -, h5" in H(M)™\ X such that the £-formula

Y(z,a) = /\ 1/%; (z,a)
=1

is not satisfied by any tuple in H(M)™\ X. But ¢(Z, a) is satisfied by every tuple
in H(M)™N X, and hence ¥(Z,a) is a desired £L-formula. O

Proposition 2.11. If o(z,a) is any Ly -formula where x is a single variable and @
is an H-independent tuple, then there exists some L-formula ¢(x,a) such that the
symmetric difference p(x,a)Ap(x,a) defines an a-small set.

Proof. Let X C M be the set defined by ¢(z,a). And let
Yi={zeX|xé¢scl(a)} and Yo:={xe M\ X|z¢scla)}

We may assume that Y7 and Y, are both nonempty.

Claim. For any ¢; € Y7 and any co € Y3, there exists some L-formula 0.,.,(x,a)
such that ¢; F 0;,c,(z,a) and c2 F =0, (2, a).

Proof of Claim. Let ¢; € Y7 and ¢y € Ya. Then tpy(cia) # tpy(cea) since
o(x,y) € tpy(cra) \ tpy(ced). Moreover, note that ¢ja and caa are both H-
independent. Hence, tpy(c1a) # tpy(c2a) by Lemma 2.7. This completes the proof
of Claim.

As was observed in Remark 2.9, both Y7 and Y> are type-definable (in Lg) over
a. So let X1 (z) and ¥a(x) be Ly-types over a defining Y7 and Ya, respectively.

For each ¢ € Y, consider the following L p-type over a:
Si(x) U{—b e, (z,a) | 1 € Y1}

which is clearly inconsistent. Since M is saturated, there exist some finitely many
cl, -+, ck € Yy such that the £-formula

k

1/)02(.13,@) = \/ ecicz(xv&)

i=1

is satisfied by every element in Y;. Note ¢z ¥ 1., (x,a).
Next, consider the following Lg-type over a:

53(2) U {y (2,3) | €2 € Vo)

which is clearly inconsistent. Again, using that M is saturated, there exist some

finitely many c3,--- , 3" € Y such that the £-formula
d}(xa Cl) = /\ wcl (l‘, a)
i=1

is not satisfied by any element of Ya. But ¢(z,a) is satisfied by every element of
Y7, and hence ¢(z,a)Ay(x,a) defines an a-small set. O
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3. TPy, BURDEN AND INDISCERNIBLE ARRAYS

In this section, we review some key results on NTPs theories and burden. All
the definitions and results in this section are in a general setting, and we do not
assume that 7" is geometric.

Definition 3.1. (1) A theory T has k-TP, (for some integer k > 2) if there
exist a formula ¢(Z, ) and a set of tuples {@; ; | ¢, j < w} (in some model of
T') such that {¢(Z, a; f¢;)) | © < w} is consistent for every function f: w — w
and {p(Z,a,;) | j <w} is k-inconsistent for every i < w.
(2) TPy means 2-TPs.
(3) A theory has NTPs if it does not have TP5.

Remark 3.2. Notice that, if a formula o(Z,y) witnesses k-TPy with some array
{aij | i,j < w} then N\, ©(Z,a; ;) must have infinitely many realizations for
every function f: w — w.

The following definitions of indiscernible array and array-basedness are due to
[2].
Definition 3.3. Consider the Cartesian product w X w as a model in the language
Lar := {<1, <2} where <; and <5 are binary relation symbols interpreted in w X w
as follows:

(a,b) <1 (¢,d) & a<c
(a,b) <2 (¢,d) & (a=c)A(b<d)
Let M be any model in some language L.

(1) A set of parameters {a, | p € w x w} in M is called an indiscernible
array if the L-type of any finite tuple (a,,,--- ,ay,,) is determined by the
quantifier-free L,,-type of the tuple (1, -, tin).

(2) Let A= {a, | p € wxw} and B := {b, | p € w x w} be any sets of
parameters in M. A is array-based (or simply based) on B if for any L-
formula ¢(Z1,--+,Z,) and any tuple (g1, -+, ) In w X w, there exists
some tuple (v1,---,v,) in w X w such that

(a) aftpg, (1, pn) = dftpe, (1, V)

(b) ME @(aulv T 7dﬂn) A SO(EV17' o ’Bun)
Theorem 3.4 (Array-modeling [2]). Given any set of tuples A := {a, | n € wxw}
(in some sufficiently saturated model), there exists an indiscernible array {b, | n €
w X w} based on A.

Corollary 3.5. If a formula ©(Z,y) witnesses k-TPsy then it may do so with an
indiscernible array.

Corollary 3.6. If a formula o(Z,§) witnesses k-TPy then some finite conjunction
(T, G1, -, Un) = Niey (%, Yi) witnesses TPy. Hence, if a theory T does not have
TPs then it does not have k-TPy for any k > 2.

Proof. An easy application of the array-modeling theorem. See [2] or [?] for details.

Proposition 3.7. A theory T has TPy if there exist a formula ¢(x,y) and an
indiscernible array {a; ; | 1,7 < w} such that
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(1) Nicw (@, ai0) has infinitely many realizations,
2 , x,0g. 7) has at most finitely many realizations.
J<w ¥ »J

Proof. Suppose that there exist such a formula ¢(z,7) and an indiscernible array
A:={a;; | i,j < w} in some sufficiently saturated model M = T. Then clearly
there exist some integer N > 1 and some algebraic formula 6(z, bg) such that, for
any indices i1 < -+ < iy,

N

M E (/\ go(z,ao,ik)) — 0(x,bo)
k=1

Then it’s easy to check that the formula ¢(z,3Zz) = ¢(z,g) A —0(z,Z) witnesses

N-TPs. Hence T has TPs by Corollary 3.6. (]

Theorem 3.8 (Chernikov [6]). If a theory has TPa, then there exists some formula
o(xz,79) (where x is a single variable) witnessing TPs.

Next, we recall the following definition from [?].

Definition 3.9. Given a (partial) type p(Z), an inp-pattern in p(Z) consists of
a set of formulas {¢;(Z,7;) | ¢ < k} (for some cardinal ) and a set of tuples
{@;; | i <K, j <w} satisfying the following properties:
(1) For each i < k, {¢i(Z,a;;) | j < w} is k;-inconsistent for some integer
ki > 2.
(2) For every function f: k — w, p(Z) U {pi(Z,a; ¢¢;)) | i < Kk} is consistent.

The cardinal & is called the depth of the inp-pattern. The burden of a type p(Z),
denoted by bdn(p(z)), is the supremum of the depths of all inp-patterns in p(z).
bdn(a/B) denotes bdn(tp(a/B)).

Proposition 3.10.
(1) bdn(p(z)) =0 < p(Z) is an algebraic type.
(2) bdn(a/b) < bdn(a) < bdn(ab).
(3) If F p(z) = q(2) then bdn(p(r)) < bdn(g(z)).

Proof. Immediate from the definition of burden. O

Proposition 3.11 ([?], [6]). If there exists an inp-pattern {@;(Z,a; ;) | i < Kk, j <
w} in a type p(ZT), then we may assume that the array {G;; | i < K, j < w} is
mutually indiscernible, that is, for each iy < kK, the sequence {a;,; | j < w} is
indiscernible over the parameters {a; ; | 1 # o, j < w}.

Remark 3.12 (Indiscernible array vs. mutually indiscernible array). Any indis-
cernible array is necessarily a mutually indiscernible array, but the converse is not
true in general. (Also note that, all the tuples in an indiscernible array have the
same arity by definition, but it is not necessarily the case for mutually indiscernible
array.)

Theorem 3.13 (Sub-multiplicativity of burden, [6]). If there is an inp-pattern of
depth k1 X ko in tp(ab) then either there is an inp-pattern of depth ry in tp(a) or
there is an inp-pattern of depth ks in tp(b/a). In particular:
(1) For any finitely many tuples ai,--- ,a, and any infinite cardinal K, if
bdn(a;) < & for all i then bdn(ay - - - a@n) < K.
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(2) For any finitely many tuples @y, -+ ,an, if all the inp-patterns in tp(a;)
have finite depths, for all i, then all the inp-patterns in tp(ay - - - a,) have
finite depths.

Proposition 3.14 ([6]). Let T be a complete theory. Then the following are equiv-
alent:

(1) There does not exist any formula p(x,y) witnessing TPs.
(2) bdn(b/C) < |T|T for allb € M and all C C M in some saturated model M
of T.

4. MAIN RESULTS

Throughout this section, we work inside some fixed, sufficiently saturated model
(M,H(M))ET*

Proposition 4.1. Let p(Z,7) be any L -formula witnessing k-TPy for some k > 2.
Then for some dummy variables z, the formula ¢(T,§Zz) witnesses k-TPy with some
indiscernible array {¢; ; | i,j < w} where each ¢; ; is H-independent.

Proof. By Corollary 3.5, ¢(Z,y) witnesses k-TPy with some indiscernible array
{@;; | i,j < w}. (In particular, all a;; have the same Lp-type.) Moreover, by
Proposition 2.6(1), there exists some finite tuple hq o in H (M) such that agoho.o
is H-independent. For each (4, j) # (0,0), define ﬁi,j to be the image of hg o under
some Lp-automorphism sending ago + @; ;. So, in particular, each ai,jﬁi,j is H-
independent. It’s also clear that, for any choice of dummy variables Z having the
same arity as Ei,j, the formula ¢(z, yZz) still witnesses k-TPo with the array {Bi’j =
a; jhi; | i,j < w}. Now, by Theorem 3.4, there exists some indiscernible array
{€.]i,j <w} based on {b;; | i,j < w}. Then it is straightforward to check that
each ¢; j is H-independent and ¢(Z,yZz) witnesses k-TPy with {¢; ; | i,j <w}. O

Proposition 4.2. T has TPs if there exists some Ly -formula o(z,q) (where x is
a single variable) such that o(x,§) A H(x) witnesses k-TPy for some k > 2.

Proof. Assume that there exists such an £g-formula ¢(z, 7). We may assume that
o(x,y) A H(z) witnesses TPy with some indiscernible array A := {a; ; | 4,j < w}
where each @, ; is H-independent (by Proposition 4.1 and Corollary 3.6). Then, by
Proposition 2.10, there exists some L-formula ) (z, §) such that for all 4, j < w,

E oz, a,;) NH(z) < ¢(x,a;;) NH(z).

Since A, .., ¢(x,ai0) A H(z) has infinitely many realizations (by Remark 3.2),
Nicw ¥(x,8i,0) also has infinitely many realizations. Moreover, A;_, ¥(z,ao,;) has
at most finitely many realizations. (Otherwise, the density condition for H (Defini-
tion 2.1(1)) implies that ¢(z,a0,0) A ¢(z,a80,1) A H(x) is consistent, contradiction.)
Hence, T' has TP, by Proposition 3.7. (I

Proposition 4.3. If there exists h € H(M) such that bdug (h) > |T|" then T has
TP,.

Proof. This is a local version of Lemma 3.14. The existence of such h implies that
there exists some £Lp-formula ¢(z, §) such that ¢(x,y) A H(z) witnesses k-TP; for
some k > 2. This follows easily from the pigeon hole principle (i.e., the regularity
of the cardinal |T|"). Hence, T has TPy by Proposition 4.2. O
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Corollary 4.4. If there exists some Ly -formula ¢(Z,y) such that o(Z,y) N H(Z)
witnesses k-TPy for some k > 2 then T has TPs.

Proof. The existence of such an £g-formula ¢(z, ) implies that bdng (h) > |T|*
for some tuple h in H(M). This follows easily from compactness and the fact that
we can always choose an indiscernible array (Corollary 3.5). Then, by the sub-
multiplicativity of burden (Theorem 3.13), there exists some h € H(M) such that
bdng (h) > |T|*. Hence T has TPy by Proposition 4.3 O

Theorem 4.5 (Main Theorem). If T* has TP, then so does T'.

Proof. Assume T™* has TPs. So there exists some £y-formula ¢(z, ) (where x is a
single variable due to Theorem 3.8) witnessing TP with some indiscernible array
A:={a;; | i,j <w} where each @, ; is H-independent (by Proposition 4.1). There
are two possible cases:

Case 1. A\,_,, o(z,a;,0) is realized by some b € scl(A).

Such b is realized by some algebraic L-formula 6(z, ¢, h) where é and h are some
tuples in A and H(M), respectively. Clearly we may assume that, for any pa-
rameters ¢ and h’, the formula 6(x,&,h') always has at most k realizations for
some fixed integer k. Choose any N < w such that ¢ appears in the sub-array
{a;; | i < N,j < w}and let d; ; :== Gy, for each 4,5 < w. Then @(z,7) still
witnesses TPo with the array {‘ji,j | 3,7 < w} but this array is now indiscernible
over ¢. Then it’s easy to check that the £g-formulas

w(z,¢,d; ;) == H(z) A Jz(0(x,¢ 2) A p(,d; ;)
for i, j < w, witness (k + 1)-TP5. Hence T has TPy by Corollary 4.4.

Case 2. All the realizations of A\,_, ¢(,a;,0) are in M \ scl(A).

By Proposition 2.11, there exists some L-formula t(z,y) such that, for each
i,j < w, p(x,a;;)A(x,a;;) defines an a@; j-small set. Then every realization
of A, ¥(7,a;0) must also be a realization of A,_, v¥(x,a;0). In particular,
Ni<co ¥(2,a;0) has infinitely many realizations.

Moreover, A;_, ¥ (x,d0,;) has at most finitely many realizations. (Otherwise,
the co-density condition for H (Definition 2.1(1)) implies that ¢(x, @g0) A p(x, Go,1)
is consistent, contradiction.) Hence, T' has TPy by Proposition 3.7. (]

Now we study how burden behaves in 7.

Theorem 4.6. Let p(x) be any partial L-type in a single variable over any subset.
Then for any inp-pattern of L -formulas in p(xz) ANH (x), there exists an inp-pattern
of L-formulas in p(x) having the same depth. In particular, bdng (p(x) A H(z)) <
bdnz (p(z)).

Proof. Let {¢;(x,a; ;)| i < k, j <w} be any inp-pattern of £y-formulas in p(z) A
H(z) (where k is some cardinal). Clearly we may assume that F ¢;(z,a; ;) — H(x)
for all ¢ < k and j < w. We may further assume that the array {a, ; | i < k, j < w}
is mutually indiscernible (by Proposition 3.11) and that each a; ; is H-independent.
Then, by Proposition 2.10, there exist L-formulas 1;(z, ;) such that

= gOi(CL',(_liyj) A d wi(xadi,j) /\H(.’K)
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for all # < k and j < w. Notice that, for each ¢ < k, /\j<w ¥i(z,a; ;) has at most
finitely many realizations. (Otherwise, the density property of H and compactness
imply that A;_, »i(z,a;;) is consistent, contradiction.) Let €y = {e1, - ec}
be the set of realizations of A;_, vo(z,d0,;). Note éo N H(M) = 0. Moreover,
by the indiscernibility of {@p; | j < w}, there exists some Ny < w such that
/\j<w Yo(z,a0,;) = /\jel ¥o(z,ao,;) whenever I C w has the size Ny. Let Zp =
(21, ,2¢) be a tuple of new variables and consider the £-formula

¥o(2, Go, 20) = to(x, Jo) A (Ak<ew # 2k)-
Then {¢{(z,a0,;,€0) | j < w} is No-inconsistent. Repeating the same process for
each i < k, we obtain an array of L-formulas

(i, a55,8) | i < r, j <w}
which is an inp-pattern of depth x in p(z). This completes the proof. O

Before stating the next result (Theorem 4.8), let us quickly review the notion of
Kinp(T') defined by Shelah [11, Section III.7] and the notion of strong theory defined
by Adler [?].

Given an arbitrary theory T' (not necessarily geometric) and any n < w, Kinp(T)
denotes the least cardinal 7 such that there is no inp-pattern of depth 7 in the type
{z = 7} where 7 is a tuple of n variables. And kiny(T) := sup,, ., K7, (T'). We list
below some basic properties (all of which follow immediately from the definition).
n < k? (T) (due to the equality symbol in every language).

inp
n<m =k, (T) <&, (T).

)
)
3) Kinp(T) > Ro.
4) Kinp(T) =Rg & K]
)

inp

(T) < Ng for all n < w.
(T) < Rg < Every inp-pattern in Z = Z (where |Z| = n) has a finite

In [?], Adler defines a theory T to be strong if every inp-pattern in & = Z has a
finite depth, for every finite tuple of variables . i.e., T is strong iff #;,,(T") = Ro.

Theorem 4.7 (Chernikov [6]). In any theory T, either x};,,(T) < o for alln < w,
or there exists some infinite cardinal T such that &7, (T) = 7 for alln < w. In

inp
particular, T is strong if and only if k} (T) < No.

inp

Theorem 4.8. For any geometric complete theory T, if T is strong then so is T*.

Proof. Assume that T is strong. Then, by Theorem 4.6 and the sub-multiplicativity

of burden (Theorem 3.13), every inp-pattern in tp(h) has a finite depth, for all
finite tuples h in H(M).

Claim. Let p(z) be any partial £gy-type in a single variable over any subset. Sup-
pose that all the realizations of p(z) belong to scl(b) for some tuple b. Then every
inp-pattern of £g-formulas in p(z) has a finite depth.

Proof of claim. Suppose not, i.e., there exists some inp-pattern {y;(z,a; ;) |
i,j < w} of depth Vg in p(z). We may assume that the array {a;; | i,j < w} is
mutually indiscernible over b. Since M is saturated, we can find some L-formula

0(x,y,b) such that
(1) 6(x,¢,b) is algebraic for all parameters ¢,
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(2) Fp(z) = 3y(H(y) A O(x,7,b)).
In particular, there exists some tuple A in H (M) such that
p(z) U {0(z, h,b) A i(x,a:0) | i < w}
is consistent. Then the £pg-formulas

MZ(ZL 67 a’i,j) = H(g) A E'.’E(Q(]}, gv B) A <pi(ma a@j))

for i,j < w form an inp-pattern of depth Rg in tpg(h), contradicting that every

inp-pattern in tpg (h) has a finite depth. This completes the proof of Claim.

Now, to prove that T is strong, it suffices to show that every inp-pattern of Lp-
formulas in = 2 (where x is a single variable) has a finite depth. Suppose not,
i.e., there exists some inp-pattern {y;(z,a; ;) | i,j < w} of depth 8y in z = z. We
may assume that the array {a, ; | ¢, j < w} is mutually indiscernible and that each
a;,; is H-independent. Then, by Proposition 2.11, there exist £-formulas v;(x, ;)
such that

@i(, a;,5) Ay, i )
defines an a; ;-small set, for each ¢,7 < w. Note that, for each n < w and any
function f: n — w, the formulas

{pi(z,a;;) I n<i<w, j<w}

form an inp-pattern of depth R in the type {¢;(z,a; ;) | i < n}. Hence, Claim
above implies that, for each n < w and any function f: n — w, the formula

/\ VYi(x, @5 ()

i<n
is realized by some infinitely many elements in M \ scl{@; () | i < n}.

Furthermore, for each i < w, A;_, %i(x,a;;) has at most finitely many real-
izations. (Otherwise, the co-density property of H and compactness imply that
{pi(z,a;;) | j < w} is consistent, contradiction.) Hence, we may repeat the same
argument in the latter part of the proof for Theorem 4.6 to obtain an array of
L-formulas
{¥i(z,8i5,6) i <w, j <w}

which forms an inp-pattern of depth Ry, contradicting that T is strong. We conclude
that every inp-pattern of Lpy-formulas in x = x has a finite depth, ie., T is
strong. ([l
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