HYPERFIELDS, TRUNCATED DVRS, AND VALUED FIELDS

JUNGUK LEE

ABSTRACT. For any two complete discrete valued fields K7 and Ka of mixed
characteristic with perfect residue fields, we show that if the n-th valued hy-
perfields of K7 and K» are isomorphic over p for each n > 1, then K; and
K5 are isomorphic. More generally, for n1,ns > 1, if ny is large enough, then
any homomorphism, which is over p, from the ni-th valued hyperfield of K;
to the no-th valued hyperfield of K2 can be lifted to a homomorphism from
K1 to K2. We compute such ng effectively, which depends only on the ram-
ification indices of K; and K2. Moreover, if K7 is tamely ramified, then any
homomorphism over p between the first valued hyperfields is induced from a
unique homomorphism of valued fields. Using this lifting result, we deduce a
relative completeness theorem of AKE-style in terms of valued hyperfields.

We also study some relationships between valued hyperfields, truncated
discrete valuation rings, and complete discrete valued fields of mixed charac-
teristic. For a prime number p and a positive integer e and for large enough
n, we show that a certain category of valued hyperfields is equivalent to the
category of truncated discrete valuation rings of length n and the ramification
indices e having perfect residue fields of characteristic p. Furthermore, in the
tamely ramified case, we show that a subcategory of this category of valued
hyperfields is equivalent to the category of complete discrete valued rings of
mixed characteristic (0, p) having perfect residue fields.

1. INTRODUCTION

Our main object in this article is a valued hyperfield. A hyperfield is a field-like
algebraic structure whose addition is multivalued, and a valued hyperfield is a hy-
perfield equipped with a valuation. A typical example is the quotient of a valued
field by a multiplicative subgroup of the form 1 4+ m”™ for the maximal ideal m of
the valuation ring, which is called the n-th valued hyperfield of a valued field. In
this article, we consider a lifting problem of homomorphisms of the n-th valued hy-
perfields to homomorphisms of valued fields(See Corollary and Theorem .
Also we study relationships between certain categories of valued hyperfields, trun-
cated discrete valuation rings, and discrete valued fields of mixed characteristic(See
Theorem and Theorem . At last, we prove a relative completeness theorem
of AKE-style in terms of valued hyperfields(See Theorem [5.8)).

M. Krasner in [I1] introduced a notion of valued hyperfield and used it to do a
theory of limits of local fields. In [7], P. Deligne did the theory of limits of local
fields in a different way by defining a notion of triple, which consists of truncated
discrete valuation rings and some additional data. Typical examples of a valued
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hyperfield and a truncated discrete valuation ring are the n-th valued hyperfield
and the n-th residue ring of a valued field respectively, where the n-th residue ring is
a quotient of a valuation ring by the n-th power of the maximal ideal. J. Tolliver in
[T7] showed that discrete valued hyperfields and triples are essentially same, stated
by P. Deligne in [7] without a proof. In [14], W. Lee and the author showed that
given complete discrete valued fields of mixed characteristic with perfect residue
fields, any homomorphism between the n-th residue rings of the valued fields is
lifted to a homomorphism between the valued fields for large enough n. From this,
we ask the following question.

Question 1.1. Let Ky and Ks be discrete valued fields of mized characteristic (0,p)
having perfect residue fields. Suppose the n-th valued hyperfields of K1 and Ky are
isomorphic for every n > 1. Then are Ky and Ko are isomorphic? Moreover, is
there N > 0 such that if the N-th valued hyperfiels of K1 and Ky are isomorphic,
are K1 and Ky isomorphic?

The n-th valued hyperfield H,,(K) := K/(1 + m™) of a valued field K contains
automatically information of the multiplicative group K*/(1 + m™). By the mul-
tivalued addition of H, (K), it also contains information of the n-residue ring of
K too(See Fact . We compute the multivalued addition of the n-th valued
hyperfields rather explicitly, where the multivalued addition of given two elements
in H,,(K) is given as a ball and we can compute its center and its radius of the ball
explicitly(See Lemma[3.1). In [4] and [12], it was considered some structures, called
amc-structures, consisted with information of the n-th residue rings and the multi-
plicative groups K * /(14+m™). For n > 1, the n-th amc structure of a valued field K
is a triple K,, := (R, G%,©,,), where R} := R/t?("=Dm, G = K*/(1+t""'m),
and a map ©,, : {x € R : 2% # 0} - G%,a+ t*"m — a(1l + t"m). Here, R
is the valuation ring of K, and ¢t = 1 if the residue field is of characteristic 0 and
t = p if the residue field is of characteristic p > 0. In [4], S. A. Basrab and F. V.
Kuhlmann showed that for a valued field K, and for henselian valued fields L and
F which are algebraic extension of K, if L,, and F}, are isomorphic over K, for each
n, then L and F are isomorphic over K (See [, Corollary 1.4]). Moreover, if L and
F' are finite extension of K, then it is enough to consider whether L, and F,, are
isomorphic over K, for large enough n. In [12], F. V. Kuhlmann showed that if L
and F' are additionally tame extensions of K, then L and F' are isomorphic over K
if Ly and Fy are isomorphic over K;(See [12, Lemma 3.1]).

We also study relationships between discrete valued hyperfields, truncated dis-
crete valuation rings, and complete discrete valued fields of mixed characteristic.
Fix a prime number p and a positive integer e. Let Cp . be the category of complete
discrete valuation rings of mixed characteristic (0,p) having perfect residue fields
and ramification index e. Let Ry . be the category of truncated discrete valuation
rings of length n with perfect residue fields such that p is in the e-th power of the
maximal ideal but not in the e + 1-th power of the maximal ideal.

Fact 1.2. [14, Theorem 4.7, Example 3.7(2)] For large enough n, there is a lifting
functor L : Ry . — Cpe satisfying several natural conditions. Bul two categories
Cpe and Ry . are not equivalent.

We ask a question analogous to Fact for valued hyperfields.

Problem 1.3. Fizx a prime number p and a positive integer e. Let n be a positive
integer. Find a suitable category H, . of valued hyperfields whose has a lifting
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functor L™ Hy o = Cpe satisfying some natural conditions, and which makes H,,
and Cp . equivalent.

At last, we concern a question of relative completeness of AKE-style in terms of
hyper valuedfields. S. A. Basarab in [3] showed that the theory of finitely ramified
henselian valued fields of mixed characteristic is determined by the theory of the
n-th residue ring for each n and the theory of value group.

Fact 1.4. [3, Corollay 3.1] Let Ky and Ky be finitely ramified henselian valued
fields of mized characteristic. Let Ry, and Ra, be the n-th residue rings of K;
and Ko respectively. Let I'y and 'y be the value groups of K1 and Ks. Then the
following are equivalent:

(1) K1 = KQ.

(2) Ripn =Ry, for everyn >1 and I'y =T's.

Question 1.5. Let K; and Ko be finitely ramified henselian valued fields mized
characteristic. Let H, (K1) and H,(K2) be the n-th valued hyperfields rings of K
and Ky respectively. If H, (K1) = Hn(K2) for everyn > 1, K1 = Ko ?

In Section[2] we recall basic notations and facts. In Section[3] we answer Question
[1.1] positively. We also compute such N effectively. To lift a homomorphism of the
n-th valued hyperfields, we consider homomorphisms of valued hyperfields which are
over p. In Subsection [3.1} it is enough to check whether there is an isomorphism
over p between two first valued hyperfields in the tamely ramified case. More
precisely, any homomorphism over p between the first valued hyperfields is induced
from a unique homomorphism between given tamely ramified complete discrete
valued fields. In Subsection we compute such N in Question depending
only on ramification indices of given complete discrete valued fields. To compute
N effectively, we first show that a homomorphism over p of the n-th valued gives a
unique homomorphism between Witt rings of given complete discrete valued fields
of mixed characteristic with perfect residue fields. Using the structure theorem of
totally ramified extension and Krasner’s lemma, we compute N effectively, which
is depending only on the ramification index. In general, we can not drop the
condition of being over p. In Section |4, we suggest a suitable category ﬁ;})e of
valued hyperfields whose morphisms are isometric homomorphism, and show that
there is a lifting functor L7 : ﬁ;e — Cp,e satisfying proper conditions for large

enough n. Actually, we show that this category ﬁg,e and the category R . are
equivalent for large enough n. This essentially comes from the result of J. Tolliver
in [I7]. We also show that the a subcategory H, . of 7:[\;,5 whose morphisms are
over p is equivalent to C, . for every n > e if p does not divide e. In Section using
lifting result of homomorphisms of n-th valued hyperfields in Section [3, we give a
positive answer of Question for the case of perfect residue fields. In this case, it
is enough to check whether N-th valued hyperfields are elementary equivalent for
large enough N. Specially, if Ky and K5 are tamely ramified and the first valued
hyperfields are elementary equivalent, then K7 and K> are elementary equivalent.

2. PRELIMINARIES

We introduce basic notations and terminologies which will be used in this paper.
We denote a valued field by a tuple (K, R(K), mg, vk, k(K),'k) consisting of the
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following data : K is the underlying field, R(K) is the valuation ring, my is the
maximal ideal of R(K), vk is the valuation map, ki is the residue field, and 'k is
the value group considering as an additive group. If there is no confusion, we omit
K. Hereafter, the full tuple (K, R, m,v, k,T") will be abbreviated in accordance with
the situational need for the components. For v € T, we write Iy := {z € I'| x %~}
for x € {>,>} and m” := {z € K| v(z) € I's}. Note that for each v € I'>o, 1+m?
is a multiplicative subgroup of K*. For v € I'sq, let R, := R/m?. We recall the
definitions of ramified valued fields.

Definition 2.1. We say that a valued field (K,v,T') is (absolutely) unramified if
char(k) = 0, or char(k) = p and v(p) is the minimal positive element in T for
p > 0. We say (K,v) is (absolutely) ramified if it is not absolutely unramified.

Definition 2.2. Let (K,v,T") be a valued field whose residue field has prime char-
acteristic p.

(1) We say (K,v,T') is (absolutely) finitely ramified if the set {y € T'| 0 <
v <wv(p)} is finite. The cardinality of {y € T'| 0 < v < v(p)} is called the
(absolute) ramification index of (K,v), denoted by e(K,v) or e(R). If K
or v is clear from context, we write e(K) or e for e(K,v). For x € R, we
write e, (z) == |{y € T] 0 <~ < wv(x)}|. If there is no confusion, we write
e(z) for e, (x)

(2) Let (K,v,T) be finitely ramified. If p does not divide e, (p), we say (K,v)
is (absolutely) tamely ramified. Otherwise, we say (K,v) is (absolutely)
wildly ramified.

Note that a discrete valued field having a residue field of characteristic p > 0 is
finitely ramified. We say that a discrete valued field (K, v,T") with the residue field
having characteristic p > 0 is normalized if T' is a subgroup of R and v(p) = 1.
From now on, we mean a homomorphism between valued fields is an isometric
homomorphism, where a field homomorphism f : K1 — K is called isometric if
for a,b € Ky,

v, (a) < v, (b) & vk, (f(a)) < vk, (f(D)).

We recall some facts on the Witt ring and Teichmiiller representatives of complete
discrete valued fields of mixed characteristic(c.f. [16]).

Fact 2.3. (1) Let W (k1) and W(ka) be Witt rings of perfect residue fields k4
and ko of characteristic p > 0 respectively. Suppose that there is a homo-
morphism ¢ @ ki —> ko. Then there is a unique lifting homomorphism
g : Ry — Rs such that g induces ¢.

(2) Let R be a complete discrete valuation ring of characteristic 0 with perfect
residue field k of characteristic p and corresponding valuation v. Then
W(k) can be embedded as a subring of R and R is a free W(k)-module of
rank v(p). Moreover, R = W (k)[r] where 7 is a uniformizer of R.

(3) Let A be a ring that is Hausdorff and complete for a topology defined by
a decreasing sequence a1 D az D ... of ideals such that a, - apy C Apiom-
Assume that the residue ring Ay = A/ay is a perfect field of characteristic
p. Then:

(a) There exists one and only one system of representatives h : Ay — A
which commutes with p-th powers: h(AP) = h(A)P. This system of
representatives is called the set of Teichmiiller representatives.
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(b) In order that a € A belong to S = h(Ay), it is necessary and sufficient
that a be a p™-th power for all n > 0.
(c) This system of representatives is multiplicative which means

h(Au) = h(A)h(p)
for all \,p € Ay.
(d) S contains 0 and 1.
(e) S\ {0} is a subgroup of the unit group of A.

Next we introduce a notion of valued hyperfields.

Definition 2.4. [I1l Definition 1.2 and 1.4]

(1) A hyeprfield is an algebraic structure (H,+,-,0,1) such that (H*,-,1),
where H* := H\ {0}, is an abelian group and there is a multivalued opera-
tion +: H x H — 2" for the power set 2H of H satisfying the followings:

(a) 0-a=0 foralla € H.

(b) (Associative) (a+ B) +v=a+ (B+7) for all a, B,y € H.

(¢) (Commutative) o+ =L+« for all o, 5 € H.

(d) (Distributive) (¢ + ) -y Ca-y+ B-v for all o, 8,y € H.

(e) (Identity) o+ 0 = {a} for alla € H.

(f) (Inverse) For any o € H, there is a unique —o € H such that 0 €
a+ (—a).

(9) For all a, B,y € H, a« € B+ (=) if and only if B € a+ 7.

(2) A valued hyperfield is a hyperfield (H,+,-,0,1) equipped with a map v from
H to T U{oo} for an ordered abelian group T' such that
(a) For a € H, v(a) = 00 if and only if « = 0;

(b) Foralla,f e H, via- ) = v(a) + v(B);
(c) For all a,B € H, v(a+ ) > min{r(«a),v(B)};
(d) For all o, € H, v(a+ ) consists of single element unless 0 € a+ §;
and
(e) There is pg € T' such that either o + S is a closed ball of radius
pr + min{v(a),v(B)} for all o, € H, or a + B is a open ball of
radius pg + min{v(a),v(8)} for all a, f € H*.
For B C H and o € H, define o+ B := Ugcp o + B(*). The associativity of +
means that given «, B,y € H, we have (o« + B),(8+v) C H and a + (B+ 1) =
(a+B)+7 in the sense of (x). We say that H is discrete if T is a discrete subgroup
of R.
For ag,...,ar € H, we write ZH a; for (ag+---+ax) C H. Since the multivalued
operation + is associative, the notion of ZH is well-defined.
Definition 2.5. Let (H;,+;,,04, 15, 1;) be a valued hyperfield for i =1,2. A map
f from Hy to Hs is called a homomorphsim if the followings hold:

(1) f(01) =02 and f(12) = 1.

(2) fla-1B) = f(a) -2 f(B) for all o, f € Hy.

(3) fla+1B) C f(a) +2 f(B) for all a, B € Hi.

(4) For all o, B € Hy,

vi(a) < v(B) & va(flen)) < va(f(B))-
Let Hom(Hy, Ha) be the set of homomorphism from Hy to Hs.
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Note that the definition of homomorphisms in Definition [2.5]is weaker than one in
[I7, Definition 1.5]. We call homomorphisms in [I7, Definition 1.5] an isometric
homomorphism.

Definition 2.6. [I7), Definition 1.5] Let (H;,+i,,0;, 1;,14) be a valued hyperfield
for i = 1,2. Suppose v1(H{") = vo(Hy'). A map f from Hy to Hy is called an
isometric homomorphism if the followings hold:

(1) f(Ol) = 02 and f(lg) = 12.

(2) fla-1B)= f(a) -2 f(B) for all o, f € Hy.

(3) f~Ha+28) = f~H(a) +1 f71(B) for all a, B € f(H).

(4) For all a € Hy, v1(a) = va(f(a)).

(5) f~1(12) is a ball.
Let Iso(Hy, Hy) be the set of isometric homomorphisms from Hy to Hs. Note that
(3) implies that for a, f € Hy and f € Hom(Hy, Hs), f(a+10) C f(a) +2 f(5) so
that Iso(H1, Hy) C Hom(Hy, Hs).

Definition 2.7. Let v € I'sq. The v-hyperfield of K is a hyperfield (K/(1 +
mY), +4, 1), denoted by H(K), such that for each a(1+m?),b(1+m") € K/14+m",
(1) a(l+m?) 3 b(1+m7) :=ab(l +m7),
(2) a(l1+m")+4b(1+m") :={(z+y)(1+mY)| z €a(l+m?),y € b(1+m?)},
and
Conventionally, we write 0 for 0(1 + m?) and 1 for 1(1 + m?). The valuation v
of K induces a map vy on K/(1+m7) sending vy(a(l +m7)) to v(a). We call
(K/(14+m"), 44, 3, vy) the valued y-hyperfield. For v < X\ € T's, we have that
(I+m*) C (14m") and it induces a projection H2 : HA(K) — H(K),a(l+m*) —
a(l+mY). We write Hy : K = Hy(K),z — [z],.
For A C K, let H,(A) :={a(l+m?): a € A} and for a € K, we write [a],, for

a(l+mY) € H,(K). If v is obvious, we write [a] for [a],. Note that the valuation
vy : HZ(K) — T is a group epimorphism with the kernel H. (R*).

Remark 2.8. The quotient group H (K)/H(R*) is an ordered group isomorphic
toT.

Definition 2.9. Let Ky and K> be valued fields whose residue fields are of charac-
teristic p > 0. Let H (K1) and Hx(K2) be valued hyper fields of K1 and Ky respec-
tively. We say a homomorphism f : H (K1) — Ha(K2) is over p if f([p]) = [p].

Note that there is an isometric isomorphism which is not over p(See Example [4.5]).
In Section [4] we see how two sets of isometric homomorphisms and of isometric
homomorphisms over p are different(See Theorem and Theorem |4.11)).

Notation 2.10. Let (K,v) be a finitely ramified valued field and let m be a uni-

formizer of K. Let n > m be positive integers. We write m™ := m?™" D We write
R, (K) := R(K)/m™ and H,(K) := K/(1+m"). We call R, (K) the n-th residue
ring of K and H,(K) the n-th valued hyperfield of K. We write [z], := z(1+m™)

for x € K. We denote H;, and H,, for Hig:::l)) and H, (zm-1) respectively.
We now recall some results on hyperfields and (Deligne’s) triples in [I7].

Definition 2.11. [I7), Definition 1.8] A truncated discrete valuation ring, in short
a truncated DVR, is a principal Artinian local ring. Let R be a truncated DVR of
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length 1. For x € R, we define vg(z) = sup{i € N| z € m%}, where mp is the
mazimal ideal of R. Then vg(R) = {0,1,...,1 — 1} U {oo}, and vr(x) = oo if and
only if x = 0.

Definition 2.12. [I7, Definition 1.9] A (Deligne’s) triple (R, M,¢€) consists of a
truncated DVR R, a free R-module M of rank 1, and a R-module homomorphism
€: M — R whose image is the mazimal ideal of R.

Definition 2.13. [I7, Definition 1.10] Let T = (R1, M1, €1) and To = (Rg, Ma, €2)
be triples. A morphism of triples (r, f,n) : T1 — Ta consists of a homomorphism
f: Ry = Ry, an integer r, called the ramification index, and an Ri-module homo-
morphism 1 : My — M35 such that

o foe =e€yo0n; and

e 1 induces a Ry-module isomorphism from M; ®gr, Ra to Mgg"’.

The composition of morphisms (r1, fo,n1) and (ra, fa,m2) of triples is given by
(71, f2,m) © (ra, fa,m2) = (1172, fr 0 fa,n7™ 0 1)

Remark 2.14. [I7, Remark 4.5] Let T = (R, M,€) be a triple. Let M be a free
R-module of rank 1 and 11 be a generator. For each k € Z, the tensor power M®F
is a well-defined R-module of rank 1. More precisely,

R(TI®F) if k>0
M® ={R ifk=0,
Homp(M®(=F) R) = R(II®*) ifk <0

where for k < 0, II®* ¢ HomR(M®(*k),R) is a unique homomorphism sending

H®K) to 1. Define a map vy : U M® — Z U {x}, called a valuation map of
kEZ
T, as follows: For x = rII®* € M®* vr(x) = vp(r) + k.

Notation 2.15. Let (H,v) be a discrete valued hyperfield. Denote g := min{v(x)| v(z) >
0, z € H}.

Remark/Definition 2.16. [17, Remark 4.1] Let H be a discrete valued hyperfield.
There is a positive integer | such that pg = 10y . Such [ is called the length of H,
denoted by [(H).

Example 2.17. For a discrete valued field K, we have that [(H,(K)) = n.

Definition 2.18. Let (H,v) be a discrete valued hyperfield. For n € R, define
an equivalence relation =, on H as follows: For o, € H, o =, B if and only if
v(ia — ) >n. For o € H, we write o, for the =, -class of a. If 1 is obvious, we
omit it. Denote Of = {a € H| v(a) > 0} and my :={a € H| v(a) > 0y }.

Fact 2.19. [I7, Sections 4 and 5] Let H be a discrete valued hyperfield. Let R =
Ou/ =py, M =mpu/ =, 404, and e : M — R, [a]p,40, — [&py for o € H.
Then,

(1) Tr(H) = (R, M,€) is a triple, and

(2) R is of length [(H) and the mazimal ideal mp is M/ =,,,.
We write Ri(H) for R. If H orl is obvious, we write Ry or R for Rj(H). For
discrete valued hyperfields H' and H”, and for f € Iso(H,H') and g € Iso(H', H"),
we have that
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(1) Tr(f) and Tr(g) are homomorphisms between Tr(H), Tr(H'), and Tr(H")
respectively, and

(2) Tr(go f) =Tr(g) o Tx(f).

Remark/Definition 2.20. Let H be a discrete valued hyperfield and Tr(H) =
(R,M,€). The set Oy / =q,, forms a field and it is isomorphic to R/mg. The field
Ou/ =, is called the residue field of H, denoted by k(H). Moreover, for each
g € Iso(Hy, Hs), it induces a homomorphism k(g) : k(Hy) — k(Hs).

Proof. To show Op/ =¢,, forms a field, mimic the proof of [I7, Lemma 4.2]. And
consider a map f : On/ =g, — R sending [a]g, to [a],, + mg. Since 8y < py, f
is well-defined and it induces an isomorphism. Let H; and Hy be discrete valued
hyperfield and let ¢ : H; — Hs be an isometric homomorphism. Then it induces
Tr(g) : Tr(Hy) — Tr(H;), which induces a homomorphism k(g) from k(H;) to
k(Hs). |

Remark 2.21. [I7, Section 6] Let T = (R, M, €) be a triple with the valuation map
vr. Define U(T) := {0} U J{z € M®| vp(z) = i}. Then U(T) is a discrete
i€Z

valued hyperfield. Moreover, if T = Tr(H) for a discrete valued hyperfield H,
then U(T) = H by an isometric isomorphism after rescaling vr(I1) = Oy for a
generator I1 of M. Moreover the assignments Tr and U are funtorial. For discrete
valued hyperfields Hy and Ha, each f € Iso(Hy, Hy) induces a morphism Tr(f) €
Hom(Tr(H,), Tr(Hs)). For triples Th and T, each g € Hom(Ty,T5) induces a
morphism U(g) € Iso(U(T1), U(T3)).

Example 2.22. [17, Example 4.9] Let K be a discrete valued field. Let H,(K)
be the n-th valued hyperfield of K for a positive integer n. Then Tr(H,(K)) =
(R(K)/m% mg /mitt €), where my is the mazimal ideal of the valuation ring
R(K) and the map € is induced by the inclusion myx C R(K).

We introduce some algebraic and model theoretic structural theorems in terms
of the n-th valued rings for finitely ramified valued fields.

Remark/Definition 2.23. Let R be a complete discrete valuation ring of mized
characteristic. Let w be a uniformizer of R and v corresponding valuation of R. Let
L and K be the fraction fields of R and W (k) respectively. We denote the maximal
number
max {v (7 — (7)) : 0 € Homg (L, LYY o(T) # T}

by M(R)x or M(L)r. This M(R), does not depend on the choice of m and we write
M(R) = M(L).

Let (F,vp) be a complete discrete valuation ring of mized characteristic having

the same ramification index with L. Suppose there is an homomorphism from L to
F. Then M(F)= M(L)

Remark 2.24. [14, Theorem 3.9] Let (Ki,v1) and (Ka,v2) be complete discrete
valued fields of mized characteristic (0,p). Then we have that

M(E1)ew, (p)ev, (p) < €uy (p)(1+ €, ().

To determine whether two complete discrete valued fields of mixed characteristic
with perfect residue fields are isomorphic, it is enough to check whether the n-th
residue rings are isomorphic for large enough n.
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Fact 2.25. [14] Let Ky and Ko be complete discrete valued fields of mized charac-
teristic with perfect residue fields. Let Ry, and Ry, be the n-th residue rings of K
and Ky respectively. For n > e,,(p)(1+ €2 (p)), if Ri,n and Rs, are isomorphic,
then Ky and Ko are isomorphic. More generally, for positive integers ni and no
with ny > €,,(p)(1+ €2, (p)), any homomorphism from Ry n, to Ry, is lifted to a
homomorphism from Ky to Ks.

For model theory of valued fields, we take the following languages for valued
fields and their related structures. Let Lx = {+,—,+;0,1;|} be a ring language
with a binary relation | for valued fields, where we interpret the binary relation |
as alb if v(a) < v(b) for a,b € K. Let L, = {+',—,;0',1'} be the ring language
for residue fields, and Lr = {+*;0*; <} be the ordered group language for value
groups. For each n < 1, let Lr, = {+n, —n,n;0n, 1o} be the ring language for
the n-th residue ring. For n = 1, we identify Lr, = Lr. We use a language
Lyns :={0,1,-,+,|} for valued hyperfields, where 0,1 are constant symbols, - is a
binary function symbol, + is a ternary predicate, and | is a binary relation. For a
valued hyperfield (H, -, +,v), 1 is interpreted as the identity of the multiplication,
07 as the identity of the addition, - as the multiplication function on H. For
a,B,v € H, (o, 8,7) € +1 if and only if v € a + 3, and (a, B) € |¥ if and only if
v(a) < v(B). For the convention, (o, 07) € |¥ for all a in H.

J. Ax and S. Kochen in [I], and Y. Ershov in [§] independently proved that the
first order theories of unramifieid valued fields of characteristic 0 are determined
by the first order theories of their residue fields and valued groups.

Fact 2.26. [1| 8] (Az-Kochen-Ershov principle) Let (K1, k1,T'1) and (Ko, ka,T'a) be
unramified henselian valued fields of characteristic zero. Then we have that
Ky = Ks if and only if k1 = ko and T'y = T's.

In [3], S. A. Basarab generalized Fact to the case of finitely ramified valued
fields and in [14], W. Lee and the author improved the result of Basarab in the case
of perfect residue fields.

Fact 2.27. [3[14] Let (K1,v1,k1,T1) and (K3, va, k2, T'1) be henselian valued fields
of mized characteristic (0, p) with finite ramification indices. Suppose k1 and ko are
perfect fields. Let n > e,,(p)(1+ €2 (p)). The following are equivalent:

(]) K1 = K2 N

(2) Fl = FQ and Rn(Kl) = Rn(KQ)

3. LIFTING

In this section, we aim to show that for large enough n, any homomorphism
over p between the n-th valued hyperfields of discrete complete valued fields can be
lifted to a homomorphism of given valued fields.

Lemma 3.1. Let a,b € K and ag,...,a;, € K. Fiz v € I'so.
(1) Ulaly = a(l + m?) = {z| v(z —a) = v+ v(a)}.
(2) Ulaly +# [bly = {z € K[ v(z — (a + b)) > v + min{v(a), v(b) }}.
(3) 0 € Ulaly + [b], if and only if Ulal, +4 [b], = myFmin{r(a)v(®)}
(4) (a0 + ... +ax) € X %[al,.
(5) Suppose b € UZH[QJ,Y and ag,...,ax € R. Thenb= (ag+ ...+ ar)+d
for some d € m?.
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Proof. Let a,b € K and ag,...,a; € K.
(1) For z € K, we have that

ze€a(l+m") s r=a+ad, dem’
< v(z—a)=v(ad) =v(a) + v(d),d € m”
s v(x—a)>via)+ 7.

(2) (©) Let « € Ulaly +# [b]y so that thee are ¢,d € m” such that z = a + b+
ac + bd. Then we have that

v(z — (a+ b)) = v(ac+ bd) > min{v(ac), v(bd)} > v+ min{v(a),v(b)}.

(D) Take x € K such that v(x—(a+b)) > y+min{v(a),v(b)}. WLOG we may as-
sume that v(a) > v(b). Then there is ¢ € m” such that © = (a+b)+bc = a+b(1+c),
and [z], € [a]y +% [b]. So, we conclude that z € J[a], +¢ [b].

(3) By (2), Ulaly +# [0], = (a + b) + my+min{r(@r®)}  Thus we have that

0e LJ[a],y + [b]y & v(a+b) > v+ min{v(a),v(b)}
= (a + b) c m7+min{u(a),u(b)}
& Ulaly 3 ), = mominte(@)0 00,
(4) and (5) come from (2). O

Proposition 3.2. Let Ky and K> be valued fields whose residue fields are of charac-
teristic p > 0. Let H (K1) and Hx(K2) be valued hyper fields of K1 and K respec-
tively. Let f € Hom(H~ (K1), Ha(K2)) be over p. Then for alln € Z, f([n]) = [n].
We denote Homyz(H~ (K1), HA(K2)) for the set of all homomorphisms over p.

Proof. Let f € Hom(H (K1), HA(K2)) be over p. First, we have f([1]) = [1]
because [1] is the multiplicative identity. Since [—1] is the additive inverse of [1],

f([-1]) = [-1]. By Lemma B.1]2), we have f([k]) = [k] for 1 < k < p—1
inductively. Now choose an integer n arbitrary. Since f([—1]) = [-1] and f([0]) =

[0], we may assume that n > 0. Suppose n and p are relatively prime. We write
n=ay+ap+as~+...+ anpp™ with 0 < a; <p—1 and ag # 0 for some m > 0.
Suppose f([n]) = [n/] for some n’ € K5. Then we have that

[n'] = f([n]) = f([z aip'])

H H H H
€Y flap']) = > fla)f(p)) =D ladlp) = [aip']-
By Lemma [3.1{(5), we have that n’ = Y, a;p’ +d = n + d for some d € m3. Since
n ¢ mg, we have that n’/n = 1+d/n € 1 +m} and n'(1 +m3) = n(1 +m3). Now
suppose p divides n. Write n = ngp! for some [ > 0 and for some ng coprime to p.
Then we have that f([n]) = f([nop']) = f([no]) f([P']) = [nollp]' = [nop'] = [n]. O

Remark 3.3. Let (Ky,v1,k1) and (Ka,va, ko) be finitely ramified valued fields hav-
ing the same ramification index e. Let p = char(k1) = char(ks) > 0. Suppose vy
and vy are normalized, that is, v1(p) = va(p) = 1. Then for any n,m > 1 and f €
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Homy, (H, (K1), Hm(K2)), we have that vi(a) = va(f(a)) for every a € H,(Kq).
And any homomorphism from K1 to Ko induces an isometric homomorphism from
Hn(Kl) to Hn(KQ)

In the remaining part of this section, we assume that a complete discrete
complete valued field of mixed characteristic (0,p) has the normalized
valuation so that v(K*) C R and v(p) = 1. For a heneclian valued field (K, v)
of characteristic 0, there is a unique valuation on K9 extending v and we use the
same notion v for this valuation on K9,

Remark 3.4. Let S be the set of Teichmiiller representatives of a complete discrete
valued field K of mized characteristic having a perfect residue field. Then, H1(S)
is a field which is isomorphic to the residue field of K.

Proof. Let H = (H1(K),+1, X1) be the first valued hyperfield of K. For each
a,b € S, there is a unique ¢ € S such that [c] € [a] +1 [b]. So, (H1(S),+, x1) forms
a field where for a,b € S, [a]+ [b] = [d] if [¢] € [a] +1 [b]. Consider a map sending [a
to a +m, where m is the maximal ideal of the valuation ring of K and this induces
an isomorphism from #;(S) to the residue field of K. O

Lemma 3.5. Let K7 and Ky be complete discrete valued fields of mized char-
acteristic having perfect residue fields. Let Sy and Sy be the set of Teichmiiller
representatives of Ky and Ko respectively, and let f € Hom(H,, (K1), Hm(K2)).
(1) We have f(Hn(S1)) C Hm(S2) and f [y, (s,) is injective.
(2) If f is over p, then f I3, (w(ky)) is induced by a unique homomorphism
from W(ky) to W(ks), where W(k1) and W(ks) are Witt subrings of K
and Ky respectively.

Proof. (1) The proof is similar to the proof of [I4, Lemma 3.3]. Let R; and R»
be the valuation rings of K; and K5 respectively. By Fact 3)7 S; is contained
in W(k;)* where k; is the residue field of K; for i = 1,2. For each A € Sy, let 7,
be any representative of f(A\/?"(1 +m})) so that (n,)? (1 +m3") = f(A(1 +m]})).
Since 7 is in W (kg)*, we have that 7,(1 +m5) = 7, +m5* and (n,)? (1 +my') =
(n5)P" +mYy as a set. For any other representative 8, of f(A/?"(1+m?)), we have
that s, +m3* = 0, +m3". If we write ns = 05 +75%a for some a in Ry, the following
binomial expansion

e = (05 + myra)””
=07 +p°0” lnla+ ...+ (7ha)?

shows n?" — " € m$. Since 7%, is a representative of FOP (1 + m?)), the
calculation above shows that (7775”5) is a Cauchy sequence and lim,_, 77?8’5 is well-
defined in Ry. Since n?" (1+mJ") = f(A\(1+m7)) and 1+m3" is topologically closed
in R27
FOQ+mp)) = (Tim g2 ) (1+mg).
S5— 00
Similarly, we have
SO0+ mp)) = (Tim ) (14 mg).

Since

. ps . psfl p
lim n? = ( lim n? ,
§—00 §—00
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we obtain
lim 72" € S,
S§—00
by [2.3(3). Therefore, we have that f(H,(S1)) C Hm(S2).
By Remark the restriction map f [ H1(S1) induces an homomorphism be-
tween residue fields of K7 and Ks. So, we have that f | H1(S7) is trivial or injective.

Since 1 € Sy, we have that f([1],) = [1]m and f [ H1(S1) is not trivial. Therefore,
f I H1(S1) must be injective.

(2) Suppose f is over p, that is, f([p]n) = [plm- Note that each a € W(k;) is

uniquely written as > agp® for aj, € S for i = 1,2. By Fact 1), Remark [3.4
k>0

and (1), we have a homomorphism f : W(k{) — W (ks) such that f([a],) = [f(a)]m
for a € S;. Take a € W(ky) and write a = p' Y agp® for [ > 0 and a € S; with

ag # 0. We have that k20
f(laln) = Wl F (D arp™Dm

k>0
= [plL, f(Jao + ar1p + agp? + - - - + asp®)m,

where s = max{n, m}. It is enough to show that

Y ad'l) =13 flan)p*ln

0<k<s 0<k<s
for ap # 0 and s > max{n,m}. Take a = . app* € W(k;) with ap # 0 and
0<k<s
s > max{n, m}. Then,
H
fla) € > fllarln)lplt
0<k<s
H —
= Z [f(ak)]m[p}m
0<k<s
H —
= > [Fa)pm
0<k<s

So, we have that

0<k<s
= [f(a) +d]
for some d € mJ* by Lemma 5). Since (f(a) +d)/f(a) =1+d/f(a) € 1 +m},
we have that [f(a) + d],, = [f(a)]m. Therefore, f([a],) = [f(a)]m for each a €
W(ky). O

3.1. Tamely ramified case. We first recall some embedding lemma in [12] for
tame algebraic extensions of valued fields. We say that an algebraic extension
(L,vr) of a henselian valued field (K, vg) is tame if the following conditions hold:
For every finite subextension (F,vg) of (L,vy) over (K,v),

e the residue field extension kj, over ki is separable;
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e if the characteristic of kx is p > 0, then the ramification index (I'p : T'x)
is prime to p; and
[ ] [F : K] = [kF : k‘K}(FF : FK)
If K is a complete discrete tamely ramified valued field with a perfect residue field
k, then K is the tame extension of the fraction field of W (k).

Fact 3.6. [12, Lemma 3.1] Let K be an arbitrary valued field. Let L be an alge-
braic tame extension of some henselization of K and F be an arbitrary henselian
extension of K. Any Ki-embedding from Ly to Fy is induced from a K-embedding
from L to F. Furthermore if kx = kg, then any (group) G--embedding from G%
to G is induced from a K-embedding from L to F.

By adapting the ideas of the proofs of [I2], Lemma 3.1], we prove the following
theorems.

Theorem 3.7. Let K; and Ky be complete discrete valued fields of mized char-
acteristic (0,p) with perfect residue fields. Suppose Ky is tamely ramified. Any
homomorphism over p from H, (K1) to Hu,(K2) is induced from a unique homo-
morphism from Ki to Ko. From this, we conclude that there is one-to-one corre-

spondence between Homg (Hn (K1), Hm(K2)) and Hom (K, Ks).

Proof. Take f € Homz(H, (K1), Hm(K2)). Let F; be the fraction field of W(k;)
where k; is the residue field of K; for i = 1,2. By Lemma 2), f 124, () is induced
from a homomorphism f : F; — Fy. Since K is a totally tamely ramified extension
of 1, K1 = Fi(y/pa) for some a in W(k1)* where e is the ramification index of K
(c.f. Chapter 2 of [I3]). Let m = ¢/pa and f([m1],) = [75],, for some 75 € K3 so
that [m5]¢, = [pf(a)]m. Consider a polynomial P(X) = X¢ — (pf(u))/m € Ko[X].
Since P(1) € mJ* and P’(1) ¢ my, by Hensel’s lemma, there is unique b € R such
that b¢ = (pf(a))/m and (b — 1) € mJ'. Let 7 := br so that 75 = pf(a). Note
that [m2],, = [7h],m and 7o is such a unique zero of the polynomial X¢ — pf(a). So

we have a homomorphism f : K; — K» extending f U {(m,m2)} and it induces
7. 0

We generalize Theorem [3.7) to the case of infinitely tamely ramified valued fields.
To do this, we first recall the Ax-Sen-Tate theorem.

Definition 3.8. [2] Let (K,v) be a henselian valued field and (K9, v) be the
algebraic closure of K. For a € K9, define
Ag(a) :=min{v(o(a) —a)| 0 € Gk},
where Gk is the Galois group of K9 over K.
Fact 3.9. [2, Proposition 1, Proposition 2’] Let (K,v) be a complete valued field

and (K9, v) be the algebraic closure of K. Suppose T yais is archimedean. Let
KCFcCKY.

(1) Suppose K is of mized characteristic (0,p). Then for all a € K9, there
exists b € F such that
v(a—b) = Ap(a) — (p/(p — 1)*)v(p).
(2) Suppose K is of equal characteristic p > 0. Then for all a € K9 and for
all v € (Tgatg )0, there exists b in the perfect closure of F such that

via—0b) > Ap(a) — 7.



14 JUNGUK LEE

Fact 3.10 (Ax-Sen-Tate Theorem). [9, Proposition 3.8] Let (K,v) be a complete
valued field and (K%9,v) be the algebraic closure of K with T ke, archimedean.
Let C' be the completion of K9 which is algebraically closed and let L be a perfect
complete subfield of C containing K. Then L is the completion of L N K9,

Proof. See [9, Proposition 3.8] with Fact O

Corollary 3.11. Let p be a prime number. Let K be a tamely ramified valued field
of mized characteristic (0,p) with a perfect residue field k, and F be the fraction
field of W(k). Suppose K is a subfield of the completion of F%9, and either

e K is an algebraic extension of F, or

e complete.
For a complete valued field L of mized characteristic (0,p) with a perfect residue
field, any homomorphism over p from H(K) to Hx(L) is induced from a unique
homomorphism K to L for any v € (T'x)>0 and A € (I')>o.

Proof. Let L be a complete valued field of mixed characteristic (0, p) with a perfect
residue field. Let F' be the fraction field of W(k). Fix v € (T'x)>0 and A € (T'r)>0.

Suppose K is an algebraic extension of F. Since K is tamely ramified, K =
U K; where K; is a tamely totally ramified finite extension of F. Take f €
Homgz(H,(K),HA(L)). Set fi := f [ (x,) and we have f := lir?( fi = Ui

At
By Theorem fi is induced from a unique homomorphism o; : K; — L. Take
o= lir?( o; =Jo; : K — L and it is a unique homomorphism inducing f.
G

Suppose K is complete. By Fact K is the completion of K’ := K N F*9,

Let f' = f I, (k). By above result, f' is induced from a unique homomorphism

f’ : K’ — L. Since K is a completion of K’, f’ induces a unique homomorphism
f — L, which induces f. O

We can not drop the condition of being over p in Theorem [3.7]

Example 3.12. Consider K1 = Q3(V/3) and Ko = Q3(v/=3), which are not iso-
morphic by Kummer Theory. Note that their residue fields are isomorphic to Fs and
so their Teichmiiller representatives are {—1,0,1}. Let mp = V3 and m = /3.
Every elements of Ky is of the form )., a;w} for some integer n and a; €
{~1,0,1} with a,, # 0. So each elements in H, (K1) is of the form na,(1+my) for
some integer n and a, € {—1,1}(7). The same formulas hold for Ko. We will show
that Hom(H1 (K1), H1(K2)) = {fo, fr}, where f; sends [a] to [a] for a € {—1,1},
[71] to [(—1)'m2], and [3] to [-3] fori = 1,2, so that Homgz(H1 (K1), H1(K2)) = 0.
Note that [1] # [—1]. Let f € Hom(H1 (K1), H1(K2)). Then f([—1]) = [-1] because
f([1) = [1] and 0 € f([1] + [-1]). Since w1 is an uniformizer, f([m1]) = [m2] or
= [-ma]. In both cases, f([3]) = f([m]?) = [m]* = [73] = [-3]. By (1), such f
induces an isomorphism between Hi (K1) and Hi(K2).

Without base fields, even the residue fields of K; and K5 are primes fields so that
the residue fields are equal, we can not lift a group homomorphism from H; (K7)
to H; (K2) to a homomorphism from K; to Ka(c.f. Fact[3.6).

Example 3.13. Let K1 = Ko = Q5. The set of Teichmiiller representatives of Qs
is {0,1,42,43,i*} where i = /—1. Consider a group isomorphism f : H{(Qs) —
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H(Q5) by mapping [i] — [—i] and [5] — [5]. Then f is never induced from an
automorphism of Qs since any automorphism of Qs sends i to 1.

3.2. Generally ramified case. We first introduce of a notion of lifting map of
homomorphisms of the n-th valued hyperfields, which is an analogy to a lifting map
of homomorphisms of the n-th residue rings in [I4] Definition 3.1].

Definition 3.14. Let K; and K5 be complete discrete valuation rings of charac-
teristic 0 with perfect residue fields k1 and ko of characteristic p respectively. Let
m; be a uniformizer of K; and v; be a corresponding valuation of K; for i =1,2.
For any homomorphism ¢ : H,(K1) — Hn(K2), we say that a homomorphism
g: K1 — Ks is a (n,m)-lifting of ¢ at w1 if g satisfies the following:

e There exists a representaive b of ¢([m1]) which satisfies
Vg(g(ﬂ'l) — b) > M(Kl)

® Preqn © Hi = Hiog where ¢rean : Hi(K1) — H1(K2) denotes the natural
reduction map of ¢.

When such g is unique, we denote g by Lg7n7m(¢). When Lz7n7m(¢) exists for all

& Hn (K1) = Hm(K2), we write L : Homy, (M, (K1), Him (K2)) — Hom (K4, K3).

TL,m,m
H = Lz;th and say that thn is an n-lifting at

When n = m, we briefly write L, ,, .,

1.

n

The following result is analogous to Proposition 2.9(2) for n-th residue rings in [I4].

Proposition 3.15. Let K; and Ko be complete discrete valued fields of character-
istic 0 with perfect residue fields k1 and ko of characteristic p respectively. Let T;
be a uniformizer of K; and v; be a corresponding valuation of K; fori=1,2. Let
R; be the valuation ring of K; for i =1,2. The definition of liftings is independent
of the choice of uniformizer of K1. More precisely, saying that g : K1 — Ko is a
(n,m)-lifting of ¢ : Hp(K1) = Hm(K2) at w1 is equivalent to the following:

(1) For any x in Ry, there exists a representative by of ¢(x(1 + m7)) which
satisfies

va(g9(z) — by) > M(K1).

(2) d)red,l o Hl = Hl °g

We write thn’m = Lzm and say that Lzm is a (n,m)-lifting. Moreover, there is

at most one (n, m)-lifting for m > M (K )ea, where ey is the ramification index of
K.

Proof. The proof is similar to the proof of [I4, Proposition 3.5 (2)]. Let S; be
the Teichmiiller representatives of K; for ¢ = 1,2. Fix a uniformizer 7w of Kj.
Let g : K1 — K3 be a (n,m)-lifting of ¢ : H, (K1) — Hm(K2) at a uniformizer
7. Let b € Ko be a representative of ¢([r])) such that va(g(z) —b) > M(K7).

Note that v9(b) > 0. Take x € Ry. Then z = ZiZO Mt Take | > 0 such
that 1 (}",o; Aim’) > M(K1). Denote 25! := >y Aimt and 2”3, At so that
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x = x=! 4+ 2>!. Then we have that
¢([z]) = [==' + 271
€ (¢([ =+ (=)

Z¢ +o([z71))

i<l
H

< (Y laaI) + o (lz>1)).

i<l
There is a representative b, of ¢([z]) of the form:
be = gA)b +d
i<l
for some v5(d) > M(K;). Compute

va(g(x) — by) = V2(Z(9()\i)g(ﬂ)i) —ba)

%

=va( Y g)(glm) =)+ (> g(N) —d))

0<i<l i>1
> min{ra( Y g(N)(g(m)' = b)), 12D g(Mi)g(x)' — d)}
0<i<l i>1
> M(Kq)

because vy(g(m)? - B = ra(g(n) — B) + va(g(n)=t + -+ B71) > M(K;), and
v2 (s 9(Ni)g(m)'), va(d) > M(Ky).

Now we show moreover part. Assume m > M (K)es and there are two (n,m)-
liftings L, L : Homgz(H,, (K1), Him(K2)) — Hom (K7, Ks). Fix f € Homgz(H, (K1), Hm(K2)).
By Lemma[3.5 and (2), we have that L(f) | W (k1) = L'(f) | W(k1) (f). It remains

to show that L(f)(m) = L'(f)(m1). Set 7w := L(f)(m) and 7« := L'(f)(m1). By (),
7 and 7" are conjugates over the fraction field of W(ksz) (f). By (1), there are two
representatives b and b’ of f([m]) such that

va(m = B), va(n’ — B') > M(Ky).
Since va(b—b') > m/es > M(K7), we have that

vo(m — 7') > max{va(m — b),va(b — V'), va(n’ = V')}
> M(Ky).

By (1), we conclude that vo(m — 7') = 0o and 7™ = 7. O

Remark 3.16. Let Ky and Ky be complete discrete valued field of mized character-
istic (0,p) with perfect residue fields. Suppose K, is tamely ramified. By Theorem
for every n > 1 there is a unique bijective n-lifting map

LY Homg(H, (K1), Hp(K2)) — Hom(Ky, Ko)
such that f([a],) = L)} (f)(a)] for f € Homg(H, (K1), Ha(K3)) and a € K.
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Fact 3.17 (Krasner’s lemma). Let (K,v) be henseilan valued field whose value
group is contained in R and let a,b € K%9. Suppose a is separable over K(b).
Suppose that for all embeddings o(# id) of K(a) over K, we have

v(b—a)>v(o(a) —a).
Then K(a) C K(b).

We show that a lifting map of homomorphisms of n-th valued hyperfields for large
enough n

Theorem 3.18. Let K1 and Ky be complete discrete valued field of mized char-
acteristic (0,p) with perfect residue fields. Let ey and ey be ramification indices
of K1 and Ky respectively. Let H, (K1) and H,,(K2) be valued hyper fields of K;
and Ky respectively. Suppose m > M(Kj)ejes. There is a unique lifting map
L7, : Homz (M, (K1), Hi (K2)) — Hom (K71, K>).

Proof. Fix a homomorphism f in Homg(H, (K1), Hm(K2)). By Lemma 3.5 f
induces a map f [y, (s,) from H,(S1) to H,n(S2). This map f [y, (s,) induces
a homomorphism from k; to ke and by the functoriality of Witt rlng, we have a
homomorphism f : W (k1) — W(ky). Note that f induces a homomorphism from
W (k1)[X] to W(k2)[X] by acting on coeflicients and we denote this homomorphism
by f also. By Fact 2)7 there is a uniformizer m; of Ky such that Ry = W (ky)[m1].
Let ¢(X) be the irreducible polynomial of 7; over the fraction field of W(k;),
which is in W(k1)[X]. Write ¢(X) = X¢ + a1 X! + ... + ap where e = v1(p)
is the ramification index of K;. Let w5 € Ry such that [m5],, = f([m1],). For
a € W(ky), We can uniquely write @ = ag + a1p + a9p® + ... with a; € S;. For
>0, deﬁne aSl:=ag+aip+...+ap and a>! :=a —a='. And define ¢SH(X) :=
Xe+as' X 4. +a5 and ¢71(X) = ¢(X) — ¢SH(X), which are in W(k;)[X].
Then we have that

= f(lg(m1)ln)

Flg=™ (m) + ¢”™ (m1)]n)

€ flg=" (m0)ln) +3 £(la”™ (71)]n)

C (75 ]m +n fla f"iﬂée Non 43¢ - 43 Fl05 N 430 F([@7" (1))

m Z Z 5 m +a f([a7" (71)]n)-

0<i<e 0<j<m

Note that v2(¢”™(m1)) > m/es. By Lemma [3.12), we have that

0= f(q=")(m) + d(+)

for some d € m§'. Since ¢ = ¢=™ 4 ¢>™, we have that f(q)(73) = f(¢=™)(7}) +
fl@@™)(xh) and vo(f(¢”™)(x )) > m/es. From (%) we have that

0= f(g)(m) +d

for some d’ € my', and v2(f(q)(5)) = m/ez > M(Ky)e;. By Krasner’s lemma,
there is m3 € Ko such that f(g)(m2) = 0 with va(me — 75) > M(K;). Define
f: Ky — Ky, m — 7 extending f, and set L m(f) = f. a
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Corollary 3.19. Let (K1,v1,k1,T1) and (Ko, v, ke, 1) be finitely ramified com-
plete valued fields of mized characteristic. Letn > e,,(p)(1+e2 (p)). The following
are equivalent:
(1) K1 = KQ,‘
(2) R, (K1) = R,(K>); and
(3) Hn (K1) =3, ((p}) Hn(K).
The following is an analogy of [I4, Proposition 4.4] for a lifting map of homo-

morphisms of n-th valued hyperfields, which gives a funtoriality of lifting map in
Section [l

Proposition 3.20. Let (Kq,v1), (Ka,12), and (K3,v3) be complete discrete valued
fields of mized characteristic (0,p) with perfect residue fields. Suppose K1 and Ko
have the same ramification index. Suppose m,k > max{e,,(p)(1+e2 (p),ew, (p)(1+
ey, ()} Let f € Homz(Hu (K1), Him(K2)) and g € Homz(Hy(K2), Hi(K3)).
Then sz(g of)= L%,k(g) o Lg,m(f)'

Proof. Take f € Homz(H, (K1), Hm(K2)) and g € Homg(H,, (K2), Hi(K3)). First,
we have that
(gof)oHi=go(foH)
=go(Hio LZm(f))
=(goHi)o Lzm(f)
= (HioL 1(9) o L ()
=Hio (L k() o L ()

It remains to show that for a uniformizer m; of K7, there is a representative b of
g o f([m]) such that

vs(Lon k(9) 0 Ly () (1) — b) > M(KL).

Take a representative by of f([m1]) such that o (Lzm(f)(ﬂ'l) —b1) > M(K3), and we
have that Vg(LnH%k(g) OLy’m(f)(m) —L;‘fb’k(g)(bl)) > M(K;). Next consider a repre-
sentative be of g([b1])(= g (f([m1]))) such that ug(Lyl’k(g)(bl) —bg) > M(K>). Since
K; and K5 have the same ramification indices, we have that M (K;) = M(K>).
Thus we conclude that V3(L%7k(g)OLZim(f)(7T1)—bg) > M(Ky),and set b:=by. O

4. VALUED HYPERFIELDS, TRUNCATED DVRS, AND VALUED FIELDS

In this section, we figure out relationships between valued hyperfields, truncated
DVRs, and complete discrete valued fields of mixed characteristic. We first define
a notion of finitely ramified valued hyperfields.

Definition 4.1. Let (H,v) be a discrete valued hyperfield of length l. Let Rj(H) =
R. Suppose the residue field k(H) has the characteristic p > 0.

(1) We say H is of equal characteristic (p,p) if p =0 in R. Otherwise, we say
H is of mixed characteristic (0, p).

(2) Suppose H is of mixed characteristic (0,p). We say H is finitely ramified
if vr(p) = e < o0, and e is called the ramification index of H.

(8) Suppose H is finitely ramified. We say H is normalized if 0 = 1/e where
e is the ramification index of H.
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Note that any discrete valued hyperfield of mixed characteristic need not be finitely
ramified.

Proposition 4.2. Let K be a discrete valued field. Let Ky, Ko, and K3 be discrete
valued fields of mized characteristic (0,p) having the same ramification index e.
(1) To(K) = (Ro(K), M, (K),€,) is a triple, where M, (K) := my/mi" and
the map €, is induced by the inclusion myx C R(K).
(2) For every triple T = (R, (K), M,¢), we have T = T,,(K).
(3) Letn > e. Fach morphism f € Hom(R, (K1), Ry(K2)) induces a morphism
T.(f) € Hom(T,,(K1),T,(K2)). For f € Hom(R, (K1), R.(K2)) and g €
Hom(R,(K2), Rn(K3)), we have T,(go f) = Tn(g) o Tn(f).

Proof. (1) It is clear.

(2) Let R := R,(K). Given a triple T = (R, M, ¢), let II be a generator of
M. Since (M) = mpg, €(Il) = 7 + mg for a uniformizer = of K. Define a map
n: M — mg/mit T m/m’ET. Then the triple (1,1dg,7) gives an isomorphism

from T to T, (K).

(3) Let f € Hom(R, (K1), R, (K>2)). Let m; and 72 be uniformizers of K; and
K respectively. By the choice of n, f(m1/m} ) generates the maximal ideal of
R, (K3) so that f(m/mf ) = (afﬂg)/m?(—;l for a unit ay € R(K3)*. Define a
map 7y : My (K1) = M,(K2) sending 71'1/‘[11?;'1_1 to (afﬂg)/m?(-;l. Then the triple
Tn(f) :== (1, f,ny) gives a morphism from T, (K;) to T,(K2). Note that T,(f)
does not depend on the choices of 7 and 7y because M, (K1) and M, (K>) are free
R, (K) and R,,(K2)-modules of rank 1 respectively.

Now we show T, is commute with the composition. Let w3 be a uniformizer of K.
Fix f € Hom(R, (K1), R,(K>)) and g € Hom(R,,(K2), R,(K3)). There are ay €
R(K2)*, bg,bgoy € R(K3)* such that f(m/mf ) = (aym2)/mi,, g(me/mf ) =
(bgm3)/mi,, and g o f(mi/my ) = (bgosms)/mi,. Let by € R(K3)* such that
glay/mi,) = by/my. . Then we have that byor/mf, = (byby)/mY, . By choosing
by and by properly, we may assume that bgby — bgos € m}gl (t). Define 740 :
M,(K;) — Mn(Kg),m/m’};lrl — (bgofﬂg)/mnlgl. By (1), we have that 74 =
ng 0 n¢. Therefore,

To(go f)= (1,90 fingor)
= (1,90 fingony)
= (1,9,m9) o (1, f,ny)
= Tu(g) o Tn(f)-
O

Corollary 4.3. Let H be a finitely ramified discrete valued hyperfield of mized
characteristic with the perfect residue field and let e be the ramification index. Sup-
pose l(:=1(H)) > e(1 +vg(e)) so that e is not zero in R(:= R;(H)). Then there is
a unique complete discrete valued field K (up to isomorphic) such that H;(K) = H.

Remark/Definition 4.4. Let Hy and Hs be finitely ramified discrete valued hy-
perfield of mized characteristic (0,p) with perfect residue fields. Let Tr(Hy) =
(R1,My,€e1) and Tr(Hz) = (Ra, M2, €2), and we identify Hy = U(Tr(Hy)) and



20 JUNGUK LEE

Hy = U(Tr(Hsz)). Suppose they have the same length | and the same ramifica-
tion index e so that n = vy(e) = va(e) € {0,1,...,1 — 1} U {oo}, where v; = vp,
and vy = vg,. Suppose I > e. Since l > e, p is not zero in R; and Ry and
v1(p) = va(p) =e. Sop=a17§ in Ry and p = ae7§ in Ry for some units ai,as
and some uniformizers my,mo in Ry and Ry respectively. Take 11; € M; such that
e;(IL;) = m; fori=1,2. Then VTr(Hi)(aiH?e) =e fori=1,2. We say a homomor-
phism [ : Hy — Hy is over p if f(alﬂ?e) = agl'[é@e. Denote Homy (Hq, Ha) for the
set of all homomorphisms from Hy to Hs, which are over p.

Example 4.5. Let K = Ko = Q3(v/3) and m be the mazximal ideal of the valuation
ring Z3[\/3]. Note that R := Ry(K,) = Ry(Ks3) = (Z3/9Z3)[x]/(2*>—3). Then there
is an isomorphism f : a+bx — a+ 4bx in Hom(R4 (K1), R4(K2)). Then f induces
an isomorphism Ty(f) : (R,m/m% es) — (R,m/m?* e4) and it induces an isometric
isomorphism U(Ty(f)) : Ha(K1) — Ha(K2), V3(1 +m*) = 4/3(1 +m?*), which is
not in Homgz(H4(K1), Ha(K2)). Suppose U(Ty(f)) is over p. Then 3(1 +m?) =
U(Ty(£)B(1 +m*) = U(Ta(H)((V3)*(1+m?*)) = (4v/3)*(1 +m?) = 423(1 + m*).
So, we have (1 +m*) = 42(1 + m*), which is impossible, because 15 ¢ m* = 9Z3.

Now we introduce some categories of valued hyperfields, truncated DVRs, and
valuation rings and we study relationships between them. We recall two categories
of truncated DVRs and valuation rings, which were used to generalize the functo-
riality of unramified valuation rings in [I4], Section 4]. For a prime number p and a
positive integer e, let C,, . be a category consisting of the following data :

e Ob(C,..) is the family of complete discrete valuation rings of mixed charac-
teristic having perfect residue fields of characteristic p and the ramification
index e; and

e More, . (R1, R2) := Hom(Ry, Ry) for Ry and Ry in Ob(Cpc).

e

Let R}, . be a category consisting of the following data :

e For n < e, Ob(R},) is the family of truncated DVRs R of length n with
perfect residue fields of characteristic p, and for n > e, Ob(R} ) is the
family of truncated DVRs R of length n with perfect residue fields of char-
acteristic p such that p € m®\ m“"" where m is the maximal ideal of R;

and
o Morg, (R1, Ry) := Hom(Ry, Ry) for Ry and R, in Ob(R}., ),

Note that for e1,e2 > 1 and for n < ey, es, two categories R;}m, R;}m are the same.

For each m > n, let Pr,, : Cp. — Ry, and Pr' : R}’ — Ry . be the canonical
projection functors respectively. Given a prime number p and a positive integer e,
let 1, . := e(1 + v(e)) for some(every) R € Ob(Cp.). Note that for p fe, we have

that [, . =e.

Fact 4.6. [14, Definition 4.2, Theorem 4.7] Fiz a prime number p and a positive
integer e. For every n >l ., there is a functor L : Ry . — Cpe, called an n-th
lifting functor, which satisfies the following:

(1) (PrpoL)(R) = R for each R in Ob(R}.,).

(2) PrioL is equivalent to PrY.

(3) LoPr, is equivalent to Idc, ..

Moreover, there is a unique n-th lifting functor L satisfying
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(4) For each g € Morgy (R1, Ry) and for any x € L(Ry), there is a represen-
tative b, of (Pry, oL)(g)(x + mY) such that

va(L(g)(x) — bs) > M(L(Ry)).
Next we introduce two categories of valued hyperfields. Let H} . be a category
consisting of the following data :

e Ob(H, ) is the family of discrete normalized valued hyperfield of length n
and mixed characteristic (0, p) having perfect residue fields, and for n > e
in addition, having ramification indices e; and

e Forn <e, Moryn (Hi,Hs):=Iso(Hi, Hy)and forn > e, Moryn (Hi, Hz) :
Isoz(H1, Ha), where Isoz(Hiy, Ho) = Homy(Hy, Ha) N Iso(Hq, Hy) for Hy
and Hy in Ob(H}; ).

Let ﬁ;"e be a category consisting of the following data :
o Ob(ﬁ;e) = Ob(H} . ); and
o Morg, (Hy,Hs,):=TIso(H,,Hs) for Hy and Hy in Ob(H~,).

By Remark/Definition we have functors Resy, : H, — Rl and Res

p,e

ﬁg’e — R, .. Next we introduce lifting functors for two categories ), and 7:2378,

which are analogous to the lifting functors of R} . in [14} Definition 4.2].

Definition 4.7. Fiz a prime number p and a positive integer e. We say that the
category Cp, . is n-H-liftable if there is a functor L. Hy e — Cpe which satisfies
the following:

o (H, oL™)(R) =R for each R in Ob(Ry.)-
e Pr;oL™ is equivalent to Res;e.
o LMoH, is equivalent to Ide, .

We say that L™ is an n-th H-lifting functor of Cpe-

Now we see relationships between the categories Cp., R} ., Hy

An
per Mper and Hp ..

Define a functor U : Rye— ﬁg,e as follows:
e For R € Ob(R] ), U(R) := (UoT, o L)(R) after rescaling v or,oL)(R) =
1/e, where L is the n-th lifting in Fact and
e For f € Morgy (R1, R2), U(f) := (UoTy)(f),
and define a functor To : ’;Q;L,e — Ry . as follows:
e For H € Ob(ﬁ;}ye), T(\)(H) := R where R is a truncated DVR in Tr(H).
e For g € Morg, ) (Hy, Hs), To(g) is a morphism in Morngﬁ (To(Hy), To(Hy))
such that Tr(}y) = (1,T/‘(\)(g),n).
By Remark and Proposition we have the following result.

Theorem 4.8. Let p be a prime number and e be a positive integer. Fiz n > e.
(1) U o To is equivalent to Ids, .

p,e

(2) Too U is equivalent to Idgn |

. An n .
Therefore, two categories Hy . and Ry . are equivalent.
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Remark 4.9. [14, Proposition 4.9] Let R/ W (k) and Ry/ W (k) be totally ramified
extensions of degree e. Then R . is isomorphic to R . as W(k)-algebras. So, the
assumption that n > e is natural in Theorem [{.8.

Each R € Ob(Cp,) gives a discrete valued hyperfield H(R) := H,(K) in Ob(H; .)
where K is the fraction field of R after rescaling 03, (ry = 1/e. Also each f €
More, . (R1, R2) induces a morphism H(f) : H(R1) — H(Rz). So we have a functor
H:Cpe— Hy,. Forn>1,., we define a functor L% Hye =+ Cpe. Since Hy . is a
subcategory of ?/-Zg’e, we have a functor To : Hj . — R} . by restricting To to Hye-
For each H € Ob(H,; ), there is a unique( up to isomorphic) complete valued field
K such that H =2 H,,(K), where K is the fraction field of (Lo To)(H) by Corollary
3.19t For Hy,Hy € Ob(Hj.) and f € Moryy (Hi, Hz), we have a morphism
L(f) e Morc, . (R1, R2) where Ry = (LoTo)(H;) and Ry = (LoTo)(Hz) by
Theorem By Proposition L* forms a functor. By Remark Theorem
and Proposition we have the following result which is analogous to Fact
in the case of valued hyperfields.

Theorem 4.10. Let p be a prime number and e be a positive integer. Fizn > 1, ..
Then Hy, . is n-H-liftable and there is an n-th H-lifting functor L7 of Hy . satisfying
the following:
(1) There is an isometric isomorphism, which is over p, between (H o L™)(H)
and H for each H in Ob(H .).
(2) PryoL™ is equivalent to Res; ..
(3) L* oH is equivalent to Idc, . .

Moreover, there is a unique n-th lifting functor L™ satisfying

(4) For each g € Moryn (Hy, Hs) and for any x € LY (H,), there is a repre-
sentative by of (H, o L)(g)([x]) such that

v (L7 () () — bs) > M(L*(Hy)).
If we take L satisfying (1)-(4) and L™ satisfying (1)-(4), then L = Lo To.
Moreover, by Theorem [3.7, we have the following theorem.

Theorem 4.11. Let p be a prime number and e be a positive integer. Suppose p
does not divide e so that l, . = e. For any n > e, two categories H, . and Cp, . are
equivalent

In summary, for n > [, ., we have the following diagram between categories of C, .,
Ry er Hper and Hy .

p,e? p,€e?
LH
n —
i —

AN
\[ To L)H/PFn
T ™

in —— Pn
Hpve — Rp,e
To

, and we can take L = Lo To.

Question 4.12. Let p be a prime number and e be a positive integer. Fizn > 1, ..

We know that two categories ﬁ;’,e and R}, . are equivalent, and L7 o is equivalent
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to Ide, .. And for the tame case, that is, p [e, Hy o and Cp e are equivalent. Is

H,, o L™ equivalent to Idyn  if ple?

5. RELATIVE COMPLETENESS VIA HYPER FIELDS

In this section, we aim to prove an AKE-type relative completeness theorem in
terms of valued hyperfields for finitely ramified valued fields. We first recall basic
facts on coarsenings of valuations.

Remark/Definition 5.1. [15] Let (K, v, k,T") be valued field. Let T'° be a convex
subgroup of T and v : K\{0} — T'/T'° be a map sending (£ 0) € K tov(x)+I° €
T'/T°. The map v is a valuation, called a coarse valuation of v with respect to T'°.
The residue field K°, called the core field of (K,v) with respect to T'°, of (K,v)
forms a valued field equipped with a valuation v° induced from v and the value groups
I'°. More precisely, the valuation v° is defined as follows: Let pr, : R, — K°
be the canonical projection map and let © € R;,. If x° := pry(z) € K°\ {0}, then
v°(z°) := v(x). And z° =0 € K° if and only if v(x) > T°, that is, v(z) > v for
all v € T°. If K is of characteristic 0 and T'° is non-trivial, then (K,v) is always
of equal characteristic (0,0).

Fact 5.2. Let (K,v,T') be valued field. Let v be the coarse valuation and K° be the
core field with respect to I'° for a non-trivial convezr subgroup I'° of T.
(1) Let R,, R;, and R,o be the valuation rings of (K,v), (K,v), and (K°,v°)
respectively. Then (pry,) ' (Rye) = R,,.
(2) If (K,v) is finitely ramified, then (K°,v°) is finitely ramified, and K and
K° have the same ramification indez.
(8) If (K,v) is finitely ramified and Ry -saturated, and T'° is the smallest non-
trivial convex subgroup, then (K°,v°) is complete.

Definition 5.3. Let (K,v,T') be valued field. Let T° C T be a non-trivial convex
subgroup and v € (I'°)so. Let 0} := {a € Ho(K)| vy (o) > T°}. If v is obvious,
we write 0o = Opo. Define HX(K,I°) := {a € H,(K) : vy(a) € T°} and
Ho (K, T°) :=HX(K,T°) U{0L }.

Remark 5.4. Let I'° be a non-trivial convex subgroup of I'. Then H.,(K,T'°) forms
a valued hyperfield.

Proof. Let (H~(K), +%, 4, vn) be the valued y-hyperfield of K. First, 1 (K,T°)
is a multiplicative subgroup of (H (K), -3;) because I'° is a subgroup of I'. Note that
for a, 8 € H (K), if there is € a+4 3 such that v(x) > I'°, then Ope C a4 B(1)-
For a = [a] and B8 = [b], U +# 8 = (a + b) + m+min{v(@r®} by Lemma 2).
Suppose z € |J o+ S such that v(z) > T'°. If v(a+b) < v+ min{v(a),v(b)}, then
v(z) =v(a+b) <+ min{r(a),v(b)} € I'° because v,v(a),v(b) € I'°. So we have
that v(a 4+ b) > v + min{v(a),v(b)} and |Ja +4 f = mroin{v(@r®) 5 0p.. We
define a multivalued operation +}, on H.(K,T°) as follows: For a, 3 € H(K),

° oz—i—%o Opo = a = Opo +§_; Q.
o4y B itVee Ja+y 8, v(z) e

[ ] FO =
U=\ (e B) N (H)* (K) U (0o} if 3z € Uar 4o By wa) > T
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By (f) and covexity of T'°, +5 is well-defined. Define a map v}, on . (K,I°)
as follows: For a € H,(K,T°), vk (a) = vy(a) if a # Ore and v} (@) = oo if
o = Ope. Then (H,(K,T°),+5,, 3, vk ) forms a valued hyperfield. O

Lemma 5.5. Let (K,v,T") be valued field. Let v be the coarse valuation and K° be
the core field with respect to I'° for a non-trivial convex subgroup I'° of I'. For each
v €Ty, Hy(K,T°) and H(K°) are isomorphic.

Proof. Consider a map f : H,(K,I'°) — H,(K°) defined as follows: For a €
My (K, T°), f(o) = [a°] if @ = [a], and f(a) = 0 if & = Opo. The map f is well-
defined. Suppose [a] = [b] € H,(K,I'°). Then a/b € (1+m?) and v(a) = v(b) € I"°.
So, we have that (a/b)° = a°/b° € (14 (m°)7), and it implies [a°] = [b°]. And it is
clear that for all x € K with v(x) > I'°, ° = 0. It is routinely to check that f is a
homomorphism. ([

We recall the following facts before proving a relative completeness theorem.

Fact 5.6. (Keisler-Shelah Isomorphism Theorem) Let M and N be two first order
structures. If M = N, then there is a ultrafilter U on an infinite set I such that

MU = NY
where MY and NY are the ultrapowers of M and N with respect to U.

Fact 5.7. |5, Lemma 1.5] Let (K, v) be a finitely ramified henselian valued field of
mized characteristic (0,p). Then the valuation ring R(K) of (K,v) is definable by
the formula

¢q(x) =Ty y? =1+ pa?
for some q > 0 such that p fq and q > e, (p).

Theorem 5.8. Let (K1,v1,k1,T1) and (Ka, va, ko, T'1) be finitely ramified henselian
valued fields of mized characteristic (0,p). Suppose k1 and ko are perfect fields. Let
n > ey, (p)(1+ el (p)). The following are equivalent:

(1) Kl = KQ.

(2) R, (K1) =R,(Ks3) and 1 =T.

(3) Hn(K1) =, ((py) Hn(K2).

Proof. For (1) < (2), see Fact It is clear that (1) implies (3). We show (3)
implies (1). Suppose (3) holds. By Fact we may assume that H, (K1) =y, (z)
H,(K3). By Remark I't 2 I's and we may assume that I'y = T's = T'. By
taking ultrapowers of K7 and K» with respect to a nonprincipal ultrafilter on N,
we may assume that K; and K, are Nj-saturated. Let 27 and 5 be the coarse
valuation of v; and vs with respect to the smallest non-trivial convex subgroup
I'°. We have two valued fields (K1,74) and (K2, 12%) of equal characteristic (0,0)
with residue fields K7 and K3 respectively. By Fact [5.2(2) and (3). (K7,v7) and
(K3, v3) are complete discrete valued fields of mixed characteristic (0, p). Note that
the value groups of (K1, 1) and (K>, ) are I'/T'°. Since H,, (K1) =y, z) Hn(K2),
we have that H,(K7) =, (z) Hn(KT) by Lemma [5.5, Since e,o(p) = e, (p) for
i = 1,2, we have the K} = K$ by Corollary @%y Fact we have that
(K1,11) = (Ka,15). To show that (K7,v1) = (K2, 1), it is enough to show that the
valuation rings R, (K1) of (K1,11) and R, (K32) of (K3, ) are definable in (K7, 1)
and (Ko, 15) by the same formula. Recall the following result on a definability of
a residue ring. Take [ > 0 large enough so that ¢ := p! + 1 > max{e,, (p), eu, (p)}-
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By Fact ¢4(z) defines the residue rings R,o(K;) and R, (K2) of (K{,v5) and
(K3, v3). By Fact[5.2(2), the valuation rings R, (K;) and R, (K>) are definable by
the same formula in (K7,71) and (K3,71) so that (Kq,v1) = (K2, va). O

By Theorem and the proof of (3) = (1) of Theorem [5.8] we have the following
result.

Corollary 5.9. Let (Ki,v1,k1,T1) and (Ko, va,ko,T'1) be finitely tamely ramified
henselian valued fields of mized characteristic (0,p). Suppose ki and ko are perfect
fields. The following are equivalent:

(1) K1 = KQ.
(2) Ha(K1) =4, ({py) Hi(K2).

For local fields of mixed characteristic, they are elementary equivalent if and only
if they are isomorphic. So we have the following corollary.

Corollary 5.10. Let K1 and Ky be local fields of mized characteristic. Let n >
ev,(p)(1 + €2 (p)). The followings are equivalent:

(1) Hn(K1) S, ((py) Ha(K2).
(2) Hn(K1) S, ((py) Hn(K2).
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