A NOTE ON DOLICH’S PAPER

SERGEI STARCHENKO

Let T be an o-minimal theory extending the theory of real closed fields. We fix
a large saturated model € of T'. Our goal is to give a “"more conceptual proof” of
the following theorem of Dolich (see Definition [1.3| for the notion of “goodness”).

Theorem 0.1 (|2, Theorem 3.5]). For a formula ¢(Z,§), a € € and A C € the
following conditions are equivalent.

(1) p(Z,a) is good over A.

(2) ¢(Z,a) does not fork over A.

In the paper [4] Y. Peterzil and A. Pillay considered a special case when the set
(€, a) is closed and bounded and derived the following result from Dolich’s paper.

Theorem 0.2 ([4, Theorem 6.5]). Let M < €, o(Z,y) be a formula, and @ € €.
Assume the set (€, a) is closed and bounded in €. Then ¢(Z,a) does not fork over
M if and only if p(€,a) has a point in M.

The proof of the above theorem, derived from ideas of A. Dolich, is more direct
then the original proof of Theorem [0.1]

Unfortunately, Theorem fails in the case when ¢(€,a) is not closed and
bounded.

Our proof of Theorem is similar to the proof of Y. Peterzil and A. Pillay,
and is also more direct then the original proof of A. Dolich. We also derive an
appropriate generalization of Theorem [0.2]

Theorem 0.3 (see Corollary [1.3). Let M < €, ¢(Z,§) be a formula, and @ € €.
The ¢(Z,a) does not fork over M if and only if p(€,a) has a point in M(5) for any
(some) 6 € € satisfying 6 > M (a).

As a corollary we have a characterisation of forking for types.

Corollary 0.4. Let M < N < € and p € S(N). The type p does not fork over M
if and only if for some 6 € € with § > N the type p has an extension q € S(N{(J))
such that q is finitely realizable in M{(J).

Remark 0.5. We don’t really need that T" expands the theory of real closed field.
We only need that T" has definable Skolem functions, and any two definable 1-types
are inter-algebraic.

In the case when ¢(Z, a) defines a bounded set, we only need to consider bounded
definable types, and in this case it is sufficient to assume that T" expands an ordered

group.

Date: August 14, 2008.
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1. PRELIMINARIES

Since T has definable Skolem functions for any A C € we have that dcl(A) is the
universe of an elementary substructure of €.

1.1. Notations. We use A C € and M < C to denote that A and M are small
subset and elementary substructure of €, respectively.

For M < € and A C € we will use M(A) to denote dcl(M U A).

If A, B C € then we will write A < Bifa <bforalla € A,be B.

For a set A C € and a type g over A (possibly not complete) we will denote by
dcly(A) the set del(A) Ng(C).

By a global type we mean a complete type over €.

1.2. The notion of “goodness”. First we recall the definition of a definable type.

Definition 1.1. Let N < ¢, A C N and p(Z) a type over N. The type p is
definable over A if for every formula ¢(Z, %) there is a formula 1(y) over A such
that for every b € N we have N = 1(b) if and only if ¢(z,b) € p(z).

If A = N then we just say that p is definable.

It is very easy to see that if A C N and p(Z) € S(N) is definable over A then p
has a unique global extension definable over A.
We introduce strongly definable types.

Definition 1.2. Let N x €, A C N, and p(z) € S,,(N). We say that the type p is
strongly definable over A if for a realization (aq,...,a,) of p we have that the type
tp(a;/N{a1,...,a;—1)) is definable over AU {aq,...,a;—1} foralli=1,...,n.

It is easy to see that if a type p € S(IV) is strongly definable over A then it is
definable over A, however converse is not true in general.
We are ready to unwrap Dolich’s definition of goodness.

Definition 1.3. For a € € and a formula ¢(Z, §) we say that the formula ¢(Z,a) is
good over a set A C € if either length(Z) = 0 and € = ¢(Z,a), or length(z) > 0 and
there is a type p(Z) € S(Aa) such that p(z,a) € p(Z) and p(Z) is strongly definable
over A.

1.3. Splitting. Recall that if A C B C € and p(Z) € S(B) then p does not split
over A if for any formula ¢ (Z,¥) and b,b’ € B with tp(b/A) = tp(b'/A) we have
¥(Z,b) € pif and only if ¥(z, ') € p.

It is easy to see that if p is a global type and A C € then p does not split over
A if and only if p is invariant under all automorphisms of € fixing A. In this case
we also say that p is A-invariant.

In the following fact we list some basic properties of splitting.

Fact 1.4. (1) If A C N < € and p(Z) € S(N) is definable over A then p
has unique global extension q that is definable over A and this type q does
not-split over A.

(2) If M X N <€, pe S(N), and p does not split over M then p has a global
M -invariant extension. Moreover, if N is |M|"-saturated then such global
M -invariant extension is unique.

(3) Let p € S(€). If p is definable and does not split over M < € then p is
definable over M.
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The following claim is also easy.

Claim 1.5. Let AC N < €, and p(T) € S,(N) strongly definable over A. If q is
the global extension of p definable over A then q is strongly definable over A.

Definition 1.6. For global types p(Z),q(y) and a set A C € we say that p and ¢
commute over A if

(a) both p and ¢ do not split over A, and B
(b) for any A C B C €, a realization a of p[ B and any realization b of q| Ba we
have a |= p| Bb.

Remark. In notations of Hrushovski-Pillay (see [3]) , part (b) means px ¢ =pxgq.

Remark 1.7. In the above definition, since non-splitting is equivalent to be A-
invariant, “for any realization” can be replaced by “for some realization”, and
commuting is a symmetric relation.

2. SOME PROPERTIES OF TYPES

2.1. More on definable types. The following fact follows from definability of
types in o-minimal theories.

Fact 2.1. Let M < €, p(z) € S1(M) a non-algebraic type, and ¢ = p. The
following are equivalent.

(a) p(z) is definable.

(b) M is not co-final in M{c).

Let A(z) be the global 1-type over € with ¢ < € A(z) for every ¢ € €, ie.
A(x) is the type of infinitely large positive element. Obviously, A is definable over
.

Corollary 2.2. Let M < € and 6 = A(z)[ M. A I-type p(x) € S1(M) is definable
if and only if p has a realization in M{(J).

Proof. Easy. O

Construction 1. By induction on n we construct global types A, (Z) € S,(€) all
strongly definable over the empty set. We take Aj(z) = A(z). To construct A, 41,
let @ be a realization of A, | dcl(@), and § a realization of A dcl(a). Then the
type tp(ad/dcl(@)) is strongly definable and we take A, 1 to be its unique global
extension definable over @.

Remark. In notations of Hrushovski-Pillay, An+1 = A, x AL

Obviously, for a model M < € and (1,...,0,) F A, M we have 6,41 >
M{b1,...,6;) foralli=1,...,n.

Claim 2.3. Let M < € and p(z) € S, (M). The type p is strongly definable if and

only if there is a realization @ = (ay,...,a,) of p and a realization (01,...,0,) of
Apl M such that a; € M{01,...,0;) foralli=1,...,n.
Proof. Follows from Corollary O

We need the following claim and its consequences.
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Claim 2.4. Let M < N < € with N finitely generated over M. Then there is
t € N such that M(t) is co-finial in N.

Proof. We prove it by induction on dim(N/M). The claim is easy if dim(N/M) < 1.
Assume dim(N/M) = n+ 1 with n > 1. By [5, Lemma)l, there is M < M; < N
such that Mj is co-final in N and dim(M; /M) = n, Applying induction hypothesis,
we can find ¢ € My such that M(t) is co-final in M7y, hence in N. O

Corollary 2.5. If M < N and ¢ = A[ N then M (d) is co-final in N{9).

Proof. 1t is sufficient to consider the case when N is finitely generated over M.
Then, by Claim there is ¢t € N(d) such that M (t) is co-final in N(J). Thus
there t' € M(t) with t' > § > N.

Since t' € M (t) \ M, we have M (t) = M(t'), and, for the same reason, N{0) =
N{t'). Thus M(t') is co-final in N(t'). Since ¢’ > N, t’ realizes A[ N, and there is
an automorphism of € fixing N that maps § to ¢’. O

Corollary 2.6. Let A C €, ¢ € € such that ¢ & dcl(A), and 6 = A| Ac. Then
tp(c/dcl(Ad)) is not definable.

Proof. For M = dcl(A) and M7 = dcl(Ad), by the previous Corollary, we have that
M is co-final in M (c), hence tp(c/M1(d)) is not definable. O

Corollary 2.7. Let A C €, ¢ € € such that ¢ ¢ dcl(A), k € N, and § = Axl Ac.
Then tp(c/dcl(Ad)) is not definable.

Proof. Follows from Corollary by induction on k. O

Corollary 2.8. Let M < € and a € €. Assume tp(a/M) is not algebraic. Then
there are c1,...,cn € € independent over M such that @ and € = (c1,...,¢m) are
interdefinable over M, and for i = 2,...,m the type tp(c;/M{c1,...,¢ci—1)) is not
definable.

Proof. Let N = M{a). If dim(N/M) < 2, then we can take ¢ = ¢; such that
N = M(Cl>.

Assume dim(N/M) > 2. By Claim[2.4] we can choose c1, ... ¢, € N independent
over M such that M(c;) is co-final in N and N = M{ecy,...,¢m). Then, for i =
2,...,m, M{cy,...,c;—1) is co-final in M{cy,...,¢;), hence tp(c;/M{cy,...,¢ci-1))
is not definable. O

2.2. Special Extensions. In this section we consider “nice” extensions introduced
by Dolich.

Let A C B C €, p(x) € S1(A) a non-algebraic type, and a = p. Then, by o-
minimality, the type tp(a/B) does not split over A if and only if either a > dcl,(B)
or a < dcl,(B).

Thus, if A C € and p € S1(A) is non-algebraic then p has exactly two A-invariant
global extensions, that we will denote by p° and p', where p°(z) = p(z) U {z <
c: ¢ € p(€)}; and similarly, p'(z) = p(z) U {z > c: c € p(€)}.

For a convenience, in the case when p € Sj(A) is algebraic, we take py = p; to
be the unique global extension of p.

Notice that if A C B C C, p € S1(A) is not algebraic, and a = p then a = p°| B
if and only if @ < dcl,(B), and a |= p'| B if and only if a > dcl,(B).
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Construction 2. For a set A C €, an n-type p(z1,...,2,) € Su(A), and n =
(n(1),...,n(n)) € 2™, by induction on n, we construct a global extension p"(z) of
p(z) that does not split over A.

We have constructed such extensions for n = 1.

Assume we have such extensions for n, and let p(x1,...,2n11) € Spr1(A). We
first choose an |M|T-saturated elementary extension N of M. Let g(x1,...,2,) €
Spn(A) be the restriction of p to the first n variables. Let (aq,...,ay) be the realiza-
tion of ¢""[ N. Let r(2,41) € S1(AU{ay,...,a,}) be the type p(ay, ..., an, Tni1),
and a, 1 be a realization of ¥+t N(ay,...,a,). It is easy to see that the type
tp(ai,...,an+1/N) does not split over A (since tp(ay, ..., a,/N) does not split over
A and tp(an4+1/N{as,...,a,)) does not split over AU (aq,...,a,}), and, since N is
|M|-saturated, this type has unique global extension p” that does not split over
A.

Remark. In notations of Hrushovski-Pillay for p(z1,...,%Znt1) € Snt+1(A) and
n € 2" the type p” is ¢"'" x r"™*tD where ¢ = tp(ai,...,an/A) and r =

tp(ant1/AU{a,...,an}) for some (ai,...,an+1) realizing p.
It is not hard to see that if A C &, p € S,(4), n € 2", B D A then a =
(a1,...,ay) realizes p"| B, if and only if a realizes p, and, for i = 1,...,n and

pi(z) = tp(a;/AU{ai,...,a;—1}) we have a; < dcl,, (BU{a1,...,a;—1}) if n(i) = 0;
and a; > dcl,, (BU {a1,...,a,-1}) if n(z) = 0.

2.3. On relations between 1-types. Let A C € and p,q € S1(A). It follows from
o-minimality that either p(z) U ¢(y) is a complete type or there is an A-definable
function f such that f maps p(€) onto ¢(€), and in the latter case the function f
must be either order-preserving on p(€) or order reversing on p(€). We will write
f(p) = ¢, if f is an A-definable function from p(€) onto ¢(<).

Claim 2.9 (|2] ). Let A C €, p,q € S1(€), and f,g A-definable functions such that

f(p) = q and g(p) = q. Then either both f and g are order-preserving on p(€) or

they are both order-reversing.

Corollary 2.10. Let A C € and p,q € S1(A) with p non-algebraic. Then either

(a) for any B D A and a; = p'| B, i = 0,1, we have dcly(Aag) < dcl,(B) and
dely(Aaq) > dely(B); or

(b) for any B D> A and a; = p'| B, i = 0,1, we have dcl,(Aag) > dcl,(B) and
dely(Aaq) < dely(B).

Proof. Easy. O

Corollary 2.11. Let A C € and a,b € €. Then tp(a/dcl(Ab)) does not split over
A if and only if tp(b/dcl(Aa)) does not split over A.

Proof. Easy (Il

Remark. Unfortunately the above claim holds only for 1-types.

Claim 2.12. Let M < € and let p € S1(M) be a non-definable type. Then p(x) U
A(y)I M is a complete type over M.

Proof. Let a = p and ¢ = A] M It is sufficient to show that A[ M has unique
extension over M (a), namely Al M(a). Let N = M({a). Since p is not definable,
M is co-final in N and 6 > N, since 6 > M. Thus § = A[N. g
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Corollary 2.13. Let M < € and let p(x) € S1(M) be a non-definable type. Then,
for any k € N, p(z) U Ag(g)] M is a complete type over M.

Proof. Follows, by induction on k, from Claim and Corollary O

Claim 2.14. Let M < € and r(z) € S1(€) a global 1-type that does not split over
M. If r is not definable then v and A commute over M.

Proof. Let a =r[ M and 6 = Al M{a). We need to show that a = [ M(d). Let
p(z) = r(z) M.
Case 1: The type p(z) is not definable. Then, by Claim 2.12, p(z) U A(y)| M
is a complete type, hence a = | M (6).
Case 2: The type p(z) is definable. In this case p(x) has a global extension
r’(z) such that r'(x) is definable and does not split over M. Obviously, 7’ # r.
Since tp(6/M (a)) does not split over M, by Corollary [2.12} tp(a/M(6)) does not
split over M, and it has a global extension r1(z) € S1(€) such that r; that does
not split over M. Since every non-algebraic 1-type has exactly two non-splitting
global extensions, it is sufficient to show that r; # r’. By Corollary the type
tp(a/M{8)) is not definable, hence all its global M (§)-invariant extensions are not
definable. Hence ry is not definable and 1 # r’. O

Corollary 2.15. Let M < € and r(z) € S1(€) a global 1-type that does not split
over M. If r is not definable then r and Ay commute over M for any k € N

Proof. Follows from the previous claim by induction on k. (Il

3. PROOF OF THEOREM [0, 1]

In this section we prove Theorem At some points during the proof we will
make some choices and assumptions that we will carry on throughout the proof.
We will itemize some of them.

o We fix A,a, and ¢(Z,7) as in Theorem [0.1
e Taking My = dcl(A) if needed we assume A = My < €.

By a result of H. Adler (see [1]), since T' has NIP, a global type does not fork
over My if and only if it does not split over My. Thus, since ¢(Z,a) does not fork
over My if and only if there is a global type p containing ¢ such that p does not
fork over My, Theorem can be restated in the following way.

Theorem 3.1 (Restatement of Theorem [0.1). The following conditions are equiv-
alent.

(1) ¢(Z,a) is good over M.

(2) Thee is a global My-invariant type containing ©(Z,a).

The direction (1) = (2) is easy: If ¢(Z, a) is good over My then there is a global
type p(Z) containing ¢(Z,a) such that p is strongly definable over M. Obviously
p(Z) is Mp-invariant.

The direction (2) = (1) will follow from the following proposition.
Proposition 3.2. If o(Z,a) is not good over My then there are a*,...,a° all real-
izing the type tp(a/My) such that

S

¢ =~ 35[p(z,a) )\ ¢(7,a")]

=1
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We prove Proposition [3.2] by induction on the length of z.
If the length of Z is zero, then the proposition follows from the definition.
The following claim provides the induction step.

1 ~k

Claim 3.3. If o(z1,...,Tpn,Tnt1,a) is not good over My then there are a',... a

all realizing the type tp(a/My) such that the formula

k
Irpi1 [gp(wl, ey T, Ty, Q) /\ (1, -y Ty Tt 1, di)]
=1

is mot good over My.
Since ¢(Z,a) is not good over My, a ¢ My. As the first step, using Corollary
we can find ¢ = (cq, ..., ¢y) such that

e a and ¢ are interdefinable over Mj;
® Cy,...,Cy, are independent over My, and
e tp(c;/Mo{cy,...,ci—1)) is not definable for i = 2,...,m.

e Let r(2) = tp(c/Mpy);
e and for each 7 € 2™ we chose ¢ realizing ] My (c).
Since @ and ¢ are interdefinable over My,
e there is a formula ¢ (Z, Z) over My such that € |= ¢(Z,a) < ¥ (Z,¢).
Thus Claim follows from the following claim.

Claim 3.4. If ¥(&,¢) is not good over My, then the formula
41 [w(.’lﬁl, ey T, E) /\ ’(/J(Il, ey T, En)]
ne2m

is mot good over My.

We proof Claim [3.4] by a contradiction. We assume that
e (Z,c) is not good over Mpy;
e but Jz,41 [w(xl, ey Tpy1,C) /\77€2m (X1, T, E")] is good over Mj.

e Let C' = ¢U,cam 7. We choose § = (81,...,0,) = A, Mo(C),
and let
o M= MO<S>

To proceed as in [4], we will need one more lemma.

Lemma 3.5. Let q(z) € S1(M) be a non-algebraic 1-type. Then there is n € 2™
such that r(Z) commutes with A,, over My and one of the following holds.

(A) For any B2 M and d |= r"| B, we have dcl,(M{d)) < dcl,(B).

(B) For any B2 M and d = r"| B, we have dcl,(M(d)) > dcl,(B).

Proof. For j =1,...,m,let rj(z1,...,2;) = tp(ci,...,¢c;/My), i.e. r;is the restric-
tion of r to the first j variables.
By induction on j =1,...,m we will construct n; € 27 such that ’I“;U commutes

with A,, over My, and either (A) or (B) holds for r;” in place of r7.
Case j = 1. Since r; has exactly two My-invariant global extensions, and only

one of them can be definable, there is i € {0,1} such that r} is not definable. By
Corollary ri and A, commute.
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By Corollary applied to A = M, p=ri] M, and ¢, either (A) or (B) holds
for rt.

Induction Step: j+1. Assume j > 0 and we have 7; such that rn' commutes with
A, over My and either (A) or (B) holds for r . For simplicity we assume that (A)
holds for rm i.e. forany B 2O M and & |= r"’ B, we have dcl (M<d3>) < dcly(B).

Let d/ |: r7 1 M. Since & |= r; we can find e € € such that (dj,e) f= rj41.
Since j > 0, by our choice of ¢ the type tp(e/My(d”)) is not deﬁnable Since 7"27
commutes with A,, over My, and &’ |= 7"2-7" | Mo(0), we have 0 = A, | Mo(d;), hence,
by Corollary -, 2.13] the type p(z) = tp(e/Mo(d’)) is a complete type over M (d’).

Let q1(z) = q(z) U{z > a: a € dcl,(M(d?))}. Obviously, ¢ is a complete type
over M (d’). Applying Corollary - to M (&), ¢, and p(z), we can find 7 € {0,1}
such that for any B O M(d’) and a = p*| B we have dcl,, (M(d’a)) < dcl,, (B).
We take 011 = (n;,1).

First we show that rnfll commutes with A,, over My. Let N = My, &' = AN
and b= (b1,...,bj1) b= r ' TN(J'). Since r/4'" is an My-invariant type, we can
apply an M- automorphlsm of € and assume that (bl, ..bj) =d, and bj4q =e.
Since 77 commutes with A, we have &' = A, | N(d7). Since tp(e/My(d’)) is
not definable every its global Mg(d;)-invariant extensmn commutes with A,, over
My(d'"), hence &' = A, [ N{d7¢). Thus i commutes with A, over M.

Secondly, let B D M and &7t = 7151 B. We will show that del, (M (d7+1)) <
dely(B). Assume not, then there are b € dcly(B) and u € dcl,(M{d’*1)) such
that b < u. Applying an appropriate automorphlsm of € if needed we may assume
d’*1 = d’e. By the choice of n; we have b > dcl,(M(d;)), and, since u > b,
u > dcly(M({d;)). Thus b,u |= q1 with b < u. It contradicts the choice of i.

Lemma is proved. O

We continue the proof of Claim

Since 3wy, 11 [w(asl, RN ) /\77€2m (T, Ty, E")] is good over My, there
is
o &= (&,...,&,) such that & € My(6y,...,0;), fori=1,... n,

and

() CE A [P nrnt1,©) N\ V(- & T, @) ]

ne2m
Let § = AT M. Since ¢(z1,...,%,,¢) is not good over My, we have that
e the formula 0(x,) = ¥ (&1, ...,&—1,%n,C) has no realization in M (4).

We follow the proof of [4, Lemma 6.4] almost word by word, replacing their
Proposition 6.3 with Lemma [3.5] so we will be brief.

Let I; = 0(€). (Notice Iz is definable over M (¢).) We know that Iz has no
point in M (0). It is easy to then that the topological closure cl(I;) is disjoint from
MU{£oo} (for example, if m € M Ncl(I;) then either m+1/6 € I or m—1/6 € I).

Thus I; is a finite union of intervals I} < ... < I¥ whose endpoints are in M (c),
and with each I% contained in ¢;(€) for some non-algebraic ¢;(z) € S1(M).

For each i = 1,...,k we choose 7; as in Lemma We write r¢ for " and ¢;
for &,,.
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For each i =1, ..., k we have that ¢; and ¢ realize the same type over M. Since
5 = AnT My(C), we also have that ¢;°6 and &8 realize the same type over My. Thus
¢; and ¢ are conjugate over M and we will denote by I g for the corresponding copy
of I, g .

Since 7' and A,, commute over My, ¢; = 7' My{¢), and § = Al My(c¢;), we have
¢; Eril M(e). Arguing as in [4, Lemma 6.4], and using Claim with B = M(¢),
we obtain that N}, I;, = @. Contradiction with (¥).

4. A RESTATEMENT OF THEOREM

Theorem 4.1. For M < €, a formula o(z1,...,2Zn,Y), and a € € the following
conditions are equivalent.

(1) The formula ¢(Z,a) is good over M. B B

(2) The formula ¢(Z,a) has a realization in M{(0) for any é |E A, M{a).

(3) The formula ¢(Z,a) has a realization in M{(0) for any ¢ = A[M(a).
Proof. Obviously (1) implies (2), and (3) implies (1).

For (2)=(3), it is sufficient to show the following claim.

Claim 4.2. Let M and p(Z,a) be as above, m > 0, and (01...,0m+1) F Apmy1 ]|

M(a). If o(Z,a) has a realization in M{(01,...,0m+1), then it has a realization in
M{81,...,0m).

Proof. Let £(&1,...,&,) be a realization of ¢(Z,a) in M(6y,...,6,.1). Thus there
are M-definable functions hq(21,...,2m+1)s---sPn(21,- .., Zm+1) such that & =

hi(él, .. .,5m+1) and
< }: (p(h(ala o -75m+1)7a)'

Hence p(h(81,...,6m,y,a)) € A(y)| M (@, 61, ..,6m), and thereis a € M (@, 61, .., 0m)

such that € = Vy [y > o — ¢(h(d1,...,0m,y),a)]. Since, by Corollary (6m)

is co-final in M(a, d1,...,0m), we may assume o € M (dy,).
Then € |= ¢(h(d1, ..., 0m,a+1)), hence ¢(Z, a) has a realization in M (01, ..., 0m).
O
This proofs Theorem (]

Corollary 4.3. For M < €, a formula ¢(Z,7), and a € C. The following condi-
tions are equivalent.

(1) o(Z,a) does not fork over M.
(2) o(Z,a) has a realization in M{0) for any é = Al M(a).

Remark 4.4. Corollary implies Theorem Indeed, assume (€, a) is closed
and bounded. If p(Z, a) has a realization in M (d), for some § = Al M {a), then there
is an M-definable map h: € — €™ such that p(h(t),a) € ¢(€, a) for all sufficiently
large t € €. Then lim,_, ;o h(t) is a realization of ¢(Z,a) in M.
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