RANDOMIZATION OF DEFINABLE GROUPS

ALEXANDER BERENSTEIN AND JORGE DANIEL MUNOZ

ABSTRACT. We study randomizations of definable groups. Whenever the underlying theory is
stable or NIP and the group is definably amenable, we show its randomization is definably
connected.

1. INTRODUCTION

The randomization of a model M is a continuous structure build by taking random variables
whose values belong to M. It was first introduced by Keisler in [9] and formalized in the continuous
setting by Ben Yaacov and Keisler [7]. If we call T' = Th(M), this procedure generates a new theory
T*. the theory of the randomized structure, which does not depend on the underlying model M
but only on its theory T. Randomizations are perhaps the most interesting way of transferring
information from a discrete theory T (and even a continuous theory) to a new continuous theory
TE. Many desirable model-theoretic properties such as w-categoricity, w-stability, stability and
NIP hold in 7 if and only if they hold in T ([7, B]). Even a nice description of separable models
can be achieved understanding the countable models of T' [2]. On the other hand, tree properties
are more difficult to control, it has been observed by Ben Yaacov that randomizing a simple
unstable theory gives a theory with the T'P, property. Also understanding indiscernible sequences
and forking independence in the randomization can be quite hard, this being a problem that can
not be described by pointwise assertions of the random variables.

This paper deals with randomizing groups, the main result that we prove is that if the underlying
theory T is stable and G is a definable group, then its randomization G¥ is a definable connected
group. We prove a similar result when 7" is NIP and the group is definably amenable. In particular,
we explicitly describe the generic elements in Gt in terms of the generics of G' and do a basic study
of stabilizers.

This paper is organized as follows. In section 2 we review some basic properties of definable
groups in stable theories, NIP theories and amenable groups, both in the discrete and in the
continuous setting. We expect the reader to be familiar with continuous logic and in particular
definability, a good source for this material is [6]. We also provide a proof for the existence of the
connected component G of G when G is a definable NIP group in the continuous setting. In
section 3 we recall the basic theory of randomizations. In section 4 we show that certain structural
properties transfer from G to G such as being abelian, divisible and definably nilpotent. We
also prove the main set of theorems: a randomized stable group is connected as well as a the
randomization of a NIP group which is definably amenable.

2. PRELIMINARIES

2.1. Definable groups. In this section we recall some well known results on stable groups, in
particular their connected components and the action of G on the space of types.

Theorem 2.1 (Corollary 7.1.6 in [I0]). Let T be stable and G a definable group. Then there exists
G° < G the smallest type-definable subgroup of bounded index. G° is normal and @-type-definable.
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We call GO the connected component of G and it is the intersection of all definable subgroups of
finite index.

The group G acts on the space of types S1(G) in the following manner: for a € G and p € S1(G)

ap ={p(a™'z) ; p(z) € p}.
We will write A for a finite set of formulas p(x,y) where y denotes the tuple of variables that
serves as parameters.

Definition 2.2. Let A be a set of parameters. A partial A-type over A is a set of formulas of
the form ¢(x,a) or ~¢(x,a) where a is a tuple from A and ¢(z,y) € A. If p e S1(A) we denote
by p | A its restriction to a A-type. A set of formulas A is said to be invariant if for any partial
A-type p over G and a € G, the set of formulas ap is again a partial A-type over G.

If o(z,y) is an L-formula we denote by ¢*(x,y, z) the formula p(zz,y). For A a set of formulas,
define A* = {p*(z,y,2) ; o(z,y) € A}. A* is invariant and every partial A-type over G is also a
partial A*-type.

Definition 2.3. Let A be an invariant set of formulas and p € S1(G). The A-stabilizer of p is
stab(p,A)={aeG ; a(pt A)=p | A}.
The stabilizer of p is
stab(p) ={a € G ; ap=p} =({stab(p,A) ; A is invariant}.

Definition 2.4. A type p € S1(G) is generic if for every a € G, the type ap does not fork over A,
the set of parameters over which G is definable.

Theorem 2.5 (Proposition 5.3.1 and Corollary 5.3.1 in [8]). Let G be a stable group. Then:
(1) pe S1(Q) is generic if and only if stab(p) = G°.
(2) There is a generic type in each coset modulo G°.
(3) The action of G restricted to the generic types is transitive.
(4) If a,be G belong to the same coset modulo G° and p € S1(G) is generic then ap = bp.

In the w-stable case, G is definable and of finite index, and there are finitely many generic
types. Furthermore, a type is generic if it has maximal Morley rank.

Proposition 2.6. Let G be a stable group and A a finite invariant set of formulas. Then:

(1) The set {p I A ; peS1(G) is generic} is finite.

(2) If A’ is finite and invariant, and A € A then for every p(x,y) € A and every tuple ¢ in G

Hp 1 A5 peSI(G) generic, p(x,c) ep}| _[{p 1 A" 5 peSI(G) generic, p(x,c) € p}|
Hp I A peSi(G) generic}| Kp I A7 ; peSi(G) genericl]

Proof. The first numeral corresponds to Proposition 5.3.1 in [8]. For the second one, it is clear
that stab(p, A") is a finite index subgroup of stab(p, A). Let k = [stab(p, A) : stab(p, A”)]. Then,
there is exactly one type of the form (bp) I A’ in each coset of stab(p, A’) in G. Every coset of
stab(p, A) in G contains k cosets of stab(p, A’) in G. Hence,

{p 1 A"; peSi(G) generic, p(x,c) ep}| = k[{p I A5 peSi(G) generic, p(z,c) € p}|

Similarly, [{p } A" ; p e S1(G) generic}| = k|{p I A ; p € S1(G) generic}| and the conclusion
follows. O

Definable groups in the continuous setting

The results and definitions mentioned in this section are based on [4]. Let T be a continuous
stable theory, G a type-definable group whose group operation is also type-definable. We identify
G with its points in a k-saturated, k-strongly homogeneous model €, for x large enough. We denote
by S¢(€) the subspace of S1(€) consisting of types that imply « € G. This is a closed subspace of
S1(€).
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Definition 2.7. We say that a type p € Sg(€) is generic if every logical neighbourhood of p defines
a generic set i.e. one for which finitely many translates cover the group.

As in the first order case, the group G acts on its space of types by left translation. The stabilizer
is defined in the same way and once again we have the notion of connected component.

Proposition 2.8 (Theorem 6.14 in []). Let G be a type-definable group over @ in a stable theory.
Then there exists G° < G, the smallest type-definable subgroup of bounded index. G° is normal and
type-definable over @.

The next result is the analogous to Theorem for continuous stable groups.

Theorem 2.9 (Proposition 6.9, Proposition 6.13 and Theorem 6.14 in [4]). Let G be an @-definable
group in a continuous stable theory. Then:
(1) pe Sa(Q) is generic if and only if stab(p) = G°.
(2) The action of G restricted to the generic types is transitive.
(3) If a,beG belong to the same coset modulo G° and p € Sg(€) is generic then ap = bp.
(4) There is a generic type in each coset modulo G°.

2.2. NIP theories. Let T denote a complete continuous theory and € a k-saturated, x-strongly
homogeneous model of T, for k large enough.

Definition 2.10. A formula ¢(x,y) has the independence property (IP) if there are r,s € [0,1],
r < s, sequences (a; ; i <w), (by ; I Cw) in € such that p(a;,b7) <r for i € I and p(a;,br) > s for
1 ¢ 1. A theory T is NIP if no formula has the independence property.

By compactness, a continuous formula ¢(z,y) has IP if we can find 7,s € [0,1], r < s, N ET
and sequences (a; ; ¢ <w), {br ; I Sw, |I| <w) such that ¢(a;,br) <r foriel and p(a;,by) > s for
i1¢1.

Let T denote now a complete first order theory and € a k-saturated, x-strongly homogeneous
model of T, for k large enough.

Definition 2.11. Let A be a subset of €, a Keisler measure v over A is a finitely additive
probability measure in the algebra of definable sets over A.

To every Keisler measure over A we can associate a regular probability measure in S7(A). The
detailed construction is given in Chapter 7 of [I2]. An important fact about NIP theories is that
we can approximate Keisler measures by sampling on the space of types. For this purpose, for

D1y---,Pn € S1(A) and X Borel subset of S7(A) we will denote by Av(py,...,pn; X) the quotient

[{ke{l,...,n} ; preX}|
A .

Proposition 2.12 (Proposition 7.11 in [12]). Let v be a Keisler measure over A, p(x,y) be a
formula and X1,...,X,, be Borel subsets of S1(A). Then, for any given € > 0 there are types
D1y, Pn € S1(A) such that for every tuple b in A and every k <m

lv(e(2,b) N Xi) = Av(p1,....pnip(z,b) N Xy)| <€
An immediate consequence is the following corollary.
Corollary 2.13. Assume that A has at least two different elements. Let v be a Keisler measure
over A and let 1(x,y),...,om(x,y) be formulas. Then, for any given € > 0 there are types
D1y, Pn € S1(A) such that for every tuple b in A and every k <m
v (pr(x,0)) = Av(p1,- .., pus (. b)) < e

Proof. Consider the formula
1/1($7y721,--~,2m+1)1 /\ (lezk+1:>§0k(xuy))'
1<k<m

Take € > 0. By the previous proposition, there are types p1,...,p, € S1(A) such that for any tuples
b,cin A
lv(¥(x,b,¢)) = Av(p1,...,pn; (2, b,¢))| <e.
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Fix k < m, take a1,a2 € A different from each other and define c as ¢; = cx11 = a1 y ¢; = as for
1<j<mwith j#,1,k+1. Thus, for any tuple b in A, v (x,b) is equivalent to ¢ (x,b,c). Therefore,

|V(90k(va)) - AV(plv ooy Pns (Pk(va)” = |V(7/J($,b7 C)) - AV(pl, cee apn;w(l'vbac)ﬂ <€
]

Definition 2.14. Let v be a Keisler measure over € and A ¢ €. We say that v is invariant over
A if for any two tuples b,b" in € with ¢p(b/A) = tp(b'/A) and any formula ¢(z,y) we have that

v(p(z,0)) = v(p(z,b)).

Definition 2.15. Let 9t = (M,...) be a model of T and let v be a Keisler measure over €. We
say that v is Borel-definable over 9 if it is invariant over M and for every formula ¢(z,y) and
€ [0,1] the set
{g €Sy (M) ; u(e(x,b)) <r for any bed, with be g}

is Borel in S, (M).

Proposition 2.16 (Proposition 7.19 in [12]). Let v be a Keisler measure over € invariant over
N, then v is Borel-definable over M.

As usual, we identify a definable group G with its points in €. If v is a Keisler measure over A
we say that v concentrates at G if v(G) = 1.

Definition 2.17. We say that G is definably amenable if there is a Keisler measure v over € that
concentrates at G and is left-invariant i.e. for every L(€)-formula ¢(z) that defines a set in G and
g € G we have that v(p(z)) = v(ge(z)).

Definition 2.18. Given a small set of parameters A, we denote by G% the intersection of all
type-definable subgroups over A of bounded index. We say that G° exists if G% does not depend
on A and it is equal to G%O.

We will show that in the case of a continuous NIP theory G always exists. The proof is a
straightforward adaptation of the discrete case given in [12]:

Theorem 2.19. Assume that T is a continuous NIP theory. Then G0 exists.

Proof. Let € be a monster model. Suppose on the contrary, that G°° does not exist. Then there
is a collection {H; ; i < k} of different type-definable subgroups of bounded index. We can assume
that each H; is the intersection of at most Ry conditions. By Ramsey’s theorem and compactness
there is a sequence (H; ; i < w) that is indiscernible. This means that there is a type-definable set
®(z,y) and an indiscernible sequence of tuples (b; ; ¢ € w) such that H; corresponds to the zeroset
of ®(x,b;). Furthermore, by adding formulas to the type ®(x,y) we can assume that ®(x,b) de-
fines a subgroup for every b € €.

We will show that for every i € w, H; does not contain N Hj;. Suppose that for some i € w
ji
it does. The intersection (N H; has bounded index and so there are boundedly many subgroups
j#i
containing it. Now insert in place of H; a sufficiently long sequence (Hj ; k < A) such that the
whole sequence is still indiscernible. Since each H}, contains (| H; we get a contradiction.
j#i
For each i < w, pick a; € N H; \ H; such that the sequence (a;,b; ;i € w) is indiscernible. Since
j#i
a; ¢ H;, there is ¢(z,y) € ®(x,y) such that r = ¢(a;,b;) > 0. In this way, ¢(a;,b;) =0 if and only if
i+ 7 and ¢(a;,b;) =r for every i € w.

Claim 1: For every € > 0 there are ¢1(z,y),...,¥n(z,y) € ®(x,y) and there is § > 0 such that for
every xi,2,x3,Y € < if 417I11212X3{max{w1(xi7y)7 s 7¢n($my)}} <4 then ¢($1 c X2 .'1,'3,2/) <e.
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Proof. Assume that the claim does not hold. Then there is € > 0 such that for every n € N, every
V1(x,y), ..., Yn(x,y) € ®(x,y) and every m € N there are ay,as,as,b € € such that
.{I%aéxg’{max{rl/}l(ai, b)a ey wn(aiv b)}} < ]‘/m
and ¢(ay - as - as,b) > e. This implies that the set
{%b(iﬂuy) < ]-/m ; lb(ffay) € (p(xay)a i= 172737 me N} u {¢(£L’1 * T2 '$37y) 2 6}

is finitely satisfiable. By saturation there are a1, as,as,b € € that satisfy all the conditions simul-
taneously. Therefore, ®(a;,b) = 0, for ¢ = 1,2,3. This set of conditions defines a subgroup, then
®(ay - ay - as,b) =0. However, ¢(a; - as - az,b) > ¢, a contradiction. a

Take € = r/2 and 1 (x,y), ..., ¥n(x,y),d as in the claim. We will show that max{u; (z,y),...,Yn(x,y)}
has IP. For I = {41,...,%m} Cw, define ay = a;,---a;, . If i ¢ I then ay € H;. Hence,

max{t1(ar, b;), ..., ¥n(ar, bi)} =0.
In case ¢ = i € I, then ¢ = a4,---a;,_, and ¢ = a;,,,-a4,, belong to H;. Thus, a; = ¢
max{t1(cgt,b;), -, Un(cot,bi)} = max{w (¢t bi), ..., Yn(crt b))} = 0.

Claim 2: max{v1(as,b;),...,¥n(ar,b;)} 2 46.

Yarer! and

Otherwise, 11 (az,b;) <6,...,%n(ar,b;) <& and by the Claim 1, 7 = ¢(a;, b;) = ¢(cglarert, b;) <
r/2. O

3. RANDOMIZATIONS

Given a first order language £, the randomization language, denoted by £, is a continuous,
two-sorted language (K,B). The first sort, corresponding to random elements and the second one
to events. The language consists of a map [¢(-)] : K® — B for each L-formula ¢ with n free
variables. It includes the Boolean operations T, 1,u,M, - of sort B and a unary predicate p in B.
We will review some basic properties of randomizations, for a complete presentation see [7] or [2].

Quantifiers in the £f-formulas must be understood in the approximate sense, i.e. Y stands for
sup z and 3x represents inf z. The uppercase letters X,Y, Z,... will denote continuous variables of
sort K, while A, B, C, ... will denote variables of sort B. The lowercase letters x,y, z, ... represent
first order variables in the £-formulas. We will also write A = B instead of dg(A, B) = 0.

Definition 3.1. A randomization of 9 is a pre-structure (K, B) in the language £ satisfying:
(1) (Q,B,u) is an atomless finitely additive probability space.
(2) K is a set of functions from Q to M.
(3) For each L-formula ¢(x) and each n-tuple f in K,

[o(H]={weQ; Meo(f(w))}
(4) (K,B) = VBIX3YV(B=[X =Y]).

Namely, given B € B and € > 0 there are f, g € K such that u([f = ¢g] & B) <e. So every
event can be approximated by equality of functions.
(5) For every L-formula ¢ (z,y)

(K,B) e VY 3IX([¢(X, V)] = [Fzp (2, Y)]).

This means, that for any given tuple g in ™ and € > 0 there is f € IC such that p([(f,9)] &
[3x(z,g)]) < e. This guarantees the existence of approximate witnesses for the existential
quantifier in the L-formulas.

(6) For f7g € K:v dK(f7g) = p“[[f # g]]

(7) For B,C € B, dg(B,C)=u(B A C).
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In this pre-structure dx and dg are pseudometrics. After taking the quotient and then the
completion we obtain a continuous structure.

Definition 3.2. Let ([0,1],B8x, ) be the usual Borel probability measure on [0,1]. If 9 is a first
order structure then (9% By) denotes the randomization whose universe in the sort K consists
of the set of measurable functions from [0, 1] into M of countable range.

Definition 3.3. Let T be the common theory of all randomizations of models of 7.
The following results are some important facts regarding the randomization theory T'%.
Theorem 3.4 (Theorem 2.1 in [7]). T is complete.

Theorem 3.5 (Theorem 2.3 in [7]). If (K, B) is a model of T® then there is a model M of T and
a randomization ME of M such that (K, B) is isomorphic to ME.

Theorem 3.6 (Theorem 2.9 in [7]). T# admits strong quantifier elimination.

An axiomatization of the randomization theory, T, is given in [7]. However, we will mention
the following axiom which will be used throughout the paper.

Transfer Axiom: For every p € T
[P]=T.
Theorem 3.7 (Theorem 2.7 in [7]). Every model of T has perfect witnesses. This means that:
e For every L-formula p(x,y) and every g € KW there is f € IC such that

[#(f;9)] = Bre(z, 9)]-
e For every B € B there are f,g € K such that B =[f = g].

Next, we introduce some properties that preserves the randomization.
Theorem 3.8 (Theorem 4.1 in [7]). T is w-stable if and only if T is w-stable.
Theorem 3.9 (Theorem 5.14 in [7]). If T is stable then T is stable.

Theorem 3.10 (Theorem 5.3 in [3]). If T is an NIP theory then TT is NIP too.

The following construction will be useful later on. It allows one to expand the probability space
by taking the product with the unit interval.

Lemma 3.11. Let (K,B) be a randomization of M, with probability space (2, B, ). Then there is
(Ko, Bo) an elementary extension of (K, B), whose underlying probability space is (%[0, 1], By, po),
where By is the product algebra and py the product measure (taking in [0, 1] the usual Borel algebra,).

Proof. Define K as the set of functions f : Q x [0,1] — M such that there are {A1,...,A,}
partition of [0,1] in measurable sets and f1,..., f,, € K satisfying f(w,?) = f;(w) for (w,t) e QA x 4;
and ¢ <n. We will show that (K, By) is a randomization of 9. So, the model will be the result of
taking the quotient and then the completion. We will check the seven properties in Definition [3.1]
(1) (Bo, po) comes from (2 x [0,1],Bo, po), which is an atomless finitely additive probability
space.
(2) By definition ) ¢ M0,
(3) Let ¥(x) be an L-formula and f a tuple in K. Then there are Aj,..., A, partition of
[0,1] and ¢!, ..., g™ tuples in K such that f(w,t) = g*(w) for (w,t) € Qx A; e i <n. Thus,

[ (N = {(w,t) e @x[0,1] ; M= (f(w,1))}
= U {(w,t) eQxAi; Mey(f(w,t))}

1<ism

= U ()] x 4.

1<i<m

Clearly, this set belongs to By.
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(4) Take B € By and € > 0. Then there are By, ..., B, measurable subsets of Q and Ay,..., A,
measurable subsets of [0,1] such that
,uo(B A U B; XAi) < E
1<i<n 2
We can assume that A4, ..., A, are pairwise disjoint. Since (X, B) is a randomization there

are f1,01,--., fn,gn € K satisfying u(B; A [fi = gi]) < €/(2n) for every i < n. Next, take
fo.90 € K such that [fo # go] = T and define f, g € K as

(w if te A; for somei<n
Floty =@

fo(w) ifte[0,1]N (A1 u---UA,).

i(w if te A; for somei<n
gy =9

go(w) ifte[0,1]N (A1 u---UA,).

We have that [f=g¢] = U [fi = gi] x 4;. In this way,
1<i<n

po(BAf=gl)<po(B & J BixA)+po( U Bix Ay & U [fi=gil x Ai)

1<isn 1<i<n 1<i<n
€
<3 +po( U (Bi & [fi = gi]]) x As)
1<i<n
€
<ot >, 1o((Bi & [fi = gi]) x Ai)

1<i<n

(3
<=—+n|l—|=e
2 2n
(5) Let 6(z,y) be an L-formula, € > 0 and let g be a tuple in K. ~There is a partition,

Ay, ..., A, of [0,1] and tuples g, ...,¢" in K such that g(w,t) = g*(w) for (w,t) € Qx A;
and i < n. Since (IC,B{) is a randomization, for each i < n, there is f; € K such that
w([0(fi,99)] & [(32)0(g")]) < €¢/n. Define f € K| as f(w,t) = fi(w) for (w,t) € @ x A; with
1 <n. Since,

[(32)0()] = U [(32)0(g")] x A,

then -
no([0Cf, 9)] & [(32)6(9)]) = uo(KL{ [0(fi,g)] x Ai & 1<L_g [(32)6(g")] x A;)
< uo(1<LJ< (I0(fi, 91 2 [(32)0(g)]) x A;)

(%)
<n|—]=e
n
(6) and 7. It is immediate that dx(f,9) = po[f # g] and d(B,C) = uo(B A& C) define
pseudometrics.

Let (Co, Bo) the model obtained after taking the quotient and the completion. The elementary
embedding of (I, B) into (Ko, Bp) is given by: B+ Bx[0,1] and f > f’ where f'(w,t) = f(w)
for every (w,t) e Qx [0,1]. O

This extension of (K, B) will always be denoted by (Ko, Byg) and we will refer to it as the product
extension. Now we recall how definability works in the continuous setting.

Definition 3.12. Let 4 be a continuous structure. A closed set D € U™ is definable in 4 over A
if the distance predicate dist(xz, D) : U™ — [0, 1] is definable in i over A.
Let f: U™ — U be a mapping. We say that f is definable in il over A if the predicate
P:U"xU — [0,1] defined by
P(z,y) =d(f(z),y)

is definable in i over A.
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Lemma 3.13. Let D ¢ M be @-definable. Then the set
D ={fek; n({weQ; f(w)eD})=1},
is an @-definable subset of (IC,B). If D is definable with parameters ay, ..., a, then DT is definable

in every model of Th(OM)T that contains the constant functions a1, ..., ay,.

Proof. We will only proof the case with parameters. Let aj,...,a, € M be such that D = {b €
M ; Me@(b,ay,...,a,)} for some L-formula p(z,y1,...,y,). Take (K',B’) a model of Th(O)F
that contains the constant functions aq,...,a,. Let aq,...,a, be such mappings. Then
DR ={fek; ulp(f,ar,...,a,)]) = 1}.
Note that if D is not empty, then by perfect witnesses, D is not empty too. It is also true that
dist(X, D) =1 - (X, a1, ...,an)].

Indeed, if g € K’ then for f e D {weQ; f(w) #g(w)} 2{weQ; g(w) ¢ D}. So, dkx(f,g) >
1 - ufp(g,a1,...,an)]. Therefore, dist(g, D®) > 1 - u[p(g,a1,...,a,)]. For the other side of the
inequality, take f € K’ such that f agrees with g in [¢(g, @y, ...,a,)] and agrees with some fo € DF
in -[¢(g,a1,...,a,)]. Hence, f e D® and dk (f,g) = 1 - u[e(g, a1, .., an)].- O

4. RANDOMIZATION OF DEFINABLE GROUPS

Let L be a countable language, T" a complete first order L-theory, 91 =T and G an @-definable
group. Let (K,B) be a model of T® which is s-saturated for & large enough. We know by
Proposition 2.1.10 from [I] that (X, B) is isomorphic to a randomization of €, a k-saturated model
of T.

Proposition 4.1. The set
GP={feK; p({we; flw)eG}) =1}

is a definable subgroup of (IC,B) with the group operation defined pointwise i.e. for fi, fo € GT,
fr f2(w) = fi(w) fa(w).
Proof. By the Lemma G is a definable subset of K. In order to prove that the group
operation is a definable map on G, first we must show that given fi, fo € GF the function fi - fo
defined in the statement belongs to . Let ¢(x) be the first order formula that defines G and let
¥(xz,y, z) be the formula that defines “z -y = 2”. Then the sentence

o :VaVy(p(x) A p(y) = F2(0(2) AY(z,y,2) AVw((z,y,w) = w = 2)))
belongs to T. By the transfer axiom and the fact that uJe(f1)] = pfe(f2)] = 1 we obtain that
there is a unique f3 € K such that pfp(f3)] =1 and pfo(f1, f2, f3)] = 1. This f3 is the desired
function. Finally, to show that fi - fo is definable, we need to show that the distance to f; - fo is
a definable predicate. Indeed given f1, fo, f € G it is true that di (f1- f2, f) = 1 - p[o(f1, fo, )],
which completes the proof. (]

Proposition 4.2. G is a topological group with the metric topology.

Proof. Notice that if d(f1, f]) < ¢/2 and d(f2, f3) < €/2 then d(f1- f], fo- f3) <e and d(f7L, fi71) <
€/2. O

Now we present some group properties that are preserved by the randomization thanks to the
transfer axiom.

Proposition 4.3. If G is abelian then G is also abelian.
Proof. Is an immediate consequence of the transfer axiom applied to the sentence

VaVy(zy = yx).

Proposition 4.4. If G is divisible then G is divisible.
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Proof. Fix n > 1, then G = Vz3y(n-y =x). By the transfer axiom and perfect witnesses, for every
f € G there is g € G such that n-g = f. Since n was arbitrary, we get that G¥ is divisible. [

Definition 4.5. A group G (classic or continuous) is said to be definably nilpotent if there is a
sequence of normal definable subgroups {e} = Gy < G; 4+ 4 G,, = G such that [G,G;] € G;_; for
1=1,...,n.

Proposition 4.6. If G is definably nilpotent then G is definably nilpotent.

Proof. Let {e} = Gy 4 G; 9 - 4 G, = G be a sequence of definable normal subgroups with
[G,G;] € Giq for i = 1,...,n. The groups G are definable subgroups. The transfer axiom
applied to the sentence

VaVy((z e Giny e Gin) > a7 'y € Giny),

implies that G, is a normal subgroup of G for i = 1,...,n. Since [G,G;] € G;_1, then
GeVaVy(ze Gy » x 'y tay e Giy).

Applying the transfer axiom once again, we get that [GT,GE]c GE,| fori=1,...,n. ]

Definition 4.7. A group G (classic or continuous) is said to be definably solvable if there is a

sequence of normal definable subgroups {e} = Gy < Gy <--- 4 G,, = G such that G;/G;_; is abelian
fori=1,...,n.

Proposition 4.8. If G is definably solvable then GT is definably solvable.

Proof. The proof is completely analogous to the nilpotent case, but considering the sentence
VaVy((zeGinyeG) »a 'y oy e Giny)

instead of VaVy(z e G; » o7ty tay e Giy). a

We will now consider a special kind of definable subgroups of G¥. As we will see later, some
stabilizers will have this form.
Example 4.9. Fix a partition {4; ; ¢ e N} of Q satisfying u(A4;) > 0 for all s € N. Take {H; ; i ¢ N}
definable subgroups of G. The set

H={feG%; Ajc{weQ; f(w)eH;}, forieN}.

is a definable subgroup of G. Let ¢;(x) define H; for i € N, then the distance predicate is approx-
imated by the predicates

on(x) s 1= p(Ar 0 [o1(2)]) -+ = p(An 0 [on(2)]).
Now suppose that H is a proper subgroup, we will show that the index of H in G is at least 2%0.
Take i € N such that H; # G (such index exists because H # G®). Let {B; ; j € N} be a partition
of A; such that u(B;) > 0 for every j € N. Since [3z(z € (G \ H;))] =T, we can find f € G? such
that [f € (G~ H;)] = T. Now, denote by S the set of functions that take value e outside A;, and
in each B; take the constant value e or agrees with f. S has cardinality 2% and each of these
functions is in a different coset of H in G, thus [G : H] > 2%°.

Our next goal is to study the notion of connectedness in randomizations of definable groups.
Lemma 4.10. If (Q,B, 1) is a complete atomless measure algebra then there is a collection of
measurable sets {Ay ; t€[0,1]} such that:

o 1(Ay) =t fortel0,1],
e A, c A, for s<t.
Proof. First we construct the sets {A, ; 7 € Qn[0,1]}. Fix {r; ; i € N} an enumeration of Qn[0,1],

the construction will be done inductively. Let A,, be any set with p(A;,) = ro. Suppose that the
sets A, are already defined for j <i, take A, satisfying

U4, 5 g<i, rj<rit €A, c(HAr, 5 J<i, mp>mu{Q})
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and p(A,,) =r;. This can be done since the algebra is atomless. Given the sets {A, ; r € Qn[0,1]}
and given t € [0,1]\Q let (r,)neny be an increasing sequence of rationals converging to ¢ and define

At = U Arn- D
neN

Proposition 4.11. The group G has no proper definable subgroups of finite index.

Proof. First we will prove that Gt is pathwise connected. Let fi, fo € G and let {A; ; t € [0,1]}
be as in the previous lemma. For ¢ € [0,1] define

ho(w) = {fl(w) if we Ay

fo(w)  otherwise.
We have that hg = fa, h1 = f1 and the map t — h; is continuous due to the fact that

di (he, hs) = plhe # hs]
= M(At ZA As)
=t - sl

This shows that G¥ is pathwise connected. Assume H is a definable subgroup of G of finite
index. Since H is the zeroset of a definable predicate, it is H is closed. Also, each coset of H in
G is closed, and G is covered by finitely many of these cosets. This implies that H is clopen.
Hence, H = G*. ]

A definable group in a first order theory is said to be connected if it has no proper definable
subgroups of finite index. However, this notion is not the right one in order to define connectedness
in a continuous theory.

Definition 4.12. We say that a definable group in a continuous theory is definably connected if
it has no proper type-definable subgroups of bounded index.

Our next goal is to show that G is definably connected for every w-stable group G. We know
by Theorem that G is also w-stable. The idea behind the proof is to find a type p € Sgr(K)
whose stabilizer is G® and use Theorem to conclude that the group es definably connected.
For this purpose, we will use the generic types of G. Intuitively, for a function to be generic over
G it is necessary that takes generic values. In addition, being a random function, it is natural to
think that if we have n generic types the function should have measure 1/n on each of them. To
guarantee independence from the elements of G this function will be constructed in the product
extension.

Theorem 4.13. If G is an w-stable definable group then G is definably connected.

Proof. Suppose that [G : G°] = n and let pi,...,p, € S(G) be a list of the generic types. Let
m(x,b1),...,m.(z,b,) be the formulas that define the cosets of G° in G, where by,...,b, € G.
Given i < n, take o; € S,, (the group of permutations of n elements) such that for all g € G,

(%) if GEn;(g,b;) then 9P;j = Po;(5)-

Let GY be an ultrapower of G that realizes the generic types. Take gi,...,g, € GY such that
gi £ p; for 1 <i <n. Now, let (K',B') = (K, B)¥. The structure (K’,B’) is an elementary extension
of (K, B) and contains a copy of G¥. Given a € GY, let us denote by a the corresponding element
in K'. Now, take (K{,B]) the product extension, as in Lemma For the sake of clarity, we
will write [-Jo for the events in Bj and [-] for the events in B’. Since we can neglect null sets, we
will work in [0,1) instead of [0, 1].

Define f € K|, as follows:
1—1 14

f(w,t) = g; for (w,t) € Q' x [—,—) for 1 <i<n.

n n
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Let p = tp(f/GF), we will prove that stab(p) = G®. Tt suffices to show that for any h € G,
o(x,y) an L-formula and a tuple in K

pule(fa)]o = ple(hf,a)lo.
We will need the following auxiliary construction. Given o € S,, we define T, : [0,1) — [0,1), a

measure preserving transformation sending the interval [ﬂ g ) onto [%, %) for each i < n.

n’'n

Fort=(k-1)(1)+swithO<s<2and 1<k<n,let T,(t) = (o(k) - 1) (2) +s. Defined in this
manner, we also have that 7,1 = (T,) .

Fix h e G, ¢(z,y) an L-formula and a tuple in K. We will construct a measure preserving
transformation

T : [p(hf,a)]o — [e(f,a)]os

which completes the proof. We will use the following two facts.

Claim 1: The sets [[nl(h,Bl)]], e [[nn(h,Bn)]] are a partition of Q.

Proof. We know that G & Vo ( \/ 1;(w,b;)). Therefore, GY satisfies the same sentence and we have
i<n
that (K, B') & [Vz(V ni(z,b;))] = T. In this way, [ VV 7;(h,b;)] = T. Using a similar argument and
i<n i<n
the fact that for i # , G' = —=3z(n; (2, b;) An; (, b;)) we conclude that [n;(h, by)]n[n;(h,b1)] = 1. O

Claim 2: For i,j <n, [ni(h,b:)] 0 [e(hgs, )] = [ni (1, b)) 0 [9 (G- 0)]-
Proof. Let ¥(x,y,2) : p(zx,y), then by (**), for all 7,7 <n,
G EVyY2[(ni(z, b)) Adp,xp(x,y)) < (0i(2,0:) Ady,, , w(2,y, 2))]-

By the transfer axiom,

(K',B") e VYV Z([(n:(Z,b;) A dp,x0(2,Y)) < (0:(Z,b;) Ady,  x¢(2,Y, Z))] = T).
Taking Y = a and Z = h we obtain the desired result. O

Given (w,t) € [¢(hf,a)]o define
T(w,t) = (w, T,,(t)) for we [n;(h,b;)] for i <n.
o If (w,1) € [p(hf,a)]o then T(w,1) € [o(f,a)]o-
Take (w,t) € [(hf,a)]o. Suppose that w € [1;(h,b;)] and that % <t< % for some j < n.
This means that w € [1;(h, b;)]n[¢(hg;,a)], then by Claim 2, w € [n;(h, b;)|n[¢(Jo, (), @)]-

Thus («w, Ty, (1)) € [o(f.0)]o-
e T is one-to-one.

If T(w,t) = T(w',') then w = ' and for some i € {1,...,n} we have w € [n;(h,b;)].
Then T_-1(t) =T,-1(t"), hence t =t'.

e T is surjective.

If (w,t) € [e(f,a)]o with ]n;l <t < % then w e [n;(h,b:)] N [¢(g;,a)]. Using again

Claim 2, we obtain that w € [1;(h,b;)] N [e(hgo-1(;),a)]. In this manner, (w,T,-1(t)) €
ﬂnz(h761)]]0 n [[QO(h,ﬂ a)]]o and T(W?Tai’l (t)) = (UJ?t)'
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e T is measure preserving.

If we fix 1 < i < n, T restricted to [n;(h,b:)]o N [¢(hf,a)]o has as image [n;(h,b;)]o N
[eo(f,a)]o and corresponds to Idgs x T,,, a measure preserving transformation. Since the
sets [n1(h,01)],--., [ (h,by)] are a partition of Q', we conclude that T is measure pre-
serving.

O

The following examples shows that for some types in an w-stable theory their stabilizer is a
definable subgroup of the form described in Example

Example 4.14. Let T be the theory of vector spaces over Q and let V' be a model of T" of countable
dimension and W > V of countable dimension over V. Consider (VI By) and (W% By),.
We can embed (WL By) in a sufficiently saturated extension of (VI By). We will study
stab(p/V101) where p is realized in (W% By),.

Let us denote by xa the characteristic function of the set A and assume f =¥, ;5o wijXa,xB,
where {A; ; i > 0} and {B; ; j > 0} are Borel partitions of [0,1]. Now let g € VI®! and
write ¢ = Y0 UkXC,, Where as before {C} ; k > 0} are Borel and form a partition of [0,1].
We may also write g = ¥y ;50 VkXCyna,- Assume tp(g + fIVIOY =tp(f/VI%1) and consider
the restriction to A; (which belongs to (V%' By)). BEach A; is definable from VI%!.  Then
p(lf +g=v]nA;) =p([f =v]nA;) for every v e V. Now, since V is countable then

{(w,t) € A x [0,1] 5 f(w,t) eV} = ULf =0l n (Ai x[0,1])
veV
is a Borel subset of [0,1] x [0,1]. We study two cases.

Case 1. Assume that u{(w,t) € A;x[0,1]; f(w,t) e V} >0. We say such a set A; is of type I. Now
consider s >0 and let {v; ; ¢ <m} € V be the values on the range of f in A; x [0,1] whose support
has measure at least s. Then whenever v € V we have tp({v; ; i <m}/V) =tp({v; +v ; i <m}/V)
if and only if v =0. Thus we must have g [4,= 0.

Case 2. Assume that p{(w,t) € A; x [0,1] ; f(w,t) € V} = 0 and call such sets of type
II. Then the values of f resctricted to A; x [0,1] belong to W ~ V and for any v € V we
have that tp(f(w,?)/V) =tp(f(w,t) + v/V). So for (w,t) € A; x [0,1] and any g, we have
tp(f(w,t)/V) =tp(f(w,t) + g(w)/V) .

We can conclude that stab(tp(f/VI®H) = {g € VI g(w) = 0 for w € B}, where B is the
union of the sets A; of type I.

Example 4.15. Let T be the theory of vector spaces over Q expanded with a unary predicate
for a vector subspace of infinite dimension and codimension. Repeat the previous analysis with
(V, V) a countable model of T' and (W, Wy) and elementary extension of countable dimension over
(V,Vi). We will study stab(p/((V, Vp))[%1]) where p is realized in (W, Wy)[®1], By)o.

Assume f =3, ;0 WijXa,xB; Where {A;; i >0} and {B; ; j >0} are partitions of [0,1] in terms
of Borel sets. Now let g € (V, V5)[%!] and write g = k.20 VkXCpna, Where {Cy ; k> 0} are Borel
and form a partition of [0,1]. Suppose tp(g + f/(V, Vo)lO1) =tp(f/(V, V5)[%!) and consider the
restriction to A;. Now, since V is countable then

{(w,t) e 4; x[0,1] 5 fw,t) eV} =JIf =v]n(A;x[0,1])

veV

is a Borel subset of [0,1] x [0,1]. We have three cases.
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Case 1. Assume that pu{(w,t) € 4; x[0,1] ; f(w,t) € V} >0. We say such a set A; is of type I. If
s>0and {v; ; i <m} €V is the set of values on the range of f in A; x[0,1] whose support has mea-
sure at least s. Then whenever v € V we have tp({v; ; i <m}/(V, Vo)) =tp({vi+v; i <m}/(V,Vp))
if and only if v =0. Thus we must have g |4,= 0.

Case 2. Assume that p{(w,t) € A;x[0,1]; f(w,t) €V} =0and u([f € Wo]nA4;) >0 call such sets
of type II. Then the values of f resctricted to A;x[0,1] belong to WV and whenever f(w,t) € Wy
we have that tp(f(w,t)/(V, Vo)) =tp(f(w,t) +v/(V,Vy)) if and only if v € V. Hence, g 14, should
belong to Vj.

Case 3. If p{(w,t) € 4; x[0,1] ; f(w,t) e V} =0 and u([f € Wo] n A;) = 0 then we say A; is
of type III. We have that tp(f(w,t)/(V,Vo)) =tp(f(w,t) + v/(V,Vy)) for any v € V. Hence, for
(w,t) € A; x[0,1] and any g, we have tp(f(w,t)/(V, Vo)) =tp(f(w,t) + g(w)/(V, Vb)) .

Therefore,
stab(tp(f/VIO) = {g e VIO ; g(w) =0 for w e B and g(w) € V; for we C},
where B is the union of the sets A; of type I and C' is the union of the sets A; of type II.

The proof of Theorem [£.13] can be generalized to the case of a stable group. In this case, we will
not construct explicitly the element whose type over G® is invariant. Instead, we will fix a finite
set of formulas A, do a local argument for A-types and then construct a global invariant type.

Theorem 4.16. If G is a stable definable group then G is definably connected.

Proof. As in the proof of the previous proposition, let GY be an ultrapower of G that realizes
the generic types and let (K',B") = (IC, B). For any given a € GY we denote the corresponding
element of K’ by a. Now, take (KC{, B()) the product extension.

*

Take p(x,y) an L-formula and {p; | ¢*,...,pn | ©*} the generic types restricted to ¢* as in
Proposition For i < n, let g; be an element of GY that realizes p;. Define [ € K{ so that it
agrees with g; in Q' x [1n1 L ) for i <n. Define the set of formulas

2(X) = {ulp(X,a)] = ulp(fora)] 5 (z,y) L-formula, a e K¥1}.
First we will see that ¥(X) is finitely satisfiable. In this way, by quantifier elimination it extends

to a unique global type and then we will prove that the stabilizer of this type is G®. The conclusion
will follow from Theorem Let Xg be a finite subset of ¥. Without loss of generality we can

asoumo that s of e orn (11 (C)] =4l (Jog ) .o lzn(Xo)] = (o 1) Take
A={pi1(z,y),...,on(x,y)} and {p1 | A* ... pm I A*} the restriction of the generic types to A*.

Let g; € GY be such that g; E p; for j < m. Define fa~ in K so that it agrees with g; in Q' x [jnl l)
for j <m. We will show that for i <n, p[pi(fax,a)] = plei(fe,,a)]. By Proposition n 2.6 we have
that

*

H{p I A" ; peS1(G) generic, p(z,a(w)) € p}
Hlpilfarsa)] = f Hp 1t A; peSi(G) generic} dn(w)
_ / {p I ¢* 5 peSi(G) generic, p(z,a(w)) € p}| dp(w)
{p t ¢* ; peSi(G) generic}|
= ulei(fer a)l-

This shows that X is finitely satisfiable and it determines a unique type p € Sgr(K).

To show that the stabilizer of p is G, it is enough to see that u[o(hf,,a)] = ple(fe,a)]
for every L-formula o(x,y), h € G and a € K¥. Let {p; | ¢*,....pm | ¢©*} be the generic

types restricted to ¢*. Take H = (N stab(p;, "), then H is a definable subgroup of G of finite
i=1

index. Note that if ¢1,c2 € G belong to the same coset of H then (c1p;) | ¢* = (copi) | ¢* far
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every i < m. Suppose that 7y (x,b1),...,nk(x,b;) define the cosets of H in G. Now for each
i < k choose o; € S, such that for every g € G, if G = 1;(g,b;) then (gp;) I ©* = ps,j) | ¢* for
every j < m. As in the previous proof, we can construct a measure preserving transformation
T: le(hfy,a)] — [¢(fs,a)], which completes the proof. O

In these two proofs there is an essential component and it is the amenanability of the group G.
If we fix w e ', a formula p(x,y) and a € K, then the quotient

{p I A* ; pe S1(G) generic, p(z,a(w)) € p}|
{p I A; peSi(G) generic}|

is the measure of ¢(z,a(w)). In this way, u[e(f,,a)] corresponds to integrating, as a function of
w, the measure of p(z,a(w)). The fact that the measure is invariant by left translation guarantees
that the stabilizer of the type is G*. Having this in mind, we can generalize this result in order to
find a global invariant type in the randomization of a particular class of NIP groups.

Lemma 4.17. Let v be a global M-invariant Keisler measure with M < € small. Let (K',B’)
be a model of T that contains (IC,B) as an elementary substructure and that also contains the
constant functions in M. Take p(x,y) an L-formula and a a tuple in K. Then the map
r<p,a : QI - [07 1]
wr— v(p(z,a(w)))

is measurable.

Proof. Define the maps 7, : ' — S, (M) and O, : S,(M) — [0,1] by w +— tp(a(w)/M) and
tp(b/M) — v(p(z,b)) respectively. Note that ©,, is well-defined since v is M-invariant. And by
Proposition it is also Borel. Now take ¢ a tuple in M and ¥(z,y) an L-formula, we have that

(ma) " ([¥(2,¢)]) = [¢(a,c)]. This shows that m, is measurable. Since O, is Borel, r, , = O, o,
is also measurable. O

Proposition 4.18. Let G be a definably amenable group in an NIP theory whose measure is
M -invariant with M < € small. Then there is a type p € Sqr(K) such that stab(p) = GE.

Proof. Let €4 be an ultrapower of € that realizes the generic types and let (X', B’) = (K, B)¥. Given
a € €Y we denote the corresponding element in K’ by a. Take (K, B}) the product extension.
Given ¢(z,y) an L-formula and a a tuple in K we define 7y, o = [ 74 dp. We will prove that the
set of LT(KC)-conditions

(X)) ={|ple(X,a)] - Tpa <€; @(x,y) L-formula, a a tuple in I, € > 0}.

is finitely satisfiable in (K{, B()). Take m conditions in X(z), without loss of generality we can
assume that they are of the form |u[pr(z,a)] - Ty, .ql < € with 1 < k < m. Given the formulas
©1(z,y), ..., pm(x,y) and this € take p1,...,p, € S¢(€) as in Corollary This means that for
every tuple b in € and every kK <m
lv(pr(z,0)) = Av(p1,.. ., pnir(2,))| <€
Let g1,...,9n € €4 be such that g; & p; for 1 <i <n. Define f € K} by
1
() flw,t) =g, for (w,t)eQ'X[Z—,l) with 1 << n.
non

Fixing k < m we obtain that

aler(f.a)) =l =| [ AME0.1]: € = or(fw,t)a@)) di= [ 7o d

< [IAVr.- o pui o, a(@))) ~ vl a())] dp

< €.
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This shows that f realizes this set of conditions. In this way, X(X) defines a partial type
and by quantifier elimination it extends to a unique global type p € Sgr(K). We will prove that
stab(p) = G, Take f in some elementary extension of (K}, B) that realizes p. It suffices to show
that for every L-formula ¢(z,y), tuple a in K, € >0 and h e G¥

e (f,0)] - plo(hf,a)]l <e.
The conditions pJe(X,a)] = ,u[[go(f, a)] and pfe(hX,a)] = u[[ga(hf, a)] belong to p. Take f € K,

as in (***) so that [u[e(f,a)]-ule(f,a)]| < e/4 and |u[p(hf,a)]-ple(hf,a)]| < €/4. Using that G
is definably amenable we obtain that v(p(z,a(w))) = v(p(h(w)z,a(w))) for every w e Q'. Hence,

ule(f,a)] - ple(hf, )]l < lule(f,a)] - ple(f, a)ll + lule(f,a)] - ule(hf,a)])
+|ulp(hf,a)] - ple(hf,a)]|
< — +|[Av(p17...,pn;ap(;v,a(w))) du - [Av(ph...7pn;<P(hx7a(w))) dyl

<20 [IAVGL o paip(@,0())) - AV(pr.- . pus p(h(@)a, ()] d

< o [ ot ae)) + /- ((p(hlew)e,aw))) - c/4)ldn

™

a DN

I
o

For the next result we will need the notion of Lascar types.

Definition 4.19. Let a and b be two tuples in a continuous structure 9 and A € N. We say
that a ~4 b if there is an elementary extension 91 of 91 and an elementary substructure 9%y < 9
containing A such that tp(a/Ny) =tp(b/Ny). Having the same Lascar type over A is the transitive
closure of ~4, and in this case we write Lstp(a/A) =Lstp(b/A).

From the definition follows immediately that types over models agree with Lascar types.

Proposition 4.20 (Fact 5.2 in [5]). Having the same Lascar type over A is the finest bounded
A-invariant equivalence relation.

Corollary 4.21. Let G be a definably amenable group in an NIP theory whose measure is M-
invariant with M < € small. Then G is definably connected.

Proof. We will show that for any given type p € Sgr(K), we have stab(p) ¢ G°°. The result
follows by taking p to be the global invariant type given by the previous proposition. Take
h € stab(p) and let M < (K, B) be a small model containing h. If g £ p Iy then also hg E p In.
Therefore, tp(g/N) =tp(hg/N). This implies that Lstp(g/N) =Lstp(hg/N). Since, the equivalence
relation defined by x ~ g if and only if 2y~ € G is bounded and N-invariant we conclude that
h=(hg)g'eG". O

The next example is the analogous to Example for the NIP case.

Example 4.22. Let T be the theory of RCF and let R be a saturated extension of R. As
before, consider (R, B) and (RI*Y, By)o. We will study stab(p/RI*!)) where p is realized in
(R By)o. Suppose f = Y j20TijXAxB; Where {A; ;i >0} and {B; ; j >0} are Borel partitions
of [0,1]. Take g € RI%') and write g = Y k.i20 SkXCrnA,» where {C ; k> 0} are Borel and form a
partition of [0,1]. Assume tp(g + f/RI%1) =tp(f/R%!]) and consider the restriction to A;. Now,
{(w,t) e A; x[0,1] ; f(w,t) is bounded} = | J[-n < f <n] n (4; x [0,1])
neN
is a Borel subset of [0,1] x [0,1]. We study two cases.
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Case 1. Assume that p{(w,t) € A4; x [0,1] ; f(w,t) is bounded} > 0. We say such a set A; is of
type I. Now consider s > 0 and let {r; : i < m} € R be the values on the range of f in A; x [0,1]
that are bounded and whose support has measure at least s. Then whenever r € R we have
tp({r; ; i <m}/R) =tp({r; +r ; ¢ <m}/R) if and only if » = 0. Thus we must have g f4,=0.

Case 2. Assume that pu{(w,t) € A; x[0,1] ; f(w,t) is bounded} = 0 and call such sets of type II.
Then for any r € R we have that tp(f(w,t)/R) =tp(f(w,t) +r/R). So for (w,t) € A; x [0,1] and
any g, we have tp(f(w,t)/R) =tp(f(w,t) + g(w)/R) .

We can conclude that stab(tp(f/RI1) = {g e RI®Y ; g(w) = 0 for w € B}, where B is the union

of the sets A; of type L.

1

2

(3]
(4]

(5]
(6]

[7]

(8]
(9]
(10]
(1]
[12]
(13]
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