EULER CHARACTERISTIC OF IMAGINARIES IN
O-MINIMAL STRUCTURES

SOFYA KAMENKOVICH AND YA’ACOV PETERZIL

ABSTRACT. We define the notion of Euler characteristic for defin-
able quotients in an arbitrary o-minimal structure and prove some
fundamental properties.

1. INTRODUCTION

Let M be an arbitrary o-minimal structure expanding a dense lin-
ear order without end points. Given a definable set X in M and a
definable equivalence relation F on X, we call % a definable quotient.
As was pointed out in [0], o-minimal structures in general do not ad-
mit elimination of imaginaries. However, in [2] the following was asked:

Question Is it true that for every definable quotient % there exist
a definable set D, possibly over additional parameters, and a defin-
able surjection f : X — D such that for every xy,x5 € X, x1FExq iff
f(z1) = f(z2)? We call such a D a coding set for .

As we know, if M expands an ordered group and at least one nonzero
element is named then every definable quotient has a coding set defined
over the same set of parameters. It was also shown in [2] that if % ad-
mits a definable group structure then it has a coding set (possibly, over
additional parameters). Recently, Johnson found an ingenious exam-
ple which shows that not every definable quotient has a coding set (see
[3]), so o-minimal structures in general do not eliminate imaginaries,
even in this weaker sense.

Thus, there is a need to develop a better understanding of M®? which
goes beyond the study of definable sets.

Two important integral invariants in o-minimal structures, associ-
ated to definable sets are dimension and Euler characteristic (see for
example [7] for its beautiful applications for definable groups). The def-
inition of dimension for definable quotients was carried out in [5] and
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[1]. The goal of this note is to treat Euler characteristic in a similar
fashion.

Recall, [1], that in o-minimal structures, the definition of the Euler
characteristic, x(U), for a definable set U is based on the cell decom-
position theorem, and is defined by

X(U) =) (~1)tm©@,

cecC
where C is any partition of U into cells.

Notation Given a definable quotient %, and u € U, we write [u]g
(or sometimes just [u]) for its E-equivalence class. We will denote by
x“/(%) its Euler characteristic, whose definition we describe below.

The main idea. Our initial expectation was that the extension
of the definition of Euler characteristic from definable sets to definable
quotients will be purely combinatorial, based on the following expected
equality, in the simplest case, where all classes in U have the same Euler
characteristic k.

X(U) =x"“(%) -k
However, this equality (which indeed, we prove in 3.1) does not help
us to determine x*/(%) in the case k = 0. We will bypass this difficulty
by applying first a uniform version of the cell decomposition theorem

and replacing the original quotient % by another one, in which every
class is a cell, so has nonzero Euler characteristic.

Our goal then in this note is to define x“? and prove its fundamental
properties. First some definitions:

Definition 1.1. For a definable quotient %, a subset Y C % 18 called
definable if its pullback
Y={rcU:[z]p € X}
definable set.
For % and % definable quotients, a function f : )—é — % 15 called

definable if its pull-back to X XY,
f=A{ly) € X xY: f([z]) = [y]}

1s a definable set.

For % a definable quotient and Y C % a definable set, we will write

X“(Y) to mean x“/(%;) where E’ is the restriction of E to the set Y.
We will prove:
1. If every E-class is a singleton then Xeq(%) = x(U). Namely, our
definition of x¢? extends that of x.
2. If% is a definable quotient and \%] =1 then Xeq(%) =1.



DEFINABLE GROUPS 3

3. [f% 1s a definable quotient, Y1,Ys C % definable sets, then
X“(Y1UYs) = x“(Y1) + x“(Yz) —x“(Y1NY2)

4. Let % and % be definable quotients and let f % — % be
definable surjective function, such that for every [v] € % we have

XN ([o]r)) = e, then x“1(%) = x“(¥) - e. In particular, x°9 is
invariant under definable bijections.

We also prove additional properties of x°¢ such as definability in
parameters..

2. EULER CHARACTERISTIC OF IMAGINARIES

2.1. Preliminaries. We fix an o-minimal expansion M = (M, <,---)
of a dense linear order without endpoints. All definability below is
taken in M.

The first clause of the claim below is just [I, Prop. 4.2.10].

Claim 2.1. Let {X; : t € T} be definable family of subsets of M™,
e €7, then set T, .= {t € T : x(X;) = e} is definable. Moreover, there
exists a bound k such that for everyt € T, |x(X¢)| < k

Let us prove the last clause: Consider a cell decomposition C of the

set
X ={(t,x) e T x M" :z € X;}.

Note that if C C T x M"™ is a cell, then for each t € T, the set
Cy = {x € M™ : (t,z) € C} is either a cell or empty. Thus, for
every t € T the decomposition C induces a decomposition of X; into
(possibly empty) cells {C; : C' € C}, with at most as many cells as in
C. By definition, it follows that |x(X;)| < |C]. O

Corollary 2.2. Let f : U — M* be a definable function for a definable
set U C M"™. If x(f~'(a)) = e for each a € f(U), then

X(U) = e-x(f(U)).

Proof. Define m : graph(f) — f(U). For every a € f(U), 7 !(a) =
fHa) x {a}. We have

x(mHa)) = x(fH(a) x {a}) = x(f(a)) = €.
So by [1, 4.2.11] x(graph(f)) = e-x(f(U)). Since U and graph(f) are

in definable bijection we get x(U) =e- x(f(U)). O
Now if we define my : graph(f) — U, w2 is a bijection hence, by
[1, Th. 4.2.4] we get that x(U) = x(graph(f)) =e- x(f(U)). O

Definition 2.3. For a definable quotient % we define
Upy = {u € Ulx([ulg) = k}

and omit the superscript E when it is clear from the context.
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We will use a uniform version of cell decomposition theorem (see
[2, Lemma 9.1]).

Theorem 2.4. Let {X; : t € T} be a definable family of subsets of
M™. Then there are k € N and definable families of sets in M"

{Xl,t 1t e T}7 ceny {Xk‘,t it e T}

such that:

(i) Each X;; is either a cell or the empty set.

(i1) For everya € T, X, = X1, U ... U Xyq, and

(111) For every a,b € T, if X, = X, then X;, = Xy fori=1,... k.

By applying the above proposition to the family of equivalence classes
in a definable quotient we obtain:

Corollary 2.5. Let E be a definable equivalence on a definable set
U C M". Then there are k € N and definable families of sets

{Cl,u U e U},...,{Ckm Tu e U}

such that:

(i) Each C;,, is either a cell or the empty set

(i1) For every u € U, [ulg = C1, U ... U Cky, and

(111)For every u,v € U, if [ulp = [v]g then C1, = C 4, ..., Cpy = Chw.

2.2. The definition of Euler characteristic for imaginaries. In
order to motivate our definition, assume first that the quotient % has
a coding set D. Namely we have a definable surjection f : U — D
s.t. f(ur) = f(up) iff uyEus. Our definition should imply x*(%) =
X(D). Assume in addition that every E-class has Euler characteristic
k. Then, by Theorem 2.2, we have k - x(D) = x(U) and hence we
expect x“(%) = x(D) = x(U)/k. We would have liked to use this

simple calculation as a basis for our definition of y*¢ and define
U X(U)
eq(~ \ ANTR)T
X“(%) > 2
but a problem arises when k = 0, namely if U # 0.
To bypass this problem we will use the uniform cell decomposition

theorem and replace each definable quotient by one in which all classes
are cells and hence of nonzero Euler characteristic.

Theorem 2.6. Let % be a definable M-quotient. Then there is a de-

finable quotient % and a definable bijection f : % — % such that every

equivalence class of F is a cell in V.

Proof. By 2.5 there are k definable families
{Cru:ueU}, .  {Cry:uecU}

such that:
(i) Each Cy,, i = 1, ..., k is either a cell or the empty set
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(i) For every u € U, [u] = Cy, U ... U C, and
(iii) For every u,v € U, if [u]g = [v]g then C;,, = C;,, fori=1,... k.
We now choose, for each u € U, the first « = 1,...,k for Wthh C’“L
is nonempty, and let V' be the union of all these C’z,u s, and F' be the
restriction of E to V. Notice that the choice of C;, depends only on
[u], so each class [u] will contain a single cell. The map which sends
a class [u] to the first C;, which is nonempty is a definable bijection
between % and % . O

E
We will also need a uniform version of the above.

Definition 2.7. Assume that {U, :t € T}, {E, : t € T} are definable
families, such that E; is an equivalence relation on Uy for all t € T.
Then we say that {%ﬁ :t € T} is definable family of quotients.

Similarly to the proof of Theorem 2.6 one obtains:

Theorem 2.8. Let {ﬂ :t € T} be a definable family of M-quotients.
Then there exists a definable family of quotients {# : ¢t € T} and a

definable family of functions {f; : t € T'} such that
(1) For each t € T, every Fy-class is a cell.
(2) For eacht € T, f; : %i — % is a definable bijection.

We are now ready to formulate the definition of Xeq(%).

Definition 2.9. Fuler characteristic for definable quotients.

(1) Let be a definable M-quotient such that every F-class is a
cell, then define:

eV

X“(5) = x(Viy) = x(Vien).

(2) Let be a definable quotient. Take some definable bijection
f:% —> F such that [v]g is cell for every v € V' and define:

Note, the above definition agrees with our initial intuition since
(Ug)) (U-1)) Uay)
X(Uw) = x(Un) =52 + 552 =5,

It is left to see that Clause (2) gives a well defined notion of x*/(%),
independent of the choice of V' and F. This is the content of the next
section.

2.3. x“? is well defined. We first prove a result about the Euler char-

acteristic of definable sets.

Proposition 2.10. Assume %, 7 are definable M-quotients, such that
for every v € V x([v]p) = m, for every w € W, x([w]g) = n and
G : % — % is a definable bijection. Then x(V)-n = x(W)-m
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Proof. Let
G = {(v,w) SV x W | G([v]r) = [w]r}
If we define m, : G — V, 7 (v,w) = v, then
1 (v0) = {(vo, w) | G([volr) = [wln} C {vo} x W.

Then, we have (vy, w) € 7, ' (vg) iff [w]y € G([vo]r), hence
7 (vo) = {vo} x G([vo]r). By assumption we get

X (71! (v0)) = X(G([vo]r)) = n.
This equality is true for all vy € V', so by 2.2, applied to 7y,

(1) X(G) =n-x(V).
Now if we look at G~!, then by symmetry we obtain
(2) X(G) = m - x(W).

By (1) and (2) we get

nx(V) =x(G) =m- x(W).
O
The following clearly implies that our notion of x® is well defined.

Theorem 2.11. Assume thatV C M™ and W C M" are definable sets.
Let % and % be definable quotients, such that every E-equivalence class

and every F-equivalence class is a cell. Assume that G : % — % s a
definable bijection, then

X(Viy) = x(Vicy) = x(Wy) — x(W_yy)

Proof. Since every class is a cell, then by definition of Euler charac-
teristic for sets we have: x([v]r) = £1 and x([w]g) = £1. Then
V= V(l) |_| V(_l) and W = W(l) |_| W(_l). For k,l € {:l:l} define:

Vi = {v € VIx([v]r) = k AX(G([v]r)) = 1}.

Since G is a bijection, for every w € W, G~ ([w]|y) is a single F-class
so we can define:

Wy = {w € WIx(G™([w]n)) = k Ax([wlw) = 1}

l l
Notice that the restriction of G to % induces a bijection with % Let
G}, denote this restriction.

Vl Wl
Gy -2 — —k
“UFTTH
By Proposition 2.10
so x(V}}) = x(W}) if and only if k = [ (and otherwise they are opposite).
Now, Vigy =V} UV ! and Wy = W LI WE,| so we obtain.

X(Viw) = x(Viey) = x(V1) +x (Vi) = (x(VE) + x (V) =
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X(WE) = x (W) + x (W) = x(WZ) = x(Way) = x(W-yy).
O
This ends the proof that x“ is well defined.
We may now conclude:

Proposition 2.12. If f : % — %—Z is a definable bijection then

U, U,
eq — e
X (_El) X _Ez)
U

Proof. By definition of x“? we associate to each 7 quotients whose
classes are cells, and apply Theorem 2.11. O
We end this section with the following simple observation:

Claim 2.13. Let % be a definable quotient such that every class is a
cell. Then:

oo U
X)) = > ke x(Ua).
k=+1
2.4. Uniform definability of .

Proposition 2.14. Let {% :t € T} be a definable family of quotients.
Then, for every integer e the set {t € T : Xeq(%) = e} is definable.

In particular, if {X; C %,t € T} is definable family of subsets of %,
then for every integer number e the set {t € T : x“U(X;) = e} is
definable.

Proof. Using Theorem 2.8, we may assume that every equivalence class
in U; is a cell.

Claim 2.15. Let {% :t € T} be family of definable quotients where
every equivalence class is a cell, then there is p € Z such that for every
te T Ix“(g)<p

Proof. By definition, the families {U; : t € T} and {E; : t € T} are
definable, hence by Claim 2.1, {Uyqy |t € T}, {Uy—1) |t € T} are defin-
able families of sets. Hence by 2.1 there exist bound &, for |x(Uiq))|
and bound k; for |x(Uy—1y)|, hence ki +k; is a bound for |Xeq(%i)|. O

We now return to the proposition:
By using the construction from previous claim let us build exactly
the formula that define the set {t € T": Xeq(%i) = e}. Let us define

i (t) = {t € T : x(Uy)) = ¢},
o, (t) ={t €T : x(Uy—y) =7},
pet) =\ o) App (1)

—p<k,k—e<p

then

is the desired formula.
This ends the proof of Proposition 2.14. U
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2.5. Properties of y“. Note that if E is the equality relation on U
then every class is a singleton, so U = Uy and hence x*(4) = x(U).
This shows that our definition of x? is indeed an extension of xy. More
generally we can now conclude:

Lemma 2.16. If % s a definable M -quotient and Y is coding set of
7 then x“(g) = x(Y).

Proof. Since have a definable bijection between % and £, we can apply
Proposition 2.12 together with the above observation and conclude

X“(%) = x(Y). O
In particular, we have:
Claim 2.17. Let % be a definable M -quotient. ]f% s a singleton then
X“(F) =1.
Theorem 2.18. Assume % definable quotient. Y1,Ys C % definable
sets. Then
X“(Y1UYz) = x“(Y1) + x“(Y2) = x“(Y1NYa).

Proof. 1t is sufficient to prove the result when Y; NY; = (). By 2.6, we
may assume that every class is a cell.

Since F is equivalence relation and Y7, Y5 are disjoint sets,

c Ut
the corresponding subsets of U, Y; and Y, are also disjoint. It easily
follows, for k = +1, that

?1(1@) U E(k) =M u E)(k)-
By definition of Xeq (and Claim 2.13) we can write:
X (Y1) + x* Z kx (Y1) Z kx(Yagy) =

k=1,—-1 k=1,—-1

= Y k(i) + x(Yag Z E(x(Y1 UY2)) = x“(Yi UYa).
k=1,—1 =1,-1
0
The following is an analogue of Theorem 2.2 for Euler characteristic
in quotients.

Theorem 2.19. Assume %,% are definable quotients. Assume f :
% — % is a definable surjective function, such that for every [v]p €
f<%)7 XU ([v]r)) = e, then
U 1%
eq Ty — ea( Y.
XUg) =x(5) e

Proof. Because definable bijections between quotients preserve x¢ we
may assume from now on that each F-class in U and F-class in V is a
cell.
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Remark: Assume every FE-class is a cell of Euler characteristic k£ €
{£1} (same k for all classes). Then, by definition

We first prove the following special case.

Claim 2.20. For U,V and f as in the theorem, assume in addition
that every E-class is a cell of Euler characteristic k (so U = Uyy) and
every F-class is a cell of Euler characteristic | (so V = V).

Then
U V
€q( _\ — ().

Proof. By definition x“/(f~!([v]r)) = X‘fq(%) where E' is the re-
striction of E to f~!([v]r). By the remark above,

X lr)) = k- x(F 1 ([v]r)),
hence for every v € V., x(f~([v]r)) =k - €.
Consider f C U x V. For every u € U, we have
{veV:(uv) e ft=f(lulg)

(the set of elements in the class f([u]g)). Also, for every v € V we
have

{ueU:(uv) e ft=f"r).

By applying 2.2 to both projection maps (from f onto U and V) we
have

X(f) = x(U) - x(f([ulp) = x(U) - 1
and
X(f) =x(V) - x(fvlp) = x(V) -k -e.
We therefore have: x(U) -1 = x(V)-k-e, hence (k,l =4 —1)

kox(U) =1-x(V) -e.

Applying the Remark above once more we conclude

U Vv
eq( Y — yea( Y.
XU = x“( ) -
This ends the proof the Claim 2.20. O

As a corollary one gets another special case of the theorem:

Claim 2.21. For U,V and f as in the theorem, assume in addition
that U = Uy, for a fived k € {£1}. Then
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Proof. Denote U’ = f~1(X2), 7 = f~1(¥2). By 2.20 and 2.18 we

F F
get

U / e /
XU() = XU+ XU =
Vi Vi- Vi Vi- V
= XU Hex (Z ) = e (AN () = e (CU(5):
U

Proof of Theorem 2.19: Consider first f~!([v]r) for some v € V and
let

_ U
= (le) N =),
Because x“(f ' ([v]r)) = e and ¥ = % U @, we get
U
X e N =5 = e —p.

By 2.15, there exist T € Z s.t. |x“(f'([v]r) N %ﬂ < T, for all
velV
For all -T'<p <T, let

Vri={o e VX ([ele) 0 %) = p}
Ug) = {u € Uy)|f([ulg) € V?}

u” U?
Let f: =3 — Y2 be the restriction of f to —22. By 2.21 we get

U’ VP
eq(_ My _ . earr

XU—7) = v X5

Since T' is an upper bound on |x*(f~([v]r) N %ﬂ we get

Un Ug
Yo _ | | (—)y,

E
~T<p<T
Un) d Uy d Ve
eq(_\1)N eq(_\\ v —
X(E) ;_:TX(E) ;_:TPX(F)

For every p € T and v € V we have

X N D) == p oo x Ul N ) =
Uiy

Thus, the set of all v € V such that x*(f~'([v]r) N —52) = e —p s
exactly V?. Again, by Claim 2.21,
P
q(U(—l) _ Ve '
E
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Finally,
U Un) Uy _ = cea Y00y N ea Yl
€q__\ — 09 (/1 €q — eq(_\"J €q —
XU5) = XU ) XU ) = D X+ ) X ()
p=-T p==-T
T T
VP VP
— . eq(__ — . eq(___ —
D XU+ Y e—p) xU(5)
p=-T p==T
S vV
=e (p:Z_TX (7)) =e-X (F)
This ends the proof of Theorem 2.19 U

Definition 2.22. Let U C M",V C M". E, F definable equivalence
relations on U and V', respectively. We define E x F on U xV by

(u,v), (W, V") € EX F < uBu NvFv.

Note that % X % 1s in definable bijection with %i;,

the two objects, and view % X % as a definable quotient.

so we identify

Using this identification, Theorem 2.19 immediately implies:

Theorem 2.23. Assume %, % are definable M-quotients with V- C M?
and U C M". Then

u Vv U V
eq ) — O L0
3. ADDITIONAL PROPERTIES OF Y©?

Proposition 3.1. Assume % s a definable quotient. If every E-class

has Buler characteristic k, then x(U) = k- x*/(%). In particular, x(U)
15 a multiple of k.

Note that the “in particular” statement in the proposition concerns
only the Euler characteristic of definable sets, but does not seem to
immediately follow from the existing theory, without assuming that %
has a coding set.

Proof. There is definable bijection f : % — % such as every equivalence
class [v]r is a cell, and

We will show
X(U) = (x(Viy) = x(Vi-n)) - k-
Consider the following restrictions of f:
1of: % — Y0 when U7 = {u € Ul f([u]p) € 12}
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9 .U Vicy h U’ — U V-1
fe 2 YD hen U = {u € U f([uls) € Vb |

Since ¥ = % L %, it follows that
U U/ U//
~ = U=
E E E
By 2.10 we get
X(U') - 1=x(Viyy) - k and x(U") - (=1) = x(Vi-y)) - k,

X(U) = x(U)+x(U") = x(Viy) -k =x(Vicn) -k = (x(Vigy) =x (V1)) -k
as desired. ]

Finally, we note that our originally intended definition of X(%), works
well in the case where no class had Euler characteristic 0.

Proposition 3.2. Let % be a definable quotient. If there is no equiv-
alence class [ulp such that x([u]lg) =0, (i.e. Ugy =0), then

Xeq(g) _ Z X(U(k)>

E k
Proof. Since % = L]k#o% it is enough to show for each k # 0 that
Xeq(%) = w This is immediate from Proposition 3.1. O
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