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ABSTRACT. Let R be any real closed field expanded by some o-minimal structure.
Let f : A — R? be a definable and continuous mapping defined on a definable,
closed, bounded subset A of R™. Let £ be a finite family of definable subsets of R™
contained in A. Let p be any positive integer. We prove that then there exists a
finite simplicial complex 7 in R™ and a definable homeomorphism h : |7| — A,
where |T| = U7, such that for each simplex A € 7, the restriction of h to its relative

interior A is a CP-embedding of A into R™ and moreover both A and foh are of class
CP in the sense that they have definable CP-extensions defined on an open definable
neighborhood of |7| in R™. Then we call a pair (T, h) a strict CP-triangulation of A.
In addition this triangulation can be made compatible with £ in the sense that for

(e}
each £ € £, h~1(F) is a union of some A, where A € 7. We also give an application
to approximation theory.
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1.Introduction and Main Theorem.

We will work with an arbitrary fixed o-minimal expansion of any real closed
field R; e.g. the field of real numbers R with semialgebraic subsets of spaces R",
where n € N. O-minimal geometry (see [C] or [vdD] for fundamental notions and
results) is a far-going generalization of semialgebraic and subanalytic geometries
(presented in [BCR], [L], [Ga], [H], [BM], [S]). We will deal only with subsets of R™
and mappings f : A — R™, where A C R", which are definable in this structure
(mapping f is called definable if the graph of f is a definable subset of R™t™).
Therefore we will principally skip the adjective definable.

We adopt the following general definition. If IC is any family of subsets of a set
X, then by a refinement of K we understand any family £ of subsets of X such
that each L € L is contained in some K € K and each K € K is the union UL’ of
some subfamily £’ C £. The term refinement will be also used in a different sense;
namely, if F is a family of functions defined on a set X we will say that a family G
of functions defined on X is a refinement of F if simply F C G.

If K is any family of subsets of a set X, then we will denote by |K| the union of
all subsets K belonging to .

The interior of a subset A of a topological space will be in general denoted intA,

but sometimes we find the Bourbaki notation A more handy, while for the closure
of A we will use either A or clA.

We adopt a standard definition of a simplex of dimension k in R™ as the convex
hull of k£ 4 1 points ag, ..., a; affinely independent in R"; i.e.

k k
A= ag,...,ax] = {Zaiai co; 20 (i € {0,---,745}),20% =1}
i=0 i=0
If 0 <ip <iy <---<i; <k, then the simplex [a;,, ..., a;] is called a face of A of
dimension [. The points aq, ..., a are called vertices of A. The boundary 0A of a

simplex A is the union of all faces of A of dimension < k. Its relative interior is by
definition

k
A=A\ 0A = (ag,...,a;) == {Zaiai:ai>0 (iE{O,...,k}),Zaizl}.
i=0

=0

It will be convenient for us to use a more general notion of a convex polyhedron, or
simply polyhedron, in R™ which is defined as the convex hull of any finite subset of
R™. Tt is clear that the notions of dimension, faces, boundary, vertices and relative
interior generalize to all polyhedra and that polyhedra are subsets definable in
PL-geometry.

By a polyhedral complexr in R™ we will understand a finite family P of polyhedra
in R™ such that for each P € P all faces of P belong to P and for each pair
P, P, € P, PLN Py is a common face of both P, and P,. A polyhedral complex
consisting of simplexes is called a simplicial complex. Observe that if we restrict
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our consideration to polyhedral complexes P such that |P]| is of constant dimension
n, then a polyhedral complex can be defined as a finite family of polyhedra of
dimension n such that the intersection any two of them is their common face. We
will use this identification concerning simplicial complexes as well.

Let p be any positive integer and let A be any definable, bounded and closed
subset of R™. A CP-triangulation of A is a pair (7,h), where 7 is a simplicial
complex in R™ and h is a definable homeomorphism of |7| onto A such that for

each simplex A € 7 the restriction h|A is a CP-embedding of A into R". If £
is any finite family of definable subsets of A we say that a triangulation (7 ,h) is

compatible with £ if for each E € £ the inverse image h™1(E) is a union of some A,
where A € 7. A CP-triangulation of A will be called a strict CP-triangulation of A
if the mapping h : |7| — R"™ is of class CP in the sense that it admits a definable
extension h : 2 — R™ of class CP defined on an open definable neighborhood §2
of |7] in R™.

Main Theorem. Let R be any real closed field expanded by some o-minimal struc-
ture. Let f : A — R? be a definable and continuous mapping defined on a definable,
closed, bounded subset A of R™. Let £ be a finite family of definable subsets of R™
contained in A. Let p be any positive integer.

Then there exists a strict CP-triangulation (T, h) of A compatible with the family
E and such that f o h is of class CP.

In fact we prove a more precise theorem that an arbitrary definable triangulation
of the set A can be refined to a strict CP-triangulation smoothing the mapping f
to the class CP. Namely, we have the following (compare Proposition 9.2)

Strict CP-refinement Theorem. Under the assumptions of the Main Theorem,
let P be a polyhedral complex in R™ and let g : |P| — A be any definable home-
omorphism.

Then there exists a strict CP-triangulation (T ,h) of |P| such that T is a refine-
ment of P, h(I') =TI, for any face I' of any polyhedron P € P and go h is a
strict CP-triangulation of A compatible with the family & and such that fogoh
is of class CP.

The proof of the Main Theorem is an interplay between PL- and o-minimal ge-
ometries. The general idea comes from our earlier paper about CP-parametrizations
of sets definable in o-minimal structures [K-CPV]. In that paper we parametrized
definable sets by (CP-mappings defined on) cubes (similarly as in the classical an-
alytic rectilinearization theorem for subanalytic sets [H],[BM]), which inevitably
spoils injectivity of the parametrization. Similarly, blowing-up operations evidently
spoil injectivity. Instead of cubes or blowings-up we use simplexes as in the classical
triangulation theorem [vdD, Chapter 8], which gives existence of CP-triangulations.
All the problem is to make a triangulating homeomorphism CP-smooth. Our pro-
cedure of smoothing is based on the case of dimension one; it means on the Main
Theorem for n = 1, the proof of which we will shortly explain now, assuming
for simplicity that d = 1. Without any loss of generality we can assume that

3



f :[a,b] — R is a continuous definable function defined on a bounded, closed
interval. There exists a finite sequence ¢y = a < ¢; < --- < cs41 = b such
that for each i € {0,...,s}, the restriction f|(c;,ciy1) is of class CPT! and either
If'l <1 on (¢,civ1) or |f'(x)] > 1 on (¢;,¢ir1). Now we use a simple but beau-
tiful trick of Coste-Reguiat [CR] reducing the problem to that where |f’| < 1 on
[a,b]\{co,...,cs+1}. Namely, define g : [a,b] — R by an inductive formula. First,
put g(a) = g(co) = f(a). Then we define g on [¢;, ¢;41] depending on two following
cases:

Case I: if |f'| < 1 on [¢;,¢iq1], then we put g(z) := g(¢;) + x — ¢;, for each
S [c’iac’H—l]v and

Case II: if |f'| > 1 on [¢;, ¢iq1], then we put g(x) := g(c;) + |f(x) — f(ci)], for
each x € [¢;, ¢iy1].

Put d; = g(¢;) for i € {0,...,s+ 1}. Observe that g : [co, cs+1] — [do, ds11]
is a strictly increasing homeomorphism such that ¢'(x) > 1 for x € [cp,cs41] \
{co,...,csy1}. Take now the inverse h := g~ ! : [do,dss1] — [co,cst1]. Then
0<h(y) <1and|(foh)(y)| <1, for each y € (d;,d;11), where i € {0,...,s}.
Now we use a trick of Yomdin-Gromov (see Lemma 4.1 and Corollary 4.2 below
and compare with [Y1], [Y2] and [G]). Passing perhaps to a finer subdivision one
can assume that on each of the intervals (d;,d;y1) each of the derivatives h®*)
and (f o b)), where v € {2,...,p+ 1}, exists and has a constant sign. It follows
that substituting y = ¢(u) = (u —do)? + doy, where ¢ is any fixed odd integer grater
than p, we get two functions h o ¢ and f o h o ¢ defined on an interval [do, d} ],
which are of class CP at dy and p-flat at dg. Let d} := ¢~ !(d;). Now substituting
u = ¢Y(w) := (w—d})?+ d} we get two functions hopot and fohogpor)
defined on an interval [dy,d//, ] which are of class C* both at dj and at df = d
and p-flat at these points. Continuing this process we finally get a homeomorphism
H : [a,b] — [a, b] of class CP such that fo H is of class CP. In the case n > 1 we use
the same smoothing procedure but with parameters. In order to make it possible
we introduce two devices: capsules which are cells without vertical line segments in
the boundary (see Section 2) and detectors which are special differentiable functions
of choice (see Section 3).

The advantage of our method of desingularization is that it works for arbitrary
o-minimal structure, including in particular the following two examples:

(1) the o-minimal structure of R-subanalytic sets and mapping; i.e. the structure
generated on the ordered field of real numbers R by real analytic bounded subsets of
R™ (n € N) and all power functions (0,00) 3 t — t* € (0, 00) with real irrational
« (for a CP-rectilinearization and uniformization theorems in this structure see [Pi]),

(2) an o-minimal structure of Le Gal and Rolin [LR] which does not admit C>
cell decompositions.

These examples explain why in our Main Theorem we deal with finite classes
of differentiability rather than with C*°. Besides, the C*°-analogue of the theorem
is not true even in the semialgebraic case as can be easily checked; consider for
example the continuous semialgebraic function

3
Foray) e 4 w1 ay or (o1m2) € FLITA{(0,0))
0, for (z1,z2) = (0,0).
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The case p = 1 has already been proved in a slightly weaker form for semial-
gebraic category by Ohmoto and Shiota [OS], who used strict C!-triangulations to
develop the theory of integration on sets with singularities. Our Main Theorem for
p = 1 in full extent has been proved by Czapla and Pawlucki [CP].

Throughout the paper we use the following notation for linear projections
my RS (21,...,x0) — (21,...,2,) € R™
where m < n.

We end this introduction by a useful observation that without any loss of gener-
ality we can assume in the Main Theorem that instead of A we have to triangulate a
big polyhedron P containing A, because by the Tietze Theorem (cf. [vdD, Chapter
8, (3.10)]) the mapping f can be extended to a continuous mapping defined on P.

2. Capsules.

We define two special notions which will play essential role in the proof of the
Main Theorem. These are capsules studied in the present section and detectors to
which the next section is devoted.

A capsule in R™*! is a subset K of R"*! of the form
K={(z,t) e Dx R: a(z) <t < px)},

where D is a subset of R™ such that D = intD, intD is bounded, connected and
o, : D — R are continuous functions such that o < g on intD and o = 3 on
O0D. The subset {(z,t) € K : = € 9D} of K will be called the rim of the capsule
K.

Proposition 2.1. For any subset E of R"*! the following conditions are equiva-
lent

(2.1.1) E is a finite union of capsules in R" 1.

(2.1.2) E =intE is bounded and OE does not contain any nontrivial line segment
parallel to the t-axis.

(2.1.3) E is a finite union of capsules in R™*! whose interiors are pairwise
disjoint.

Proof. Obviously (2.1.1) implies (2.1.2). Assume now (2.1.2) satisfied. Let 7 :
R 3 (z,t) — x € R™. Since intE is bounded and 7(FE) is closed,

7(E) = n(intF) = 7(intE) C intw(E) C n(E),

hence 7(F) = intw(FE). Take a cell decomposition of R"*! compatible with intE
and with OF (cf. [vdD, Chapter 3, (2.11)]). This allows us to represent intE as a
finite union of pairwise disjoint cells of the form

(0, 9) = {(z,1) : @ 6557 plr) <z <)},



where S C 7(intE), ¢, : S — R are continuous, ¢ < ¢ on S and the graphs!
of ¢ and 1 are contained in JE. Using classical triangulation applied to m(intE)
and all S (cf. [vdD, Chapter 8, (1.7)) we can additionally assume that S = 7(¢, 1)
satisfies the following Lojasiewicz’s (s)-condition (cf. [L, Section 25]): each point
a € S\ S admits a neighborhood basis & in R™ such that the trace U NS of each
U € U on S is connected. Then the set of all limit values of ¢ at each point a € S\ S
can be identified with

?n({a} x R) = {a} x [ {eU) : Ueu},
which is a nonempty, connected subset of the vertical line {a} x R and of OF at
the same time; hence, a singleton. Consequently, both ¢ and  have continuous
extensions @, : S — R to S and next, by the Tietze Theorem (cf. [vdD, Chapter

8, (3.10)]), to the whole 7(E). Using all these extensions and functions min and
max we can find a sequence of continuous functions

a1 << ap:m(E) — R,

such that
(2.1.4) for each x € w(intE) the fiber (intF),
is a union of some intervals (a;(z), j(x)), where 7 < j,
and
(2.1.5) 7N (r(intE)) N OE C | Jas.
Refining the sequence aq,...,a, by some extra functions we can assume that all
the sets

(i, aiq1) = A{(z,t) : z € w(E), aj(x) <t < aq1(z)}
are connected and nonempty. It follows from (2.1.5) that if (a;, a;41) NintE # 0,
then (a;,aiy1) C intE. Let {i1 < --- < is} = {i : (a4, i41) C intE}. Then by
(2.1.4)
(aiy, 0, 41) U U (o, v, 1)

is dense in intE; hence in E. Let P, := m(a;,,q; 1+1). Now if x € P, \ P, and
r € n(intE), then of course a; (2) = a;, 11(z) and if x € P, \ P, and = ¢ 7(intE),
then {z} x [ay, (2),;,+1(x)] C OFE, hence again «;, () = «;,+1(z). However
(c;,,;, +1) may not be a capsule yet because the condition intP, = P, may not
be a priori satisfied. To solve this problem we prove the following lemma.

Lemma. Let P be a bounded open subset of R™ and let o, : P — R be two

continuous functions such that o« < 8 on P and o = 8 on OP. Then («,3) can be
represented as a finite union of capsules with pairwise disjoint interiors.

Proof of Lemma. Without any loss of generality we can assume that o = 0. Next,
using classical triangulation we reduce the problem to PL-geometry. Then the sub-
set A := (intP)\ P is contained in a finite number Hy, ..., H, of affine hyperplanes,
g minimal. We argue by induction on ¢. By affine change of coordinates in R", we
can assume that H, = {(x1,...,2,) : x, = 0}. Then the functionvy(z) := Mz,,

with | M| big enough, cuts the cell (0, 5) into two (0,) and (v, ) for each of which
q <q.

This ends the proof of Proposition 1.

1We identify mappings with their graphs denoting both by the same letter.
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Remark 2.2. If E fulfills the conditions of Proposition 1 and A\; : m(E) — R
(j €{1,...,1}) is a given finite family of continuous functions, then there exists a
finite family of continuous functions

o <+ <ag:R"— R

such that E is a union of some capsules of the form (o, ai41) which are compatible
with every A; in the sense that either \j(x) < t, for each (z,t) € (o, iq1), or
Aj(x) > t, for each (x,t) € (v, tig1).-

Remark 2.3. If Ky, K1, ..., K, are capsules in R" ™ and K,, C Ky when 1 <v <
p, then there exists a finite family of continuous functions

a1 <+ <as: R"— R

such that (o, ai11), (1 €40,...,8—1}) is a family of capsules which is a refine-
ment of Ko, ..., K.

Corollary 2.4. For any finite family K of capsules in R there exists a finite
family L of capsules in R which is a refinement of KC and the interiors of capsules
from L are pairwise disjoint.

Proposition 2.5. Let K be any capsule in R™! and let V be a finite family of
open subsets of int K covering the whole int K. Then there exists a finite family L
of capsules in R™"t1 whose interiors are pairwise disjoint, UL = K and for each
L € L there exists V €V such that intL C V.

Proof. Put K = {(z,t) € D x R: a(x) <t < (z)}. There are two parts of the
proof.

Part I. We first prove by induction on k that if A is any subset of intD of dimension
k, then there exists a finite family of capsules in R"T1 such that for each L € L
there exists V € V containing intL and for each a € A there exists L € L and e > 0
such that {a} x (a(a),a(a) +€) C intL.

Applying triangulation to D compatible with A, we can assume that A is an
open subset of R¥ = {(x1,...,2,) : Tx41 = --- = x, = 0}. Partitioning A, using
induction hypothesis and cell decomposition, we can assume that A is connected,
there exists one V' € V and a function

T]A—>(O7OO)

such that {a}
min{(a), d(a

each t € [a(a )’
pla,a(a)) =

),a(a) +n(a)] C V, for each a € A. Replacing n by 7(a) :=
)}, we can assume that n(a) — 0, when d(a, A\ A) — 0. For
+ n(a)] put p(a,t) := 2d((a,t), K \ V). Since for each a € 4,
(a,t) > 0, when ¢t > a(a), we can modify 1 in such a way that

X (a(a
A\ A
a(a)
and p(a

(a(a), a(a) +n(a)] 3t — p(a,t) € (0,00)

is strictly increasing. Again by partitioning A and using induction hypothesis we
can assume that 7 is continuous and replacing n by 7(a) := min{n(a),d(a, A\ A)},
7



we can assume that n(a) — 0, when d(a, A\ A) — 0. It follows from the definition
of p that for each a € A and ¢t € (a(a), a(a) + n(a)]

(@1, @ t) s a=(z1,. . 2p), (2 + - +22)? <pla,t)} C V.

Now we define the wanted capsule. Put

E:={(x1,...,2,): a=(z1,...,71) € A, (miJrl—f—---—f—xi)% < pla,a(a) +n(a))}

and L :={(z1,...,2pn,t) : (x1,...,2,) € E,

_ 1
0 1(x1,...,:13k,(x,2€+1+---+xi)2) <t<alry,...,zp) + (e, ..., 28)},

where p~! denotes the inverse of p with respect to the last variable.

Part II. According to Part I, there exists a finite family £ of capsules in R*t!
such that for each L € L there exists V' € V containing intL and for each a € D
there exists L € £ and ¢ > 0 such that {a} x (a(a),a(a) + &) C intL and there
exists M € L and 6 > 0 such that {a} x (8(a),B(a) —0) C intM.

By Corollary 2.3 there exists a finite family £’ of capsules in R"™! which is
refinement of the family LU{K} and the interiors of which are pairwise disjoint. It
follows that if L' € £’ and L’ is not contained in any of the capsules from £, then
L' is of the form

L'={(z,t):2€Q,(z) <t <)}

where V is an open covering of L'|int@Q = {(x,t) : = € intQ, v(x) < t < d(x)}.
Thus to finish the proof it suffices to prove the following.

If K = {(z,t) € Dx R : a(z) <t < B(x)} is a capsule in R"T1 K* :=
KN(OD x R), V is a finite family of open subsets of R™ ™1 such that K\ K* C UV
and A is a subset of intD of dimension k, then there exists a finite family L of
capsules in R"T1 contained in K such that UL\ K* is a neighborhood of K|A in
K\ K* and for each L € L there exists V €V such that L\ K* C V.

We proceed again by induction on k. Take a cell decomposition C of the set UV
compatible with each of V' € V and with K|A. Let

{B1,...,Bs} ={n(C): CeC,CCK|A,dim7(C) = k}.

Now we apply the induction hypothesis to F := A\ (By U---U By). There ex-
ists a finite family £ of capsules in R"*! contained in K such that UL\ K* is a
neighborhood of K|E in K \ K* and for each L € L there exists V' € V such that
L\ K* CV. Fix one B, = B. Then

K|B = [y0,71] U U [Ym=1,Vml,

where v, : B — R (v € {0,...,m})are continuous, 7v9 < -+ < Ym,%0 =

a|B, v, = BB and each of [vy,,7,+1] is contained in some V' € V. There is an open

subset Tp of B such that ToNintD C B and UL\ K* is a neighborhood of K|(B\Ty).

Take also open subsets 17, T5 of B such that T; NintD C T; C Tj NintD C B if
8



0 <i < j < 2. By Tietze Theorem for each v € {1,...,m} there exists a continuous
function

’YVITQ—>R

such that 4, |T1 = v, |T1, 7,|0Te = v,_1|0T» and 7,1 <7, <7, on Ts. Then

U Yv— 1|T2,%/ \K*

is a neighborhood of K|ToNintD in K\ K*. A similar neighborhood we built over
every B,. Applying Proposition 2.1 we finish the proof.

In the proof of Proposition 8.2 in Section 8 we will need the following lemma.

Lemma 2.6. Every PL-capsule in R"™! is a finite union of convexr PL-capsules,
whose interiors are pairwise disjoint.

Proof. The boundary 9S of any PL-capsule S is contained in a finite number of
graphs of affine functions

95 C 1 U---Ueps,

where s is the smallest possible. We argue by induction on the number ¢ of ¢, such
that S is not contained in just one closed half-space cut by ¢,. If ¢ = 0, clearly S
is convex. Otherwise there is v such that

Ty :=cl{(z,y) €intS: y <o, (z)} and Tp:=cl(z,y) €intS: y > ¢, ()},

are finite unions of PL-capsules, for which the number ¢ is smaller. The lemma
follows.

3. Detectors.

In this section we will need CP-partitions of unity. Although it is well-known that
CP-partitions of unity exist in any o-minimal structure, however for the reader’s
convenience and making the paper self-contained, we give a short proof in the first
two lemmas.

Lemma 3.1. Let Q be an open subset of R™ and let A and B be two closed, disjoint
subsets of Q. Then there ezists a CP-function ¢ :  — [0, 1] such that p =1 on A
and ¢ =0 on B.

Proof. By the Whitney extension theorem in the version from [KP], there exists a
CP-function ¢ : € — R such that v» = 1 on A and ¢¥» = 0 on B. Now it suffices
to put ¢ := Ao, where A : R — [0, 1] is a CP-function such that A\(0) = 0 and
A(l) = 1.



Lemma 3.2. Let ) be an open subset of R™ and let Aq,...,A,, be a finite fam-
ily of closed and pairwise disjoint subsets of ). Then there exist CP-functions
w1 —100,1] (j€{1,...,m}) such that

Z%‘(I) =1, for each x € Q
j=1

and for each j € {1,...,m} ¢; =1 on A;.
Proof. Induction on m. Let m > 1. By the induction hypothesis there are
U1,y Y1 :  — [0, 1] of class CP such that

m—1
Z vi(x) =1, for each z € )
i=1

and ¢; = 1 on A;. By Lemma 3.1 there exists a CP-function o1 : Q@ — [0, 1]
such that oy =1 on A,, and 01 =0 on A; U---UA,,_1. There exists an open
neighborhood U of A; in Q such that 01 >0on U and U C 2\ (A1 U---UA,;—1).
By Lemma 3.1 there exists a CP-function o9 : 2 — [0, 1] such that o9 =1 on Q\U
and o9 = 0 on A,,. Then the CP-function

o1 +09: — [0,2]
is positive on €2, so we can built the following CP-function on {2

O'Q(lC)
o1(x) + oa(z)’

0'1(1')

m and ,02(3:) =

p1(x) =
Of course, pi(x) + p2(x) = 1, p1 = Oon A3 U---U A,,—1, while po = 0 on
Ay hence pp =1 on A, and p = lon A;U---UA,,_1. Finally we put
01 =P1p2, s Pm—1 = Ym_1p2 and Q. = p1.

Proposition 3.3. Let () be an open subset of R™, E a closed subset of € of dimen-
sion k and C a convez, closed bounded subset of R™. Let f: E x C' — [0,00) be
a continuous function and define

g(z) :=sup f(z,y), foreach x€EFE.
yeCl

Assume that g(x) > 0, for each x € E. Let p € N.

Then there ezists a family w; : & — intC (5 € {0,...,k}) of CP-mappings
such that

1
§g(x) < sgp f(z,wj(z)), for each x € E.

The mappings w; will be called detectors of class CP for f over E.

Proof. Induction on k. If k = 0 it suffices to know that there exists a CP-mapping
w : ) — C which has prescribed values at a finite number of points; an immediate
consequence of existence of definable CP-partitions of unity (Lemma 3.2).
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Suppose now that & > 0. By the definable choice there exists a mapping
wi : ' — intC such that

(3.3.1) %g(m) < f(z,wi(x)), foreach xe€ D.

There exists a closed subset E; of E of dimension [ < k such that F \ E; is a
CP-submanifold of R™ of dimension k and wg|E \ E; is a CP-mapping. Moreover,
by [KP| we can assume that E \ F; can be represented as a finite union

(3.3.2) E\E =TI,

of pairwise disjoint k-dimensional CP-submanifolds each of which, in some linear
coordinate system is the graph of a CP-mapping

Ly={(z1, - @k, Vi (@1, - @), -y (@1, s 2k)) = (@1, . ., @k) € Dy},

of a CP-mapping v = (Vj/11,---,7) : Dy — R"* defined on some open subset
D, C R¥.

By natural projection
D, x R"% 5 (z1,...,2p) — (x1,..., 25,7 (21,...,2%)) € [u

wi| [, can be extended to a CP-mapping to a neighborhood of I',; hence wy|E\ E; can
be extended to a CP-mapping defined on a neighborhood of E \ E;. Consequently,
wi|E \ E7 extends to a CP-Whitney field defined on F \ E;. By the induction
hypothesis, there exist CP-mappings w; : @ — intC' (j € {0,...,k1}) such that

1
(3.3.3.) 59(:1:) < sup f(z,w;(x)), for each =z € F;
j

There exists an open neighborhood W of E; in Q such that (3.3.3) holds true
for each € W N E. Then E\ W is a closed subset of Q contained in F \ Ej.
By the Whitney Extension Theorem, there exists a CP-mapping F' :  — R™
which extends wy|E \ W. Then U := F~!(intc) is an open neighborhood of E \ W
in Q. By Lemma 3.2, there exists CP-functions ¢1,p2 : © — [0,1] such that
p1+p2=1, o1 =1on E\W and v =1 on Q\ U. Choose any ¢y € intC' and
put wi = @1 F 4 paco. Then wy, ... ,wr_1,wx is the desired sequence for FE.

Example 3.2 The following example shows the assumption g(x) > 0, for each
x € F, in Proposition 3.1 cannot be omitted. Put

} and C =10,1].

S

E:={(z1,20) € R?: 22 + 23 <
11



Consider f: F x C' — [0,00) defined in the following way:

21|22
f(x1,5172,y) :0, Whell ZC%—}_ZB% > 0 and y< m,
I1||T2
f(xlam%y):y_#_‘{_xé), when z? 4+ 22 > 0 and
x|z x|z
|21 [|z2| <y< |21 |72 +o? 4 a2

2(23 + x3) 2(2% + x3)

x|z
fz1,20,y) = 2(x? + 22) — (y—%), when % + 23 >0 and
17T T3
1|22

2 2 71|72
At rag) TTEEVS

= 2(x? 4 23)
|z1|| 2]
2(z? + x3)

+ 2(1‘% + x%),

f(x1,22,9) =0, when z? 4+ 22 > 0 and +2(22 +22) <y < 1,

f(x1,22,y) =0, when x%+x§ =0.

Clearly, g(x1,72) = 22 +23 and f does not admit event continuous detectors over
E.

4. Yomdin-Gromov trick and a smoothing homeomorphism w.

This paragraph concerns a method of smoothing functions of one variable mim-
icking Yomdin and Gromov (cf. [Y7, Y] and [G; Section 4.1]) which appeared useful
to get smooth parametrizations of subsets definable in o-minimal structures (cf. [K-
CPV]). It is crucial in the proof of our basic Lemma 5.1.

Lemma 4.1. Let \: (a,b) — R be a definable CP'-function, wherep € N, p > 1,
defined on an open interval (a,b) C R such that, for eachv € {2,...,p+1}, ") >0
on (a,b) or \) <0 on (a,b). Then, for any closed interval [t —r,t + 1] C (a,b),
where r € R and r > 0,

p+2 1
AP ()] < 203972 sup A=
[t—rtt+r] TP

Proof. Induction on p (see [K-CPV; Lemma 2.1] for details).

Applying Lemma 4.1 to A’ in the place of A and y — 1 in the place of p, we have
the following

Corollary 4.2. Under the assumptions of Lemma 4.1,

1
2B @) < e, sup | N |———,
| ()| p(a,b)l ‘|t—a|“*1

for each t € (a, ‘ITH’} and pn € {2,...,p}, where C), := 222 particular, if N
is bounded; i. e. |N| < M, where M € R and M > 0, then

1

b
(421) ’)\(,U«) (t)‘ < CPMW, fOT' each t e (CL, i],

we{2,...,p}.

12



Lemma 4.3. Let A\ : (a,c] — R be a definable CP-function, where a,c € R, a < c
such that

1

4.3.1 AW < L——
( ) AV ()] Pt

for each te€ (a,cl, pe{l,...,p}

where L € R is a positive constant. Fixm € N, m > p+ 1. Fiz any o € R. Put
o(1) == ANa+ (1 — a)™), for each T € («, (], where f = a+ %/c— a.

Then there exists a positive constant M depending only on L and m such that
1" (1) < LT — o™ *, for each T € (a, B] and p € {1,...,p}. Consequently, o
has a unique extension to a CP-function ¢ : o, ] — R p-flat at a.

Proof. Without any loss of generality we can assume that a = 0 = a. Then
©(1) = M(7™). For each p € {1,...,p}, oW (1) =

a1, T TEN (T 4 ag, T THEN (7) +a3u7'3m_“)\(3) (7" 4 +aw7'“m_“)\(“) (™),
where a;,, are positive integers defined inductively by the following formulae

m' . nw
a, = m, Qip = MA(G—1)(u—1) + (@M — g+ D)aiu—1), au, = m*".
By (4.3.1), it follows that [ (7)| <

L

Fu—Dm —

L L
m—u 2m—p Im—pu . mwm—p
a1,T L+ az, 7 e +as,T “om + + auuT

L(ai, + -+ ay,)m™m .

It will be convenient to have the p-flatness of a parametrization of the segment
[a, c] at the right end as well. It is why we use the following increasing parametriza-
tion of the segment [«, §] p-flat at right end:

Ti=a+ Ye—a—(y—s)",

where v € R is arbitrary,s € [y,6] and § = v+ *3/c —a. This leads us to the
following.

Corollary 4.4. Let )\ : (a,b) — R be a CPT-function, where p € N, p > 1,
defined on an open interval (a,b) C R such that X is bounded and, for each
vel{2,....,p+1}, X >0 on (a,b) or \*) <0 on (a,b). Letm e N, m >p+1.

Let v9 € R be fized arbitrarily, v1 :=vo+ *V/(b—a)/2, v ==y + *V/(b—a)/2 =
Yo +2°%/(b—a)/2. Put
w(a,b;s) = { a+ [R/(b—a)/2—(n— S)m}m’ if s € [y0,7]
- b—[Y—a)/2—(s=m)"]",  if s € nvel
Then w : [v0,72
i

| — [a,b] is an increasing homeomorphism such that w(yy) =
a, w(y1) = “Tb, w(y2) = b and X o w extends uniquely to a CP function
Aow: [v0,72] — R p-flat at points vo,71 and 2.

13



Corollary 4.5. Let yo < y1 < -+ < y, be (at most)r + 1 points in R. Let
A [yo,yr] — R be a continuous function such that, for each i€ {0,...,r—1}, if
Vi < Yit1, then N (yi,yit1) satisfies the assumptions of Corollary 4.4. Let m € N,
m = p—+ 1. Let the sequence of points in R

Yo <Y1 S Y2 < < Yo

be defined inductively by: vo € R fixed arbitrarily, vo,11 = Y2i + >V (Yiv1 — ¥i)/2,

Yoit2 = Yoir1 + N/ (Wit1 —vi)/2 (1 €{0,...,7 = 1}). Put w(yo,...,yr;8) ==

{ i + [V Wir1 — v:)/2 — (reir — 5)™] ", if 8 € [V2i, Y2i41)
Yirr — [N/ Wir1 — i) /2 — (s = y2i0)™] ", if 5 € [y2ig1, 721,

forie{0,...,r—1} and

Q) { yo— (0 —9)", if s € (—00,7),
,yras) =

w(yo, - - - ,
Yr + (S - ’727“)m7 ZfS € [727’700)'

Then w: R — R is an increasing homeomorphism of class CP such that w(~vy2;) = v;
and w(vygi41) = ylgﬂ (1 €{0,...,r—=1}), and Aow : [y9,V2r] — R is of class
CP, p-flat at points Yo, ..., Yor-

5. Basic lemmata.

Lemma 5.1. Let D be a bounded subset of R"~! such that D = intD, let m, p be
positive integers such that m > p+ 1. Let

<< <a:D—R

be a finite sequence of continuous functions such that K := {(ai,aiH) NS
{0,...,r — 1}} is a family of capsules in R™. Let Ky C K and put A := |K]|
and Ay = |Kq].

Let f = (fi,...,f1) : Ay — R% be a continuous mapping such that for each
K € Iy there exists continuous partial derivatives

% (ce{l,...,p+1}).

Then there exists a finite sequence of continuous functions
o< << :D—R

and a homeomorphism
b [5075k] — [Oéo,ar]
such that:

(5.1.1) @ is of the form ®(2’,&,) = (2, p(2',&,)), where ' = (x1,...,2p—1).
14



(5.1.2) For each j € {0,...,k — 1} the derivatives

0%
234

(ce{l,...,p+1})

exist continuous in (8;,9,41) and have continuous extensions by zero to (0j,0j41);
moreover

0
% >0 on (5]',(5]'_,_1).
(5.1.3) The sequence 0;(z") = @(a’,d;(x")), where 2’ € D and j € {0,...,k},
1s a refinement of ag, ..., a.; in particular, ag = 6y and o, = 0.

(5.1.4) L :={(0j,0541) : 7 € {0,...,k —1}} is a family of capsules in R™ such
that {®(L): L € L} is a family of capsules which is a refinement of K.

(5.1.5) Put L1 := {L € L : ®(L) C K, for some K € K1}. For each L € L4,
there exist continuous partial derivatives

0°(fod E
and these for o € {1,...,p} extend continuously by zero to L.
(5.1.6) On each capsule L € L the function ¢ is either of the form

M 4 ar ()™ 4o agm (7)), where ay, ..., a2, : D — R are continuous

(it is so in particular, when L ¢ L)
or of the form

+ 12, £ 4 ay (2)ET 4 -+ agm(2))), where ay,. .., a9, : D — R

are continuous and where > € {1,...,d} and f_! denotes the inverse of f,. with
respect to the variable x,, on the capsule ®(L) on which

Of ,

i > c_l, with some constant ¢ > 1.

o0x,

Proof. Fix any ¢ > 1. By Proposition 2.5, passing perhaps to a refinement of X
one can assume that for each K € K we have either

(5.1.7) % <e, in IO( for each s € {1,...,d},
or
(5.1.8) g% >c ', in K for some x € {1,...,d},

15



and in the second case among f,, satisfying (5.1.8) there is one, denote it by fx,
such that
/ ‘ OfK
o,

Now we define a function A : [ag, @] — R inductively as follows. Put first

0 f%
8xn

(5.1.9) <c?, in K foreach sx¢ {1,...,d}.

A’ ag(z")) == ap(z’), for each 2’ € D.
We define A on [o, ;1] according to the following two cases.

Case I If (aj,;41) ¢ Ky or if (a;,a41) € Ky and (5.1.7) is satisfied on
(ai, g 1), then put

AN xy) == Mo, o (2)) + 2 — a;(2), for each (2',z,) € [a, ait1].

Case II. If K = (a;,;41) € K1 and (5.1.8) is satisfied on («, ajy1), then put

', xy) = N2, i (2") + | fre (2!, ) — (2, ai(2”))],
for each (2/,x,,) € [a;, aiy1].

Put A(2',x,) := (', \(2',2,))). Then A is a homeomorphism of [ag, ;-] onto

[Bo, Br], where 5;(z") := A2/, ai;(2")) (2' € D, i € {0,...,r}) and (G;, Bi+1) (i €
{0,...,r —1}) are capsules in R".

The partial derivatives

0%\
D7 (ce{l,....p+1})
exist and are continuous in every (a;, ;1) and aaTA =1 or 687/\ > ¢! on

(cv, ai11); hence A : [, @] — R is continuous, strictly increasing with respect
to z,,. Let
v [50757“] 2 (ml,Cn) — (x/7w(x/7<n)) S [a()?a'f’]

denote the inverse homeomorphism to A. Then

O ! _
0<8§n( v, ) = — 890 o) <max{l,c} =c¢

on every (03;,3i+1). Fix now any K = (o;,a;41) € K.
If K is of type as in Case I, then for each (z/,(,) € (8;, Bi+1)

Bi(x") + (2, () — ai(2') = Gu; hence (', (n) = (G — Bi(2”) + au(2);
consequently, if K € Ky, then for each s € {1,...,d}

fsxo V) _ lé’f%

¢, Ve G <e

(=", )




If K € Ky is of type as in Case II, then for each (2/,(,) € (Bi, Bix1)
/82(93/) + |fK(x/,¢(I/, C’n)) - fK(xlu al(ml)” = g’na
hence (2, Cn) = fro (2, £(Cn — Bi(2")) + [ (2, ci(a));
consequently, for each s € {1,...,d}

2B 0| = | 52wt 6| /| @ vt )| < .

O,

(5317 Cn)

By Proposition 2.4, passing to a refinement (vj,v;+1) (j € {0,...,s —1}) of

capsules (f3;,8;+1) , where the sequence 79 < 71 < --+ < 7 is a refinement of the

sequence fy < ... [,, we can additionally assume that for each j € {0,...,s — 1}
and each o € {2,...,p+ 1} we have either
0%
(5.1.10) ace («',¢n)| < ¢, on (Vs Vi+1)
or
0% _
(5.1.11) ace (z',¢n)| = ¢, on (Vs Vj+1)

and, similarly, for each > € {1,...,d}, either

0% (f0W), ,
(5.1.12) ‘%(m,@) <e,  on (5,75+1)
or

O (f,e0W), , _
(5.1.13) ‘%(z,@))cl, on  (75,%+1)-

Notice that the condition (5.1.13) implies a constant sign of the partial derivative
involved on (7j, Yj+1)-

Finally, we modify the homeomorphism ¥ with respect to the variable (,, by
means of the smoothing homeomorphism w with a parameter (Corollary 4.5):

@(m/, gn) = !p(m/a w(’YO(II)v ce 7’78(’rl>; gn))u

where (2/,&,) € [do,d2s] and where 69 < -+ < das : D — R is a sequence of
continuous functions.

Lemma 5.2. Let A C R" be a simplex of dimension n, p a positive integer and
let

Bo<Pr1<...0k: A— R
be CP-functions such that for every face S of A and each j € {0,... k — 1} either

Bi+1 — B #0 on :39 or Bj+1 — Bj =0 on S and let in the latter Bj41 — B be p-flat
on S.
17



Let
M<M < <At A— R

be continuous PL-functions such that for every face S of A and j € {0,...,k}
Aj|S is affine and

(5.2.1) Bi=0jx1 onS <= X=Xt onS (j€{0,....k—1})
Then the formula
) — { (w5200 (B () = By () + B;(w)), i Ay(w) < Ay (),
(u, B (u)), if Aj(u) = Ajia(u),

for (u,Q) € [Aj, A\jt1], defines a homeomorphism [Ao, \i] onto [Bo, x|, such that
U(u, A\j(u)) = (u,Bj(u)), forue A, j€{0,...,k} and for each j € {0,...,k —1}
U|[Aj, Ajy1] is of class CP.

(e}
Proof. Assume that A\; < Aj;; on A. By a linear change of coordinates we can
assume that

A={ueR":u, <0 (vefl,...,n}) > u, <1}

and S:={ueA: \j(u)=X\t1(u)}
={ueA: Bij(u)=pFj1(v)} ={ueA:uyp = =u, =0}

Then for each u € A

Ajp1(u) — Aj(u) = Z cyuy, where ¢, >0 (ve{l+1,...,n}).
v=Il+1

We want to check that

ololte ¢ —Aj(u)
Ouc ¢ [)\j-|—1(u) —Aj(u)

when (Aj, Aj+1) 3 (u, ) — (uo, A\j(up)) € SxR, 0 € N", pe Nand |o|+p < p.

(Bj+1(u) = Bj(w)| — 0,

In view of the Leibnitz formula, it suffices to check that

1

(€ =) D7 [ | @D B = ) (w) — 0,

when o,pE Nn7 ’O-| + |p| <P and (U’aC) - (U'O?Aj(u()))y and

1

D7 | ———
Ajt1 = Aj

| D281 = B)(w) — o0,

when o,p € N, [o| + |p| <p— 1 and (u,¢) — (uo, Aj(uo)).
18



In the first case, by the Taylor formula

(€ M)D? [

JH1 — A

C
(Ajr1(u) = Aj ()l
1

> 5i(u—m@) DOV (B — B)(w(u) + 6w~ w(w)),

[0|=p—Ip|

[ @)D (8141 =85 () = (=5 ()

where C' > 0, w(u) = (u1,...,u;,0,...,0) and 6 € (0,1). Consequently, with some
constant C" > O,

(€= XD [ DA - ) ()] <
— (Y w)"™ sup [DA(Bje1 — B;) () + 0u — m(w)))],
(ZV:Z—H c,,u,,) v=l+1 e‘gl[o:,]f]

which tends to 0, when u tends to ug. Similarly in the second case.

We will also need some CP-extension result based on the following C!-extension
theorem (cf. [Pa, Proposition 2]).

Theorem 5.3 (C'-Extension Theorem). Let f:S — Rbe a C'-function de-
fined on a cell

S={(a,z,) e R": 2’ € G, p(z') <z, <)}
in R"™ such that G is an open subset of R"~% and ¢ < ¢ : G — R are of class C*.

0
Assume that 9 has a finite limit value? at (almost) each point of v ( for
xn

example, when ﬁ is bounded ).

oz,

Then there is a closed nowhere dense subset Z of ¢ such that f extends to a
Ct-function
f:Su(p\Z) —R

to SU(p\ Z) as a Cl-submanifold of R™ with boundary ¢\ Z.

Proof. With no loss of generality we can assume that ¢ = 0; i.e. ¢ = G x {0}. For
each a € G the set
of

Lim —
wal(g,l()) al‘n (I)

0
of all finite limit values of —f at point (a, 0) is a closed non-empty interval, because

oz,
S satisfies the Lojasiewicz (s)-condition at points of ¢. Since
: of of . of
Lim —(z)=—\ =—
aLe-JG{a} % m—ig}m&vn () oz, ' O0x,

2An element o € R is a limit value of a function g : S — R at a € S if and only if there is an
arc v : (0,1) — S such that }iir%)v(t) = a and tlgr(l) g(v(t)) = a.
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is of dimension n — 1, it follows that there exists a closed nowhere dense subset F
of G such that there exists a finite limit

xggo)gz(x)7 for each a € G\ E.

This implies in particular that for each 2’ € G\ E there exists a finite limit

(5.3.1) g(a') := 1im0f(ac',xn) € R.

Ln—

There exists a closed nowhere dense subset Z of G containing E such that g is
of class C! on G\ Z. Hence, without any loss of generality we can assume that
g =0 and Z = (). Repeating the previous argument with dimension we conclude
that after removing a closed nowhere dense subset from G f extends by 0 to a
continuous function on S U .

Now, we will show that for any ¢ € {1,...,n — 1} the partial derivative 0f/0x;
extends by 0 to a continuous function defined on S\ F, where E C ¢ and dim FE < k.
With no loss of generality we assume that ¢ =n — 1. First we will show that

of
5.3.2 0 Li
( ) Ezw_igb)axn—l

(z), for each a € G.

To check this fix any arbitrarily small n > 0 such that B(a,n) :=
{fu € RF: |Ju—al] <n} C G and any ¢ > 0. There exists 6 > 0 such that
|f(2',x,)| < en, when 2’ € B(a,n) and z,, € (0,d). By the Mean Value Theorem
there exists 6 € (0, 1) such that

of

8mn—1

::‘f(dvan—4-+_n’xn)'_'f(a7xn>
n

(daan44,+'0n;xn)

where a = (@, a,—1). This ends the proof of (5.3.2). Repeating the previous argu-
ment we conclude that

(5.3.3) lim 2

=0
x—%mo)axn_l x) ’

for a € G\ Z, where Z is a closed subset of Z of dimension < k. This ends the
proof of the theorem.

Lemma 5.4 (basic CP-extension lemma). Let Q C R* be an open subset, where
ke {0,...,n—1}, and let p be a positive integer.
Let

Okt1, Vrr1: Q@ — R be CP-functions such that pr11 < VYr41;

Okt+2, Vk+2 * [@Pk+1, Vet1) — R be CP-functions such that @ri2 < VY42
on (Pr41, Yrt+1) and Qrpo = Py 0N Yry1;
Ok+3s Vkts o [Prte, Ykia] — R be CP-functions such that or+3 < Yr+s3

on (Pr+2, Yi+2) and Pry3 = Vg3 N Qri2|Pet1;
20



OnsUn t [Pn—1,Vn-1] — R be CP-functions such that @, < ¥,
on (pn-1,Yn-1) and en =Y on En_1l(... (Prt2l@r+1)--.).
Put
Yi={(z1,. ., m0) ERXR"F: pi(xy,.. 1) =25 (E{k+1,...,n})}
Let f: [pn,¥n] \ ¥ — R a CP-function such that all the partial derivatives

o f

5.4.1 _
( ) 8xki+11 Loz

(la| = a1+ -+ an =p) have continuous

extensions to 3.

Then there exists a closed subset E of X of dimension < k such that f extends
to a CP-function defined on [pn, Y]\ E.

Proof. First assume that p = 1. With no loss of generality we can assume that

(5.4.2) k1 =0, opp2lors1 =0, ooy onl(c o (Pri2lPrr1).) = 05

in other words X = 2 x {0}"~*,

Put y := (zx+1,...,2p). For any a € (2 the function f, : [¢n,¥n]s \ {0} —
R defined by f,(y) := f(a,y) on the set [pn, ¥nls \ {0} := {y # 0 : (a,y) €
[0, ¥n]} is a Cl-function with bounded first order partial derivatives near 0. Since
[©ns Vn]a \ {0} is quasi-convex® near 0, this implies that the limit

g(a) = lim fo(y)

y—0

exists in R (cf. [Pa, Proposition 1]). Since there exists a closed subset E of (2 of
dimension < k such that g is of class C! on 2\ E, with no loss of generality we can
assume that ¢ is C! and then that g = 0.

For each a € {2 the set Li(mo) f(z) of all finite limit values of f at point (a,0)
is a closed interval containing 0, because [¢y,, 1] \ 2 satisfies the Lojasiewicz (s)-
condition at points of X. We want to check that Li(mo) f(x) = {0}, for almost all

a € {2. Suppose it is not so. Hence there exists a non-empty open subset G of (2
and € > 0 such that [0,¢] C Li(m )f(x) (or [—¢€,0] C Li(m )f(x)) for each a € G.
r—(a,0 z—(a,0

Then G x {0}"% C f~1(¢/2,00). It follows by the Cell Decomposition Theo-

rem that there exists a € G such that {0}"* C f~1(g/2,00), = fa '(/2,0), a
contradiction.

3A subset A of R™ is called quasi-convez if there is a positive integer M such that for any
two points a1,a2 € A there exists a (definable) continuous arc A : [0, |a1 — a2|] — A such that
A(0) = a1, AM(|la1 — az2]) = a2 and [N (t)] < M, for any ¢t € [0,|a1 — az2|] such that M (t) exists.
(Then X is necessarily piece-wise C'.)
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It follows that we can assume that f extends by 0 to a continuous function
defined on [p,,¥,]. Now, we will show that for any i € {1,...,k} the partial
derivative 0f/0x; extends by 0 to a continuous function defined on [¢y,,¥,] \ F,
where ' C X and dim E < k. With no loss of generality we assume that i = k.
Suppose it is not so. Then there exists a non-empty open subset G of {2 such that

. of
(5.4.3) xEI(glo)E)_xk(x) # {0}, for each a € G.

It follows that there there exists a non-empty open subset G of {2 and € > 0 such
that
of

G x {0}k ¢ (8—%)_1[6, 00)

or

G x {0}"F ¢ (%>_1(—m, .

By an analogue of the Whitney Wing Lemma (cf. [L, Section 19]) or directly by
the Cell Decomposition Theorem there exist a non-empty open subset G’ of G and
d > 0 such that G’ x [0,9) C [¢k+1,%k+1) and a continuous mapping

of \ 1

el . vr

(5.4.4) a:G x[0,8) — <8xk> £, 00),

such that

(5.4.5) a(t, Tpg1) = (U Thg1, Apg2(U, Tpg1), -+ - 0 (U, Tg1)),

where a;(u,0) = 0, for each j € {k+2,...,n} and u € G’, because of (5.4.2).
Since
Pr+2(U, Tpi1) < apto(U, Tpy1) < Yry2(u, Tpt1),  and

Qi1 (Uy g1, Vg2 (U, Thog1), - - 05 (U, Thyr)) < g1 (U, Ty ) <
¢j+1(u,xk+1, Oék+2(u, Ik+1), B ,Oéj(u,llfk+1)), for .] € {k: + 27 s 7m}7

it follows that

v
(5.4.6) lim ) (u,xp11) € R, foreachu e G and j € {k+2,...,n}.
Tp41—0 8(Bk+1

By Theorem 5.3, at the expense of shrinking G’ and diminishing ¢ ,we can assume
that «; are C! functions on G’ x [0, §); in particular

Oovs
(5.4.7) lim ﬂ(u,$k+1) =0, forueG andje{k+2,...,n}.
Tr+1—0 8xk

It follows from (5.4.1) and (5.4.6) that for each u € G’ the derivative

O(foa
—g;kﬂ) (u, Tp41)
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is bounded when x 1 is near 0. Again by Theorem 5.3, after perhaps shrinking G’
and diminishing § we can assume that (f o a)|G’ x [0,6) is of class C!; in particular

(5.4.8) lim 220

=0.
rt1—0  OXp (U;xk—i—l)

On the other hand,
I(f o) of

6—(% Tt1) = 75— (U, Thp1, Opg2(U Tht1),s - - Qn (U Tht1))+
Tl Ll
n
0 Ocv.
Z 6—(% Th41s Wht2(U, Tht1), - - - (U, mk“))a—J(u, Th+1),
j=kt2 I Tk

which, in view of (5.4.8), (5.4.1) and (5.4.7), implies that

lim  ——(u, Tpq1, pga(t, Tog1)s - - (U, Tpy1)) = 0,
Tht1—0 0T

contradicting (5.4.4). This ends the proof in the case p = 1.

Assume now that p > 1 and the lemma is true for p — 1. Since [¢n, ¥y] \ X is
locally quasi-convex near X* it suffices to check that all the partial derivatives

olsl ¢

5.4.9 _—
( ) oxy"' .. .8x§"

(18] =B+ +Bn <p)

have continuous extensions to X'\ F, where F is a closed subset of X' of dimension
< k (cf. [T, p. 80]). By the induction hypothesis, there exists a closed subset of X
of dimension < k such that for each j € {k+1,...,n} all the derivatives

ol of 0 gl
dx]*...0xy" <6zj> Oz (8361“ ...8:571”) (h=p-1)

have continuous extensions to X'\ E. It follows from the case p = 1, that there
exists a closed subset E’ of X containing E of dimension < k such that all the
derivatives (5.4.9) have continuous extensions to X\ E’.

6. Existence of strict CP-triangulations orthogonally flat along sim-
plexes.

Let I' be an open subset of R¥ = {(xq,...,m,) € R" : Tp41 = -+ = x, =
0} C R™ and let f: D — R™ be a CP-mapping defined on a non-necessarily open
but locally closed subset D of R™ such that D C intD; i. e. there exists an open
neighborhood 2 of D in R™ and a CP-mapping f : £ — R™ such that f]D = f.
Assume that I' C D. We say that f is orthogonally p-flat along I if

olelf alel
_ ORI NP o) J— —(u,0) =0
Dt o (@1, 2 ) D o (u,0)

41t means that each point u € X admits arbitrarily small neighborhoods U in R™ such that
U N [¢n,¥n] \ X is quasi-convex.
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for each u = (z1,...,2;) € I' and @ = (agq1,...,0,) € N*7F such that 1 < |o| <
p. This definition generalizes in a natural way to the case when I is an open subset
of any affine subspace Aff(I") of R™ of dimension k.

Remark 6.1. If f : D — R™ is a CP-mapping orthogonally p-flat along I' C D
and w; € S is a vector orthogonal to Aff(I"), then for each j € {0,...,p} and
arbitrary wo, ..., w; € S*~*

o f

——\|I'=0.
(9’[1)1...6’[1)]'

To prove the main theorem of this section we need the following lemma.

Lemma 6.2. Let
A={(x1,...,21) € R": pi(x1,...,21) >0 (i €{0,...,k)}

be a simplex of dimension k in R¥, where p; are nonzero affine forms. Put

for each u € A.

Then there exists constants Cy, >0 (o € N¥) such that
Cytd(u, 04) < w(u) < Cod(u, A),  for each u € A

and

Ca

[D%w(u)| < FOLEE

for each u € A and o € N*\ {0}.

Proof. Put H; := p;'(0) (i € {0,...,k}). Then d(u,d0A) = min; d(u, H;) and
there exists C' > 0 such that C~!p;(u) < d(u, H;) < Cp;(u), for u € A. Hence

C~ ' min p;(u) < d(u,dA4) < Cmin p;(u).

For a fixed u € A let j be such that p;(u) = min; p;(u). Then

1 1 1 k+1
< + 4 < © thus
pj(w) = po(u) pr(u) = pj(u)
(6.2.1) L min pi(u) < w(u) ! < mi
2. —minp;(u) S w(u) = —3 T X M p;
kt1 PO_W)++Pk(u) ¢
1

finally,



0
There are constants a; (j € {0,...,k} such that i

ox,
.- Pk) ( ) 1 _
a ” - a .o PE =
Ejl p-upw g;l iPj [Sip0-pi-epr)”
a; 1 2
— W — a; w
; Pi ; PiPj
Ow

By the Leibnitz formula Da(

8xy) -
o— a! 1 1 .
202 ( ) PRAARCRD DL ‘5|7|5|E|D5(;)D7(;)D6WD w.
i Bsa i#j a=ftytote T ’ J
There exist constants Mg >0 (5 € N") such that

1 M,
B~ B

(6.2.2) D(m) N

By (6.2.1) and (6.2.2) and the induction on the degree of the derivative

o [Mp| _|Ca—pl
‘D ( Z’ ai| Z ( )p'5|+1 w|a|—|ﬁ|—1+

BLa

Z las] Z ol [Mg| [M,| C5 Ce
v 1M151el 1B1+1 |y[+1 ,l8]—1 ylel—1"
oy e Blylole! P, p; w w

The lemma follows.

Theorem 6.3. Let KC be any finite simplicial complex in R™ such that |K| = int|K|.

Then there exists a homeomorphism h : R® — R™ of class CP such that

(6.3.1) h|]2 . —T is a CP-diffeomorphism, for each I' € IC, and

(6.3.2) h is orthogonally p-flat along each simplex I' € K.
Proof. Take a CP-function ¢ : [0,00) — [0,1] such that ¢(®(0) = 0 for each
i€{0,...,p}, ¢ (t)>0 for t€(0,1) and ¢(t) =1 for eacht € [1,00).

We will prove by induction on k € {0,...,n — 1} that there exists such a

homeomorphism h : R — R™ of class CP that (6.3.1) is satisfied, while (6.3.2) is
satisfied just for simplexes of dimension < k.

I. Let k=0. Let {a} € K and fix r, > 0 such that B(a,r,) N|K| C |JSt{a}.

Define
[z — al?

he(x) = gp(

Then h, is of class CP and p-flat at a. Besides, h, is a homeomorphism and CP-
diffeomorphism on R™ \ {a}, because

3 )(w—a)—l—a, for each x € R".

he(x) —a

|ha () — al’
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t2
where (t) := go(r—2) -t, (t € R) is an increasing homeomorphism of R onto R.
a

It is clear that h,(I") = I, for each I € K. Now, if a4, ..., a,, are all vertices of

IC, then we put
h:=hg, o--0hg,.

II. Assume now that 0 < £ < n — 1 and we have a CP-homeomorphism h
satisfying (1) and (2), for simplexes of dimension < k. Let A € K and dim A = k.
With no loss of generality we can assume that A is an open simplex in RF =
{(z1,...,2n) : Tgy1 = -+ = 2, = 0}. Put w = (uqg,...,ux) = (x1,...,2,) and
v=(v1,. ., Vn—k) = (Tg+1,...,Zn). Take w: A — (0,00) as in Lemma 6.2. Since
2 :=JSt(A) is an open neighborhood of A in |K|, there exists (by a kind of the
Lojasiewicz inequality) a constant r > 0 such that

{(u,v) € Ax R" % : |v| <rw(u)}NI|K| C Q.

Put G := {(u,v) € I' x R* % : |v| < rw(u)}. The mapping

Py )
g(ua U) = { <U7g0(r2w2(u)) U) ’When (U,U) S G,

(u,v) ;when (u,v) € R"\ G

is a homeomorphism of R™ onto R™ such that g|I": I' — I is a CP-diffeomorphism,
for each I € K. Moreover, g is of class C? on R™ \ 0A. Now define

H(u,v) := h(g(u,v)), for each (u,v) € R".

For any (u,v) € Gand v e {1,...,n —k}

ain(u,v) - Z %(u’(p(%l(u))ﬂ Vi rzczuzlzu) SD,(?“QZ!(U))—F

° ®

gvhy (u, 7 (rQJjJ}Q (u) >v> 7 <r2<|j))2 (u) ) ’
0H

It follows by induction on |af € {1,...,p}, where a = (a1,...,a,—k), that ——

expresses as a finite linear combination with real coefficients of the following func-
tions

N °

18] v el v|2 vo v Via
o (4 (i) g 2 () ) [ (et

where 8] € {1,...lal}, 18] + 25 — |1l = lal, v+ -+ + vja = |6] and o + 11 +
2up 4 -+ |y < al.

Hence in particular

ol g
ove

(6.3.3) (u,v) =0, whenued, v=0 ac N 1<]|al<p.
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Now in general, if « € N*7* and » € N¥ and |a| + |»| < p, then the derivative

oled+l=l g
ov*ou**
is a finite linear combination with real coeflicients of functions of the form
OIBIFIA |v|? vy
6.3.4 —( , ( ) )
( ) 0P "7 r2w?(u) Y w(u) %

rew

0 |U|2 vo a4 |U|2 Vi +| 5| ,
where 0 < g < |a|+ x|, d >0, [e1] >0,...,]eq] >0, A1+ +¢4 = 7,
Bl +d—|v[=lal+q vo=,... V|t =0, d=|y| and [B] > [5] — |A].

Assume now that (u,v) € G and (u, v) tends to (ug, 0) along some (definable) arc,
where ug € 0A. Let Iy € K and ug € I[y. By an orthogonal change of coordinates
ui,...,u one can assume that

d(u,0A) = d(u, ') = |uq|,
where I' € K, dimI"’ = k—1, I C {(u1,...,ux) € R¥ : w; = 0} and Iy C

{(u,...,;ug) :ug =---=u; =0} (le{l,....k}).
When « # 0, in a product (6.3.4) we necessarily have 3 # 0, therefore by the

Taylor Formula,
HlBl+IAL, o]?
0P ou> (“ “”(rw(u))”)‘ -

|81+ Al |81+ Al
o (1 (i)~ G (Do us0)| =
‘ Z (f'ip'uT [¢<r252’?u)>Ur8115+?22/\8u‘17 <0u1,u2,...,uk,9g0<r252|?u))v>‘,

ot|pl=
p=1Bl=IAl

where 6 € (0,1). Hence

Tour (17 (g 1) € GO,

where u(u,v) — 0, when (u,v) — (ug,0). Thus, there exists a constant M > 0
such that

(6.3.4)] < wa—m—wuijw_kﬂﬂ Ll =
w
Muwp—lﬁl—lA\+|7|—d+q—|gl|_..._|5q| _ M/pr_|a‘_‘”| Y
when (u,v) — (ug,0).

Suppose now that & = 0 and » # 0. Then, for each (u,v) € G,

o= |H B 8"|h< ( |v|?

u,v) = v | + a linear combination with real
dur ou* r2w2(u)) >
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coefficients of functions of the form (6.3.4), where 5 # 0.

It follows that

lim
(u,v)—(uo,0) OuU*

o*1H 5"”|h< 90< |v]? >>:8|”h

= li 0).
(u,v) (u,u)gr(luo,()) ou* r2w?(u) ou* (u0,0)
We have just checked that H is of class C” which is orthogonally p-flat along I
and (6.3.3) shows that it is orthogonally p-flat along A. We consecutively repeat
the above construction for every simplex of dimension k.

Corollary 6.4. Let K be a finite simplicial complex in R™ such that |K| = int|K]
and let f : |K| — A C R™ be a homeomorphism such that for each A € K, f|A

1s of class CP and f|;1 : ;1 — R"™ is a CP-embedding. Let h : R — R" be a

homeomorphism described in Theorem 6.3.

Then (K, f o h) is a strict CP-triangulation of A orthogonally p-flat along sim-
plexes such that f(A) = (f o h)(A), for each A € K.

7. Regular cells, (k, f,q)-proper regular cells and convex polyhedra
(k, f,q)-well situated in R".

We define a notion of a reqular cell in R"™, its boundary cells and its boundary
inductively on n. If n = 1, a regular cell in R is either a singleton or a closed
bounded interval [a, b], where a < b, and then its boundary cells are {a} and {b},
while its boundary J[a,b] := {a,b}. Assume now that n > 1. A subset C' of R" is
a regular cell if it is either a graph of a continuous function

C={(,2,) ER"'xR: ' €', z, =0(z)}

defined on a regular cell C’ in R"~!, and then a boundary cells of C are exactly the
graphs ¢|D’, where D’ is a boundary cell of C’, while its boundary 0C' is ¢|0C",
or there are two continuous functions ¢ < s : ¢’ — R defined on a regular cell
C’ in R"! such that

C=[p1,02] i ={(z/,2,) ER" I xR: 2/ €, p1(2') <z < po(2')}

and the set {2/ € C': ¢1(2') = @2(2’)} is a union of some boundary cells of C’,
the boundary cells of C' are then exactly ¢1, 2, the boundary cells of ¢; and those
of @9 and finally all [p1|D’, p2|D’], where D’ is a boundary cell of C’, while the
boundary 0C' of C' is the union of all its boundary cells.

Let now C be a regular cell in R"™ of dimension n, let k,q be non-negative
integers and let f : B — R be a continuous mapping defined on a subset B of R"
containing C. Then we say that C is (k, f, q)-proper (regular) cell if either f is of
class C? on the set® C \ |J{D : D a boundary cell of C' of dimension < k} or there

5A mapping f : B — R defined on any subset E of R™ is called of class C%, if there exists
an extension f : 2 — R of f to an open neighborhood of E in R™ which is of class C4.
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exists exactly one boundary cell Z(C) of C of dimension k such that f|C \ =(C)
is of class C? and the projection 7 ;|=(C) is injective. In the first case we put

Let now P be any convex polyhedron in R™ of dimension n. Notice that it may
not be a regular cell in R™, but it becomes a regular cell after an arbitrarily small
linear change of coordinates and then boundary cells are unions of some faces of P.
Let k,q be non-negative integers and let f : B — R? be a continuous mapping
defined in a subset B of R™ containing P. We will say that a convex polyhedron
P of dimension n is (k, f,q)-well situated in R™ (relative to the canonical basis) if
either f is of class C? on P\ P#=1 " where P(*~1) denotes the union of all faces
of P of dimension < k — 1, or f is not of class C? on P\ P* =1 but there exists
exactly one face X' (P) of P of dimension k such that f is of class C? on P\ X(P),
and moreover

(7.1) (M) (e (Z(P) NP = 2(P)

and the restriction
(7.2) T |2 (P) : 2(P) — R*! s injective.

In the first case we put X (P) = 0.

Notice that if P is (k, f,q)-well situated in R™ and if it is at the same time a
regular cell in R™, then it is as a cell (k, f, q)-proper and X (P) C Z(P).

If v = (v1,...,v,) € V,(R"™) is any orthonormal basis in R", we will say that
a convex polyhedron P of dimension n is (k, f,q)-well situated in R™ relative to
the basis v if \(P) is (k, f o A™1, q)-well situated in R™ relative to the canonical
basis e = (e, ..., €,), where A stands for the linear automorphism of R™ such that
Mv;) =¢e; (i €{l,...,n}). Then we put X(P) := \"L(Z(\(P))).

The following proposition is straightforward.

Proposition 7.1. Let now P be any convex polyhedron in R™ of dimension n. Let
k,q be non-negative integers and let f : B — R? be a continuous mapping defined

in a subset B of R™ containing P.
Then

(7.1.1) if there exists a face X of P of dimension < k, such that f|P\ X is of class
C1, then there exists an orthonormal basis v € V,,(R™) such that P is (k, f,q)-well
situated in R™ relative to v;

(7.1.2) the subset of all bases v € V,,(R"™) such that P is (k, f,q)-well situated in
R™ relative to v is open;

(7.1.3) if P is (k, f,q)-well situated in R™ relative to a basis v and dim X'(P

k, then changing this basis slightly we can assume additionally that for each

{n, ..., k+2}, the set w7 (P) is a capsule in RJ the rim of which contains 7 (

while 7, (P) is a capsule in RF*Y the boundary of which contains T (
29
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and 7 (X(P)) is a graph of a linear function restricted to a polyhedron /(X))
of dimension k;

(7.1.4) if P is (k, f,q)-well situated in R™ relative to a basis v and Q is any
polyhedron in R™ of dimension n and Q C P, then Q is (k, f,q)-well situated in
R"™ relative to a basis v and X(Q) C X(P).

8. Main Theorem - proof in generic case.

Proposition 8.1. Assume that our Main Theorem is true in dimensions < n. Let
P be a finite polyhedral complex in R*~' and put D := |P|. Let q1,q € Z and
gzq=2p+1L

Let ag < -+ < a, : D — R be an increasing sequence of continuous PL-
functions such that the family

K:={(ovi,a;41): i€{0,...,r—1}}

is a family of capsules in R™. Let K1 C K, A := |[K| and Ay := |[Ky|. Let

f=f1, .-, f1a): Ay — R? be a continuous mapping such that f|K is of class C*
for each K € IC1. Let £ be any finite family of subsets of D.

Then there exist

(8.1.1) a strict CI-triangulation (M, h) of D compatible with € such that |M| = D
and h(I") = I", for every face of each polyhedron P € P,

(8.1.2) an increasing sequence of continuous PL-functions
N <<k D— R,

which is a refinement of ay, ..., a, such that the family
C:= {(773‘7773‘4—1) :j€40,...,k— 1}} is a family of capsules refining the family IC,

(8.1.3) @ homeomorphism ¥ : [ag, o] — g, ] of the form
U(u, () = (h(u),¥(u, (), for each (u, () € [ao, o],

such that
(8.1.4) ¥(u,a;(u)) = (h(u),a;(h(w))) for each w € Dand i € {0,...,r};

(8.1.5) ifaec C eC, where C C K € Ky and f|K is of class C? in a neighborhood
of U(a) in K, then ¥|C and foW|C are of class C? in a neighborhood of a in C,

(8.1.6) LU|8' and f o Q7|8’ are of class C9, for each C € C such that C C K € Ky;

(8.1.7) ¥|C is of class C? for each C € C such that C C K € K\ Ky and

MZO on C for o €{1,...,p};
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(8.1.8) if C €C and C C K € K1, then the derivatives

0 (#C) 0 (f 0 ¥|C)
—_— d —— 1,...
s ond S (e (L)
have continuous extensions by zero to the whole C;
Oy|C)

(8.1.9)

ac. >0, for each C eC.

Proof. By a refinement of P one can assume that
(8.1.10) every function «; is affine on each P € P, and

(8.1.11) P is compatible with each of the sets {2’ € D : «a;(2') = a;r1(2’)}
(1 € {0,...,7 —1}); i.e. each of these sets is a union of some P € P.

By Lemma 5.1, we get a sequence of continuous functions
o< <0:D—R

and a homeomorphism @ : [0g, dx] — [, o] with the properties (5.1.1)-(5.1.6).

Now we apply the induction hypothesis. We get a strict C4-triangulation (M, h)
of the set D such that

(8.1.12) M is a finite simplicial complex in R"~1 such that |[M| = D;

(8.1.13) (M, h) is compatible with each F € £ and with each P € P (the latter
follows from (8.1.14) below);

(8.1.14) h(P) = P, for each P € P; hence, each of the sets {2’ € D : «a;(2') =
air1(2)} (i €{0,...,r —1}) is h-invariant (see (8.1.11));

(8.1.15) djoh, fj0h: D — R areof class C? (j€{0,...,k});

(8.1.16) for all the functions ay,...,a,, from condition (5.1.6) the compositions
ajoh,...,amoh: D — R are of class C%, and

(3.1.17) (M, h) is compatible with each of the sets {z’ € D : 0;(z") = §;11(2’)}
(7 €{0,....,k—1}).

By passing to the barycentric subdivision we can have in addition

(8.1.18) for each j € {0,...,k — 1} and each simplex A € M, if §oh # Jj110h
on A, then 6;(h(w)) < 641 (h(w)), for some vertex w of A

and by (6.4)

(8.1.19) (M, h) is a strict C?-triangulation orthogonally C'?-flat along simplexes.
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Define the following homeomorphism
@* : [0g 0 h, 0k o h] — [ap, o]
by the formula

(8.1.20) " (u, &n) = (M), p(h(u), &n)) = (h(u), " (u, &n))-

Then

(8.1.21) the sequence #;0h (j € {0,...,k}) is a refinement of agoh, ..., oh;

(8.1.22) L* := {(6;0h,0;410h): j€{0,....,k—1}} is a family of capsules in
R™ such that {®*(L*): L* € L*} ={P(L): L € L} is a refinement of K.

Put £ :={L" € L*:P*(L*) C K, for some K € I;}. Then

(8.1.23) for any L* € L7, P*|L* and f o ®*|L* are of class C? (by (5.1.6) and

(8.1.16)),
a * o acr o* I(j* 80 o* I(j*
321 >0 on L* and all the derivatives (8574 ), (f(;fg | ),
where o € {1,...,p}) have continuous extensions by zero to L*;

(8.1.24) for any L* € L*\ L, ?*|L* is of class C? (by (5.1.6) and (8.1.16)),

(9 * ° 60’ d*|L*
asgn >0 on L* and the derivatives %

(ce{l,...,p}H)

are equal zero on OL*;

(8.1.25) if L* € L7, b € OL* and ¢*(L*) C K € Ky and f|K is of class CP
in a neighborhood of @*(b) in K, then ®*|L* and f o ®*|L* are of class CP
in a neighborhood of b in L*.

Now we want to replace the C?-functions d;0h by continuous PL-functions defined
on D by using Lemma 5.2. Therefore we want to find continuous PL-functions,
affine in restriction to any simplex S € M

Mm< - SNk:D—R

such that for each j € {0,...,k — 1}

(81.20) {u€ D (§50m)(0) = @1 0MW) = {0 € D mie) =1y ()



For any continuous function g : D — R define the continuous PL-function
B%: D — R by the formula

ﬂﬁ()\OUO + -+ )\svs) = )\Oﬁ(UO) +--+ )\sﬁ(vs):

where (vg,...,vs) € M is a simplex with vertices vg,...,vs Ag,...,As = 0 and
Mot As = 1.

In view of (8.1.17) and (8.1.18)
(8.1.27) djoh(u) <dj410h(u) < 0;0h(u) <Bji10h(u) =

(05 0 h)*(u) < (Bj41 0 h)*(w),
for any w € D and j € {0,...,k —1}.
By (8.1.27) (6 o h)* are continuous PL-functions, affine on simplexes and sa-

tisfying (8.1.26). However they might not be a refinement of «y,...,a,, so some
improvement is necessary.

Of course, (8;0h)* (j € {0,...,k}) arearefinement of (a;oh)* (i € {0,...,7}).
By (8.1.14) and (8.1.27), for each i € {0,...,r — 1}
{ue D:(a;oh)f(u) = (i1 0 h)f(u)} = {u € D: (a0 h)(u) = (i1 0 h)(u)}

= {u eD: az(u) = Q‘i—f—l(u)}'

This shows that we can define the following homeomorphisms
H; : [(ai 0 h)*, (aig1 0 h)F] — [a, @i,

H; (u, 7((az410h) (u) — (s 0 h) (1)) + (aioh) (u)) = (u, 7(vig1 (u) — i (u)) + o (w)),

where 7 € [0,1], ¢ € {0,...,r — 1}. Gluing them together gives us a homeomor-
phism

H = U H; : [(og 0 h)*, (a0 h)*] — [, a]

strictly increasing with respect to the last variable. Finally we put
n; = (H((0; o h)ﬁ))ﬁ, (j € {0,...,k}), which are a refinement of ay,...,a,,
according to (8.1.10).

Corollary 8.2. Assume the Main Theorem is proved in dimensions < n.
Let ag < -+ <, : D — R be an increasing sequence of continuous PL-functions
such that

K= {(Oéi,ai_H)I iE{O,...,T—l}}
is a family of capsules in R™ such that D = {n]_(K): K € K} and [ag, a,] is a
convez polyhedron. Let P be a polyhedral complex in R"~' such that |P| = D. Let

V be a finite family of open subsets of R™ covering | J{K : K € K}.
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Then there exists a sequence of continuous PL-functions Bo < - < (Bs: D — R
which is a refinement of the previous one and a homeomorphism
G : [ag, ar] — [, ap] of the form G(u,x,) = (g(u), §(u,x,)) such that, for each
Jj€A{0,...,s =1}, G|(Bj,Bj+1) is of class C? and such that G(Bi, Biv1) C V,
for some V €V and G(a;|P) = ;| P for eachi € {0,...,r} and P € P. Moreover,
0G/0x,, > 0 on each (Bj,Bj+1) and

?}xf(u,ﬁj(u))zo, for eachwe D, j€A{0,...,s} and o €{1,...,q}.

Proof. By Proposition 2.5, there is a refinement
Bo<--<fB:D—R

of the sequence a, ..., ®, such that each (3;,3;+1) is contained in some V' € V.
Now it suffices to use Proposition 8.1, where we put

K={(8;:0;+1): €{0,...,s —1}}
and K; = 0.

Proposition 8.3. Assume that the Main Theorem is proved in dimensions < mn.

Let 0 < k < n. Fiz an integer ¢ > (n — 1 — k) (129) + p. Assume that

ag‘g...ga:'n:Dn_lﬁR

18 a sequence of continuous PL-functions such that

K= {(ara?,): i€{0,...,r, —1}}

is a family of convex PL-capsules in R"™, where D,y = J{ml_1(K,) : K, €
K™}, Let K € K™. Assume that D,,_1 is a closed convex polyhedron in R"™1 of
dimension n — 1. Put D,, := |K"|.

Let f : |[K?| — R% be continuous and such that f|l§n is of class C? for each
K, € K. Assume that each K, € KV is (k, f,q)-well situated in R™ and that all
the derivatives

O (f K \ X(Kn))

oxt,

(8.3.1)

(te{l,...,q}) have continuous extensions

by zero to all K,,.

Assume that k <1 <n—1and me {1,...,p}. Put
q, when [ =n—1

q—(n—2—l)<§)—(p—l)—---—(p—m), when k <1< n—2.
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Then, after some arbitrarily small linear change of coordinates in R"1:

(8.3.2) for each j such that | < j < n — 1 there exists a sequence of continuous
PL-functions .
ah < - <afnj :Dj_1 — R,

such that K7 := {(a{, oz‘g“) c1e€{0,...,1m— 1}} 15 a family of convex capsules in
RI which is a reﬁngment of {7T§+1(Kj_|_1) D Kjp € K9, Dy = U] (K;)
K; € K7}, every afrl is affine over each K; € K’ and there exists a homeomor-
phism @; : D; — Dj of the form

@j(l’l, e ,.’,I?j) = (@j(ﬁbl, R ,.’L’j_l), (pj(l'l, R ,-Tj))7 such that
(8.3.3) ®;:D; 1 — Dj_ is of class CY;

(8.3.4) ¢j(7r§+1(L)) = 7r§+1(L), for every face L of any polyhedron K1 € KJT1;
(8.3.5) each K; € K7 is (k,;, A(l,m))-well situated in R
and X(K;) C 77 (X(Ky));

(8.3.6) consider homeomorphisms W,..., W, defined inductively as follows:

U i=idp,, W :=P;(Wj_1,pa,) : (Y1, p0,) " (Dj) — Dy, for
J€{l+1,...,n}, where p,; denotes the projection of R’ onto x;-avis and P, =
ian;

(8.3.7) for j e {l+1,...,n}, (¥j_1,px;) "(D;) = WJ-_I(Dj) is the union of the
capsules

(04‘30%—1,0?“0 1) (i €{0,...,r; —1}),

where oz% oW 1 <+ < aij ov;_q: Wj__ll(Dj_l) — R and at the same time
it is a union of some cells of the form

Qj(il+1,...,’ij) =

{(xl,...,a:j)GRj:(ml,...,x,,)e(az’-/yo v-1,0f oW, 1), when I +1<v < j}

for some i, € {0,...,r, — 1}, where |+ 1< v <j;

(8.3.8) each of the cells Q™ = Q™ (i141,---,in) Such that ¥,(Q™) C K, € K} and
dim (%(Q”) N E(Kn)) =k is (k, foW,, A(l,m))-proper and all the derivatives

o)

¥ (fow,|Q"
5’33%?“ n8|x%”)’ where 1 < |s¢| =541 + -+ 2, <p and 41 <M

Oz

have continuous extensions by zero to =Z(Q™) and at the same time each of the cells
QJ = Qj(ilJrl?'-'aij) = ﬂ—jn(Qn) (.7 € {l+ 1,...,71- 1}) is
(k, {141, ..., %}, A(l, m))-proper and all the derivatives

(o]
ol (w7
e i 3x)%j ,  where 1 < || =541+ -+ 25 <p and 41 <M
41 - 0T
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have continuous extensions by zero to =(Q7).

Proof. We will use the descending induction on [ and the ascending induction on
m.

Assume first that [ = n — 1. There exists a polyhedral complex P in R"~! such
that |P| = D,_1, P is a refinement of

{my_1(L) : L a face of some K, € K"};

hence, all the functions o (i € {0,...,r,}) are affine over each P € P. Moreover,
we assume that each P € P has a face, say M, of dimension < k such that if
K, € K} and P C 7l'_{(Kp,), then 7]'_{ (X (K,)) N P is empty or a face of M. By
an arbitrarily small linear change of coordinates we can assume that both D,,_;

and all P € P are capsules in R"~! and if K,, € K and P C n7_,(K,), then

n—1
m_1(X(Ky)) N P is contained in the rim of P if k < [ =n — 1. Hence, by Remark
2.3 there exists a sequence of continuous PL-functions
(8.3.9) af '<-<al ! Dy s — R
such that £~ ! := {(a?_l,aﬁr_ll) i ed0,. . o1 — 1}} is a family of convex

capsules in R"~! which is a refinement of P and D,,_» = {77 5(K,,_1): K, 1 €
Kn=1}. We put &,,_1 = idp, ,. Then the first part of (8.3.8) is satisfied due to
(8.3.1) and the second part is emptily satisfied.

—1

Assume now that [ = n—2 and m = 1°. Fix any (o' ,a?;f) and any K,, € K7

such that (o™, a;.:ll) Cm_(K,). Fix any » € {1,...,p}. The function

n—1

o= f

n—1 n-—1

car) 3 (2 xnoy) — sup{‘ (2, Tp—1,2n)] :

(), xp_1,2p) € Kn} € [0, 00),

where 2/ = (z1,...,2,_2), is continuous. It follows that (a?_l,azﬂ:ll) can be

covered by a finite family V of open subsets, which do not depend on s, such that
for each V € V the norm over V' \ n7'_, (X (K,)) of the derivative

" (f1Kn \ X(Ky))

8xn_18xﬁ_1

(8.3.10)

is either bounded from above (the first case) or bounded from below (the second
case) by a positive constant. In the second case we can take detectors {w), },, of class
C% on R* '\ n" (¥(K,)) for the derivative (8.3.10) over V \ n"_;(¥(K,)). It
follows from Corollary 8.2 (for n—1 in the place of n) that there exists a refinement
(Bj,Bj+1) of (a?‘l, aﬁr_ll) and a homeomorphism G : D, 1 — D,_1 of class

8From the formal point of view it is not necessary to analyze this case separately, but in this
simple case it is easy to present the general idea of the proof.
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C? of the form G(&',&,-1) = (9(¢),9(&',&n—1)), where & := (&1,...,&n—2), such
that every G((B;, 3;+1)) is contained in some V' € V and G preserves the faces of

polyhedrons Kf‘_l. Then we replace our function f by

F(fla én—b .an) = f(g(fl),g(éla gn—l)a xn)-
If now G((B;, 8j+1)) C V and we have the first case, then the derivative

0*F , o
(8.3.11) W(f En1,Tn) =
P (fIEn \ L(Kn)) oy s
8xn 11,% 1 (g(€ )79(5,&1—1) )agn 1(5 é.n 1)

is bounded and if G((8;,0j+1)) C V and we have the second case, then
Ou(&, &n—1) = wu(g(&),d(&,&n—1) are detectors of class C? for the derivative

(8311) over (ﬁj?ﬁj-l—l) \Wﬁ_l(E(Kn))

The above argument shows that coming back to the initial derivative (8.3.10), we

can assume with no loss in generality that for any (o'~ 1 a?_pll) and any K,, € K}
such that (o', af'1") C m_;(K,,) either (8.3.10) is bounded over (o', a}'7") or

there are detectors {w,},. of class CY for (8.3.10) over (af ', a7 ) \ 701 (Z(K,))

which have continuous extensions to (a}' ™!, ?Hl) Nme_1(X(Ky)). Now we apply
Proposition 8.1 in dimension n—1 in the place of n. Hence, there exists a refinement

('yj Vit 1) of the system of capsules (a n_l, a?gf) and a homeomorphism @,,_1 :
D,,_1 — D,,_1, preserving faces of K" ', satisfying (8.3.3)-(8.3.5), for j =n — 1,

and such that:

if L1 = (7;7_1,7;7:11) C (a1, ;' Y ¢ (K,), where K,, € K} and (8.3.10)

is bounded on (o}, ozﬁr_ll), then @n_1|L"_1 is of class C? with

pn—1|L")
aCn—l

(8.3.12) extending continuously by zero to L™ 1;

consequently, when ¢ € L and (@n-1(C),zn) € Ko'n
a% 8%f aSpn—l

n) = 7% 57 (Pn— » T
agn 1837% 1 f( (C)V:E ) axn_lﬁxn_l ( l(C) x ) aCn—l

extends continuously by zero to {({,z,) € C x R: (Pn-1(¢),z,) € K, };

if L1 = (y]~ ,7;:11) C (o' o) c mh_((K,), where K, € KT and (7.3.10)

(o)
is unbounded on (o}~ L le) then &,,_ 1][," 1w, 0®,_1|L""! and

g:%—i{c(@nfl,wu o @n,1)|C’ are of class C?~(*—1) and all the derivatives,
(@ 1|L" ) O(wy 0 Poy|C) o [o7Lf 0
, and [ b, _1,w, 0P, _ C],
0Cn—1 0Cn—1 Op—1 LOxz™t (1, )l
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[e]

extend continuously by zero to L™ !; it follows that if (@,,_1((),z,) € K,

o”f 0Pn_1
> 1f< ~1(¢), z) 9o ) S

)W (Pn-1(¢); zn)

~ oz, 100771
8%f 8g0n_1
2 ~ A~ 1 SZSn— 9 n— <
p | (@0 (O (@1 () 5
o*1f o”f O(wy, o D)
281/1Lp’8§n—1 [81’7}{_1 (énlawuogﬁnl)]‘+2sgp‘axﬁ (gpnflawuoénfl)) 8§n—1 )

which extends continuously by zero to {(¢,z,) € C x R: (®,-1((),zn) € K, };

finally, if L"~! = (v~ >%+1) ¢ m_1(K,), for any K, € K7, then &@,,_1|C is

of class C1. Now L1 = {(y7 ; ,'yJ 1 ")}, is a new family of capsules in dimension
n — 1. In a similar way, as in the case [ = n — 1, after some arbirarily small linear
change of coordinates in R"~2, we get a system of convex PL-capsules X" ~2 which
is a refinement of {7"~3(C) : C a face of some L™~ ' € L* 1},

Assume now that we have our proposition proved for some [ such that £k <l <n—1
and for some m € {1,...,p —1}. Fix any

Qn:Q”(il+1,‘,,,in>:{(1'17-..,@”)ERn:

(T1,...,2,) € (af oW, _1,0f 0¥, 1), when l+1<v<n},

such that Q" C K,, € K}.
Put

Qj ZQj(il+1,...,ij>={<1’1,...,£Ej) GRJ:

(x1,...,m,) € (af oW, 1,0f (1 0¥, 1), when [+1<v< Jjt
For any s = (3441,...,%,) € N*! such that || < p and 54,1 = m + 1 the
functions
01,1
141 141
ol 3 0 e[ 2L )]
T 1 O

(@, ziq1,...,2j5) € Qj} € [0,00)

and
(aﬁjfl,aéltllﬂ) > (2',x141) — sup {‘g:}il(flo ngjz (x',$z+1, cen )|
i Oxg
(@', 2141, ... xy) € Q”} € [0,00),
where ¢’ = (x1,...,2;), are continuous. It follows that <O‘é:117a2;;11+1) can be
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coverid by a finite family V of open subsets such that for each V' € V the norm
over V' \ m/,,(Z(Q")) of each of the derivatives

o1 (1Q7 \ m, (2(Q7)))

41 >
Oz " ... 0x;

(8.3.13)

(..'BI,I‘H_l,. : '7xj) (|%| <P, Hip1 =M+ ]-)

and, similarly, the norm over V \ @}, (Z(Q™)) of each of the derivatives

A (f oW, |Q™ \ 7 (2(Q™)))

8xﬁ{1 ..0xrn

(8.3.14)

(¢, 141, @)

(Iel < p, 2041 =m +1)

is either bounded from above (the first case) or bounded from below (the second
case) by a positive constant. In the second case we can take detectors {Wﬁ}u
(respectively {w,},) of class C? on R*1\ 7rlj+l(E(Qj)) (respectively of class CY
on R\ @, (2(Q™))) for the derivative (8.3.13) (respectively (8.3.14)) over V' \
7,1 (2(Q7)) (respectively over V\ 7], (Z(Q™))). It follows from Corollary 8.2 (for

[+1 in the place of n) that there exists a refinement (3;,, ,, 8j,,,+1) of (Oéi:»ll’ iltlﬁ_l)

and a homeomorphism G : D;y1 — D41 of class C? of the form G(¢',&41) =
(9(&),9(&',&+41)) such that every G((8;,,,,08j,,,+1)) is contained in some V € V
and G preserves all faces of any K;1 € K!*1. Then we replace the functions ¥; by

@j(§/>§l+1;$l+2, . ~790j) = Wj(g(f/)@(ffla§l+1),$l+2, e >$j)-

and foW, by F := foW,. If now G((Vjiyr» Vjipa+1)) C V and we have the first case,
then for each (£',&41) € (Vji1s Vjiyi+1) such that (G(&',§41), g2, .., 20) € Q7

ol
(83'15) a€%l+1 ax%l+2j a 7 (5,7 gl‘i‘l? xl+27 A 7x]) =
1+1 142 - 9T;
6|%|!pj ag m+1
3 > = (G(¢, N B, SO o + a bounded function
axli‘,quli;z .Haij ( (5 gl-l-l) I+2 j)<6£l+1>
and/or, similarly
o
(8.3.16) s (&, &1, 242,y n) =
o0& T 0x ox
1+1 142 -+ YTn
OV I(f o ) 99 "
- > L G(¢, L4y Ty ( > +a bounded function
axl-ﬁl—laxli_fﬂ B 83377" ( (£ El-ﬁ-l) 1+2 ) a&—f—l

is bounded and if G((83;,,,,8j,,,+1)) C V and we have the second case, then putting
@1, (&, &11) = wi(9(£), (&, &41)) and ©u (€ &41) = wu(g(€),9(¢ &41)), by
(8.3.15), we have for each (£',&11) € (Bj,,,,0j,.,+1) such that

(G &41)s g2, - an) € Q"

BIE72
8.3.17 - — — (&,  Tpv, ..., Ti)| <
( ) afli.{18x“z—;2 o 81']] (5 SH—l I+2 J)
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o,

2su ‘
W 106 0 ﬁ;?...axﬁn

(&, §l+17@i(§/, §l+1))’ + a bounded function

and/or, similarly

LO. i3 P s , e )| &
aé-l L+18 l L+2 . 8.’Enn I+1 1+2
) ) O - 9 (g/ + © (5/ + ))’ f ti
2 su — = — a1, wu(€€ + a bounded function.
p é_l lJlrl v lJQrQ ‘” - +1,%Wp +1

(Notice, that now &)ZL are not necessarily detectors in the previous sense, but
still will play the role of detectors as we will see in a moment.) It follows that
coming back to the initial family of capsules we can assume without any loss in

generality that for each (ai;fl,aé::ll“) C w1 (Q") and j € {I +1,...,n} each
of the derivatives (8.3.13) is either bounded (the first case) or there exists a fi-
1 J+1

G417 tp1+1

nite family {w’} of continuous maps on (a ) which are of class C? on

(ol )\ 7le_|_1(E(Qj)) and such that

1417 tp1+1

o=y,
(8.3.19) ) L (a:',xl+1,...,m)’ <
Oz, (1" ... 0z}’ g

o1y,

QSup‘
8mﬁ1’1 .. .&L‘j

(x Tigq,w) (x 5131+1))’ -+ a bounded function

(the second case).
Similarly, each of the derivatives (8.3.14) is either bounded on Q™ (the first
case) or (in the second case) there exists a finite family {w,} of continuous maps

on (ailtll , aéltlﬁ_l) which are of class C? on (ailtll : Ozé;:lﬁ-l) \ 7% 1 (E(Q™)) and such

that
o=l (fow,)
8.3.20 - " (2, 21, xn)| <
( ) &clf{l ...oxnn ( tH )
por | o) , .
sup = (@', 2141, wu(2', 1151))| + a bounded function.
Oz, 1" ... Oxp”
1 I+l

In this way, to every capsule (« ), there corresponds a finite number of

i1 Vi +1
2 Wy (depending also on the choice of cell @™, which is not

reflected in the notation in order not to overcharge it), which are of class C? on

continuous maps w’

(aéj;ll,aéltll +1)- Now, we apply Proposition 8.1 to all the functions
8|%\ m— 1@
8.3.21 — ', x,wl(x,x
sz e ()
and
8|%|—m—1 oW,
(8.3.22) 912 (fax%n)($’,Il+1>wu($/,9€l+1)),

Ty
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which are continuous on (!, altl ) and of class CAE™)—(p—m=1) — cA(lm+1)
1417 i1+l

41 I+1 : I+1 _ (1 141 ‘
on (g, a;' 1) Hence, there exists a refinement £ = {(v;", 75\, 11)}ji4 of

CH — {( I+1 l+1
_ 'Ll+1’ Zz+1+1

)}i., and a homeomorphism @, : Dy — Djyq of the
form

@H—l(Ch ceey QaCH—l) = (él—Fl(Cl? B! Cl)7 SOH—l(Clv s 7Cl7Cl+1))7

where (filH : D; — Dy is a homeomorphism of class C?, &;,1(S) = S, for every face
of any K41 € K'' and if Ljy C K1 C w1 (Q™), then Liyy is (k, gig1, A(I,m +
1))-well situated in Rt with X(L;11) € 2(Kj11),

(| L O™ (41| L
0Q 41 ¢
extend continuously by zero to 0L;1;

(¢)

consequently, when (8.3.13) (respectively, (8.3.14)) is bounded on @’ (respectively

on Q™), which is the first case, then obviously

Ik
(8.3.24) DT T @ (P (¢, 1) Tigas - - - 35)
141 Li42 - - O
(|2e] < p, 5941 =m+1)
extend continuously by zero to the cell
(8.3.25) {(¢ oy ywy) € Ly x RITVL 0 (01441(C), 22, -+, 5) € Q7
(respectively,
lkd ,
(8'3'26) aC%l+1 42 ax%" (f © !pn)(él—i—l(g ?Cl+1)? $l+27 A 73771)
141 Li42 - O%n
(| <p, 3041 =m+1)
extend continuously by zero to the
cell

(8.3.27) {(¢,z,...,xn) € Ligy X RV (811(0), 22, .., z0) € Q™))

In the second case, we can have not only (8.3.23) extending continuously by zero
to L;+1, but also the derivatives

o m+1 . o
8.3.28 wl o @11 1)|Litq, ... w? o @1 L
( ) 8Cz+1( 70 ®y1)| Lt 8@’1{1( 1 0Dii1)|Liya
and
gm+1 8\;4 m— lgp o
8.3.29 [ ~ (D41, w0 ]
(8:3.29) oc it Loy L o 5 (P iy D)

+1 J
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(respectively, the derivatives

a o am—l—l o
8.3.30 —(w, 0P Li.q,.. w, od L
( ) 3Cz+1( pw© Pr1)|Lia 3Cﬁ“f1( w0 D)L
and
ot rolHl=m=1l(f o, ) o
7.3.31 d o )
( ) a¢mtt [ Dz .. darr (@re1, 0 ’“)} )

+1

By the induction hypothesis, (8.3.8), (8.3.23), (8.3.19) and (8.3.29) we have on the
cell (8.3.25)

GIEd
‘ L% i (P41 (¢ Ga1)s Tug2, -, 75) | <
agliirl ligzﬁxj
al%l% 01 |mH
< 7 @ /7 7'1/‘ --.7,1/" ‘
‘(%Zﬁl...axj’( 1(C7 ) 42 i) i

+ a continuous function equal 0 at the boundary of (8.3.25) <

I%Ig/ , Oy |t
7 / +1
QSUP‘a T (Prg1(¢s Gigr), W (Prya (€ ,Q+1))H 201 ‘

+ a continuous function equal 0 at the boundary of (8.3.25) <

gmt1 [ 8|%| m— 1![,
Ox

m+1 242 o

(@H_l,uﬂ O¢l+1)} + a cont. funct. equal 0 at 8Ll+1‘
l+1 l+2 P .I‘J

25up‘

+ a continuous function equal 0 at the boundary of (8.3.25),
which finally is a function extending by zero to the boundary of (8.3.25).

Similarly, by the induction hypothesis (8.3.8), (8.3.23) and (8.3.20), we have on
the cell (8.3.27)

ol
‘6C%l+1 X4+ 2 617%“ (f o !pn)(gpl—l—l(cla <l+1)a Tl42y ) xn)‘ g
141 Li42 - OTn
3\%| (fow,) Bprpq |1
, 2 @ /7 ) R n ‘
laﬂﬁlf{l o (Pr11(¢, Gy1)y Tiga - oy ) BCret

+ a continuous function equal 0 at the boundary of (8.3.27) <

a|%‘<fown) 8gol+1 m+1
QSup‘a I (@H—l(cla§l+1)awu(¢l+1(cla§l+1))H B ‘

+ a continuous function equal 0 at the boundary of (8.3.27) <

8m+1 |:a|%|—m—1(f o Spn)

¢mAL L 9x/ 2 Oz

(@Hl,wu o@lﬂ)} + a cont.funct.equal 0 at 8Ll+1‘
Gl 1+2

2 sup ’
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+ a continuous function equal 0 at the boundary of (8.3.27),

which finally is a function extending by zero to the boundary of the cell (8.3.27).

To finish the proof it suffices now to assume that we have proved our proposition
for some l € {k+1,...,n—2} and m = p and to derive it for I’ =[—1 and m/ = 1.
We start as in the case | = n — 2 and m = 1 and then continue as for the case
when [ € {k,...,n—2} and m € {1,...,p — 1} is augmented by 1, by a simple
modification.

Proposition 8.4. Assume that the Main Theorem is proved in dimensions < n.

Let 0 < k <n. Fix an integerq}(n—l—k)(p

2) + p. Assume that

n ZDn_1—>R

n
of < <al

18 a sequence of continuous PL-functions such that
K= {(ala?,): i €{0,...,r, —1}}

is a family of convex PL-capsules in R™, where D,_1 = J{mi_1(K,) : K, €
K™}, Let K? € K™. Assume that D,,_1 is a closed convex polyhedron in R"~' of
dimension n — 1 and A is a finite family of subsets of Dy,_1. Put D,, :=|K"|.

Let f : |K?| — RY be continuous and such that f|K, is of class C? for each
K, € K}. Assume that each K, € K} is (k, f, q)-well situated in R™ and that all
the derivatives

O'(fIK \ X(Kn))
ox?,

(8.4.1) (i €{l,...,q}) have continuous extensions

by zero to all K,,.
Let q be any integer > q.

Then there exists a strict Ci-triangulation (T ,h) of D, compatible with all sets
D, N (Ax R) (A € A), such that T is a simplicial complex in R™ which is a
refinement of K", h(I") = I", for any face I' of any K,, € K™, and each A € T such
that A C K,, € KV is (k — 1, f o h,p)-well situated in R".

Proof. Apply first Proposition 8.3 for [ = k. Hence, by Lemma 5.4, for every Q"
such that ¥,,(Q™) C K, € K7 there exists a closed subset E(Q") of Z(Q") of
dimension < k such that consecutively all mappings

Ui |Q"\ E(QMY), ... 0, |Q" \ Z(Q") and foW,|Q™\ Z(Q™)
extend respectively to CP-mappings
Ps1|Q"\ T (E(QM)), - .-, n Q™ \ E(Q™) and [ o ¥, [Q" \ E(Q™).

By induction hypothesis there exists a strict CI-triangulation (Tgt1, hit1) of Dgyq
compatible with all 77, (E(Q™)) such that 71, is a refinement of K**1, hyyy
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preserving all faces of any Ky, € K¥*! and such that all afk’ﬁ oWiy10hgy are of

class C7. By using Corollary 6.4 and Lemma 5.2 this allows us to define a polyhe-
dral complex Py o in R¥*2, which is a refinement of X**2 and a homeomorphism
Hyyo: Dpyo — W,;:Q(DkJrg), such that ¥y o Hy, o is preserving all faces of any
K12 € KE+2 and for each Piyo € Prio, Hpi2|Pri2 is of class C1. Now we take a
strict Ca-triangulation (7;4o, hxt2) of Dyyo such that ;o is a refinement of Py o
and such that all af;ﬁ oWpio0Hyo0hy o are of class C4. Again, by Corollary 6.4
and Lemma 5.2 this allows us to define a polyhedral complex P35 in R¥+3, which
is a refinement of K**3 and a homeomorphism Hj,3 : Dipi3 — W,;rl?)(DkJrg),
such that W, 3 o Hy 3 is preserving all faces of any Ky, 3 € K¥™3 and for each
Pii3 € Pras, Hpis|Prys is of class C9. We continue this process, finally obtain-
ing a strict Cl-triangulation (7,,_1,h,_1) of D, _1, which is compatible with all
7 (E(Q™)), such h,,_; is preserving all faces of any K, 1 € K™™', and such that
W, 10 hp—1 and all af oW, 1 0h, ;1 are of class C4. Again, due to Corollary 6.4
and Lemma 5.2 with allows us to define a polyhedral complex P,, in R", which is
a refinement of K"~ ! and a homeomorphism H, : D, — ¥, '(D,) of the form
H,(z',x,) = (hn_1(z'), Hy(z', z,)) such that P, is a refinement of K", ¥, o H,
is preserving all faces of each K, € K" and such that for each P, € P,, both
H, _1]|P is of class Ci. Then h :==W¥, o H,, = (¥,,_; o hn_l,ﬁn_l) is of class C? at
the restriction to any P,, € P,,. Passing to a simplicial subdivision of P,, and using
once more Corollary 6.4 finishes the proof.

Proposition 8.5. Assume that the Main Theorem is proved in dimensions < n.

Let 0 < k < n. Fiz an integer ¢ = (n — 1 — k) (g) +p+ 1. Let P be a polyhedral

complex in R™, such that |P| is a convex polyhedron and each P € P of dimension
n is a capsule in R™ and let Py C P. Assume that f : |P1| — RY is a continuous
mapping such that each P € Py is (k, f, q)-well situated in R™. Let G be any integer
2 q.

Then there exists a CP-triangulation (7, h) of |P| such that T is a refinement of
P, each A €T of dimension n such that A C P € Py is well (k—1,(f oh,h),p)-
situated in R", for each A C P € P\ Py the restriction h|A is of class C1 and
h(I") =T, for any face I' of any polyhedron P € P.

Proof. Since all P € P are PL-capsules, by Remark 2.3 and Lemma 2.6, there exists
a sequence of continuous PL-functions

ap << ap:D— R,
where D = 7n'_,(|P]) such that
K:= {m: ief0,...,r—1}}
is a family of convex PL-capsules in R™, which is a refinement of P. Put Ky := {K €
K: K CPePi}. Itisclear that all K € Ky are (k, f,q + 1)-well situated in R™.

By Proposition 8.1, there exists an increasing sequence of continuous PL-functions

oS- <ns:D— R,
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which is a refinement of ay,...,, such that the family C := {(n;,n;41) : j €
{0,...,s — 1}} is a family of capsules which is a refinement of the family X and
moreover there exists a homeomorphism ¥ : |P| — |P| preserving all faces of each
K € KandsuchthateachC € C; :={C e€C: CC K € Ky} is (k,(fol,¥), q)-well
situated in R", the derivatives

o7 (¥|C) 07 (f 0 w|C)

8—1’% and 8—1’% (O’E{l,...,q})

have continuous extensions by zero to the whole C' and, finally, for each C' € C\ Cy,
¥|C is of class CI. Now the conclusion follows from Proposition 8.4.

9. Main Theorem - proof in general case.

Proposition 9.1. Assume that the Main Theorem is proved in dimensions < n.
Let 0 < k < n. Fizx an integer ¢ > (n — 1 — k><§) +p+ 1. Let P be a poly-

hedral complex in R"™ such that |P| is a convex polyhedron of dimension n. Let
f:|P| — R be a continuous mapping such that for each P € P, the restriction
fIP\ P%®) is of class C9.

Then there ezists a CP-triangulation (T ,h) of |P| such that T is a refinement of
P, h(I') = I', for each face I' of any polyhedron P € P and for each A € T of
dimension n, h|A\ A®=Y and foh|A\ A®~V) are of class CP.

Proof. By a barycentric subdivision we reduce the situation to the case where each
P € P has only one face X' of dimension < k, such that f|P \ X is of class C9.
By Proposition 7.1, there exists a finite number of orthonormal bases v1,...,vs €
V,.(R™) such that each P € P is (k, f,q)-well situated in R" relative to some v;,
where i € {1,...,s}. Hence we can represent (the set of polyhedra of dimension n
belonging to) P as a pair-wise disjoint union

P=PiU---UP,s,

where each P € P; is (k, f, q)-well situated in R™ relative to v; (i € {1,...,s}).
By Proposition 8.5 there exists a CP-triangulation (77,h1) of |P| such that 7; is
a refinement of P, for each Ay € 77 of dimension n, if Ay C P € Py, then the
restrictions hy|Ap \ Agk_l) and fohy|A;\ Agk_l) are of class CP, and if Ay C P €
P\ P; the restriction hq|A; is of class C? and hy(I") = I, for any face I' of any
polyhedron P € P. Put

T, ={A1 €Ty :dimA; =n, Ay C P e P} (1 e{1,...,s}).

Observe now that if Ay € 7y; (i > 2), then Ay is (k, (f o hy, h1), q)-well situated

in R" relative to v; and then $(A;) c hi'(2(P)) = X(P), where A; C P € P;.

By Proposition 8.5, there exists a CP-triangulation (73, he) of |P| such that 73 is

a refinement of 77, for each Ay € 775 of dimension n, if Ay C Ay € Tq5, then the

restrictions hy o ha|Ag '\ Agk_l) and f o hy o halAs\ Aék_l) are of class CP, and if

Ay C Ay € T3\ T3 the restriction ho|As is of class C? and ho (1) = I, for any face
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I of any simplex Ay € 7q. Clearly, hy o ho|As\ Aékil) and fohyohg|As\ Agkil)
are of class CP, when Ay C Ay € T71. Put

Toi :={As € T3 :dim Ay =n, Ay C Ay € T35} (te{l,...,s}).

Observe now that if Ay € To; (i > 3), then Ay is (k, (f o hy o ha, hy o ha), q)-well
situated in R™ relative to v; and then X(Ay) C hy(X(A4;)) = X(4,), where
AQ - Al € ']'11

It is clear how to continue this process which at the final s-th step gives the
required triangulation (7,h) = (75,h1 0--- 0 hy).

Proposition 9.2. Let p be a positive integer and let integers qi,...,q, be such
that

q1 = (n—l)(g) +p+1,q2 > (n—Q)(q21>+Q1+17---,Qn 20(%2_1) +qp-1+1=

Gn—-1 + 1.

Let P be a polyhedral complex in R™ such that |P| is a convex polyhedron of dimen-
sion n. Let f : |P| — R® be a continuous mapping such that for each P € P, the
restriction f|P\ P™~1) is of class Cin.

Then there exists a strict CP-triangulation (T ,h) of |P| such that T is a refine-
ment of P, h(I") = I', for each face I' of any polyhedron P € P and f o h is of
class CP.

Proof. By Proposition 9.1 applied n times, we obtain a CP-triangulation (7, h) of
|P| such that 7 is a refinement of P, h(I') = I', for each face I" of any P € P and
such that for each simplex A € 7 of dimension n the restrictions h|A and f o h|A
are of class CP. We now improve h, using Corollary 6.4.

10. An application to approximation theory.
Fernando and Ghiloni proved in [FG] the following approximation theorem.

Theorem 10.1 ([FG, Corollary 1.5]). Let A be a definable, closed and bounded
subset of R™ and let T be a finite simplicial complex in R™. Let f : A — |T| be
a definable continuous mapping.

Then for any positive integer p and any € € R such that € > 0 there exists a
CP-mapping g : A — |T| such that

|f(z) —g(z)| <e, for each x € A,
where (g1, ym)| = (3 42)*.
i=1

In fact [FG] contains a proof of Theorem 10.1 only in the semialgebraic case and
R = R (the field of real numbers), but it is easy to check that the same proof, with
obvious modifications, holds true in our general context.

The existence of strict CP-triangulations allows us to improve the last theorem.
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Theorem 10.2. Let A and B be any definable, closed and bounded subsets of R™
and of R™, respectively. Let f: A — B be a definable continuous mapping.

Then for any positive integer p and any € € R such that € > 0 there exists a
CP-mapping g : A — B such that

|f(xz) —g(x)| <, for each x € A.

Proof. Let (7,h) be a strict CP-triangulation of B; hence h : |7| — B is a
homeomorphism of class CP. Since h is uniformly continuous, there exists § > 0
such that for each pair w,w € |T|, if |u — w| < §, then |h(u) — h(w)| < . By
Theorem 10.1 there exists a CP-mapping g : A — |7 | such that

\h=to f(x) — g(z)] <6, for each z € A.

Hence,
|f(z) —hog(z)| e, for each = € A,

and hog: A — B is of class CP as a composition of two mappings of class CP.
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