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E.Hrushovski [1] showed that, for any predicate symbol R, taking a linear
prerank function of form

yr(A) = |A] = a - er(A),

(where A is a structure (A; R), a € R™, eg(.A) is a number of tuples in R,
being interpreted in A) and a class Ky of finite structures A with yg(A) > 0,
one get a saturated countable Kg-generic (in the sense of [2, 3]) structure
Mp = (Mpg; R) with a stable theory.

For predicate symbols Ry,..., R,,..., taking a prerank function

YRy, R, (A) = [A] = Z&i -er,(A),

and a class Kg, . g, . of finite structures A of language {Ri,...,R,,...}
with yg, . r...(A) > 0, one again get a saturated countable Kg, g, -
generic structure M with a stable theory and such that M | R, = Mgp,.
That structure M is called the Hrushovski fusion of structures Mg, (cf. [3,
4, 5]). Considering M itself, M and the restrictions M | {R;,,..., R;,...}
are called the Hrushovski structures. If for a Hrushovski structure M, arities
for all relations R; are at most r, coefficients «; are chosen in Herwig style [6]
(cf. [3, Chapter 4]) and additionally with «;-(k,)" < €,, as well as the special
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bb are lower bounds for p-approximations of yg, . g, . (with ) instead of
i=1

>), then M is called a Hrushovski-Herwig structure.
i

Notice that each Hrushovski structure is countable. Notice also that,
by construction, the Hrushovski structures in [3] are Hrushovski-Herwig
structures.

The following definition generalizes the notion of (binary) envelope in

[3], being used for constructions of generic Ehrenfeucht theories.

Definition. Let R(z1,...,z,) be an atomic formula, Z be a tuple with
coordinates in {xy,...,z,}. The formula 3z R(xy,...,x,) (as well as the
correspondent relations in structures) is called the Z-projection or the -
envelope of R(xy,...,x,). A tuple (Q1,...,Q.) is an envelope of the rela-
tion R or R-envelope if, for each coordinate x; in R(z1,...,x,), there is a
tuple  without x; such that some @); is an Z-envelope of R. The envelope
(Q1,-.., Q) is k-ary if each @), is a k-ary relation. Any 2-ary envelope is
called binary. If (Q1,...,Qn) is an envelope of R, the relation R is called
the bush in (Q1,...,Qm).

Since
R(zy,...,zp) F 3T R(xq, ..., x,),
any envelope (Q1, ..., Q,,) forms a formula
(X1, ..., xy) = /\ 377 R(x1, ..., T0),
j=1
where 377 R(x1, ..., x,) corresponds to @;, such that
R(xy,...,xn) F p(z1, ..., 20).

Now we consider an influence of bushes R and their envelopes (Q1, . .., Q)
with respect to Hrushovski construction, as well as Hrushovski fusions for R
and (Q17 e Qm)

A bush R (an envelope (Q1,...,Qmn)) is a Hrushovski(-Herwig) bush (a
Hrushovski(-Herwig) envelope) if its structure M is a generic Hrushovski(—
Herwig) structure.

The following examples show that an existence of Kg-generic Hrushovski
structure can not guarantee that envelopes of R are Hrushovski envelopes.

Example. Let R(z,yi,...,y,) be an infinite bush (with a Kg-generic
Hrushovski structure) for a binary envelope (Q1, ..., Q,), where

Yty e Y1y Yitds - - Un BT, Y1, -2 un) = Qil, v4),
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t=1,...,n, Q; = Qy for some j # k, and @), satisfies the pairwise intersec-
tion property [3], i. e.,

= Vo, y32(Q;(z,2) A Q;(2,y)).

Then the binary R-envelope (Q1, ..., Qpn, @ni1), where Q41 corresponds to
the formula

Elx7yl> e Y- Y- Yk—1 Ykt -5 YUn R(Q?, Yis - .- 7yn)7
has the coordinate ), 41 that forms a complete graph (having % edges for
n-element subgraphs). Thus there is no Hrushovski structures with respect
to the class Kg, ., being generated by finite restrictions of a (), 41-structure.
If n > 2 one can replace (); and @, by @, +1 and again get an non-Hrushovski
R-envelope. O

Modifying Example one can get a Kr-generic Hrushovski structure with
a binary envelope (@1, ...,Q,), not having the pairwise intersection prop-
erty but with O(k?) edges for k-element subgraphs with respect to some Q;
producing a non-Hrushovski generic structure.

Recall [1, 3] that a finite substructure A in a Hrushovski structure M is
strong or self-sufficient if y.(A) < y.(B) for any finite B with A C B C M.

A Hrushovski relation R is self-sufficient any tuple (ay, ..., a,) in R forms
a self-sufficient set {aq,...,a,}.

Theorem. If (Q1,...,Q.) be a Hrushovski-Herwig envelope for an n-
ary bush and consisting of self-sufficient relations, then (Q1,...,Qm) has a
Hrushovski-Herwig bush R forming a Hrushouvski fusion of generic structures

Mg, i=1,...,m, and Mg.
Proof. Let

Y010 (A) = [A] = Y i - eq,(A),
i=1

be the prerank function for a generic model Mg, o,.. Take ay,11, being in
Herwig construction [3, 6] and additionally with 11 - (k)" < &, allow to

permutate coordinates of tuples in R, preserving R, and to put (aq,...,a,)
in R if that tuple belongs to a bush of (Q1,...,Qm))-
Now we consider the prerank function

YQ1.@mk(A) = [A] = D i eq,(A) = i1 - er(A).
=1
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By choice of 41 for any n-element restriction Ay of structure in K¢, o,
there is a bush R of a copy of a restriction of (Q1,...,Q,,) such that p-
approximations of yg, . o...r(A) have lower bounds ¢?, for any non-empty
restrictions A of Ag.! Thus, a class Kq, . g,.r of finite (Q1,...,Qm, R)-
structures A with that lower bounds b?, for p-approximations is generic.
Since each (@); is self-sufficient, for each tuple a; € Q;, ¢ = 1,...,m, the
structure A; with the universe A;, consisting of all elements in a;, admits
(using standard arguments of Amalgamation Lemmas in [3]) the free amal-
gamation Bx* 4, A’ inside the class K¢, . 0,..r, where A" is a copy of Ay such
that A; is a strong restriction of A’ to a tuple in @;, and A; is a strong
substructure of B. Thus, in that amalgams, a belongs to the according pro-
jection of R. Taking a Kq,,. o, r-generic structure M, we get the small
stable theory Th(M) and a required Hrushovski fusion with a bush R for
the envelope (Q1,..., Q). O
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!The coefficients (k,)™ allow to add to R some or all permutations of any tuple in the
bush R, if it is necessary, staying in the class K¢, .. 0,.,r with lower bounds b”,.
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