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ABSTRACT. Let 9 be an o-minimal expansion of a densely ordered group and H be a
pairwise disjoint collection of dense subsets of M such that | JH is definably independent
in M. We study the structure (M, (H)gey ). Positive results include that every open set
definable in (9, (H)pgey) is definable in M1, the structure induced in (M, (H)gey) on
any Hy € H is as simple as possible (in a sense that is made precise), and the theory of
(O, (H)gey) eliminates imaginaries and is strongly dependent and axiomatized over the
theory of M in the most obvious way. Negative results include that (9, (H)gey) does not
have definable Skolem functions and is neither atomic nor satisfies the exchange property.

INTRODUCTION

Broadly speaking, this paper continues to explore the central theme of our earlier works |8,
9], whose origin lies in Miller and Speissegger [26], in which we examine extensions 7" of
well-behaved first-order theories T' extending that of dense linear orders without endpoints
(DLO)—typically, o-minimal 7—in which good behavior is preserved. The properties that
are investigated can be either topological or model theoretic. Every ordered structure
comes equipped with the topology on definable sets induced by the order topology. Given
this, following [26], it can be asked if the so-called open core of any model of the extended
theory—that is, the structure with atomic formulas precisely for those definable open sets
in the model of the extended theory—is o-minimal, and if so, whether the open core in-
cludes no additional open sets as the open core of the structure in the original language.
Model-theoretic properties whose preservation (or lack thereof) are investigated include
elimination of imaginaries, strong dependence, existence of atomic models and definable
Skolem functions, and the exchange property (with respect to definable closure).

We now begin to make more precise the setting of this paper. Given a theory T" extending
DLO in a language L D {<}, we are interested in understanding (relative to T") extensions
T" of T in languages extending L by unary relation symbols that are interpreted in models of
T" as sets that are both dense and codense (that is, having empty interior) in the underlying
sets of the models. The general goal is to understand the result of allowing various kinds
of topological noise to be introduced into models of 7. In order to avoid degeneracy, we
want the base theory T to be sufficiently well behaved and rich. A natural case for first

This work partially supported by: Simons Foundation #240550 (Dolich); NSF DMS-1001176 (Miller);
NSF DMS-0801256 (Steinhorn).
February 20, 2014. This document should be regarded as preliminary; some version of it has been
submitted for publication. Comments are welcome. Miller is the corresponding author.
1



investigation is that T" be complete, o-minimal and extend the theory of densely ordered
groups.

There is a canonically “wild” example, namely, 7' = Th(R, <,+,-) and 7" = Th(R, <
.+, Q). The model theory of T is both well understood and quite well behaved; in
particular, 7" is o-minimal, and so every open set (of any arity) definable in any model of
T has only finitely many definably connected components. But Z is interdefinable with
Q over (R, <,+,-) (by Robinson [32]) and (R, <, +,-,Z) defines every real Borel set (see
Kechris [19, 37.6]), in particular, every open subset of any finite cartesian power of R and
every subset of any finite cartesian power of Q. Thus, while the open sets definable in
models of T are as simple as possible relative to the theory of ordered rings, the extension
T’ has a model where the definable open sets are as complicated as possible, as is the
structure induced on the new predicate.

In contrast to the preceding example, if K is any proper real-closed subfield of R and
T" = Th(R, <,+, -, K), then no model of 7" defines any open set (of any arity) that is not
definable in the reduct of the model to L (van den Dries [12, Theorem 5]); as in [§], we
abbreviate this property by saying that 7T is an open core of T’. More generally, if
M is an o-minimal expansion of a densely ordered group, and A is dense in M and the
underlying set of a proper elementary substructure of 9t, then (90, A) is called a dense
pair® (of o-minimal expansions of densely ordered groups). By [12, Lemma 4.1], A is
also codense in M. Dense pairs have been been studied extensively (e.g., [8,12,26]) and
Th(M, A) is well understood relative to T in particular, if 9% = 9 and (M, A’) is a
dense pair, then (9, A) = (M', A’) (by [12, 2.5]) and Th(9) is an open core of Th(9, A)
(see [8, Section 5)).

In this paper, we analyze an orthogonal complement (so to speak) to dense pairs, namely,
expansions (9, (H)gey) of M by dense subsets H of M such that H is pairwise disjoint and
U H is (definably) independent over 9t. The canonical motivating example is (R, <, +, H),
where H is a dense Hamel basis, that is, a dense subset of R that is a basis for R as
a Q-vector space. Remarkably, the analysis of this seemingly quite special case is not
significantly any easier than that of the general (thus explaining our use of “H” for dense
independent sets).

Throughout: T denotes a complete o-minimal extension of the theory of densely ordered
groups with a distinguished positive element® in a language L D {<,+,—,0,1}. We let
TP denote the theory of dense pairs of T.* Let P be a set of unary relation symbols P,
none of which belong to L, and put Lp = LU{ P : P € P }. Let T™%P be the Lp-extension
of T' by the axiom schemata expressing that each P is dense and P is mutually independent
over T (that is, P is pairwise disjoint and (JP is independent over T"). Our main result is
that 7" is an open core of 74P Once this is established, we analyze 779 and its models.

'Without group structure, differences in kinds of noise tend to disappear, and results tend to degenerate.
To illustrate, the theory of the extension of DLO by any given pairwise disjoint family of dense-codense
unary predicates is easily seen to be complete.

°By convention, “pair” abbreviates “proper elementary pair” in this context.

3The assumption of a distinguished positive element is primarily for later technical convenience and is
not needed in order to state our main results.

474 is used instead of TP in [8,12].



In the large, 74P is rather similar to 7P*", especially if T extends the theory of ordered
rings, but there is at least one significant difference: T4 eliminates imaginaries (3.13)
and TP** does not ([8, 5.5]).

In order to simplify notation, from here on we state and prove results only for the case
that P is a singleton { P} (so we write Lp instead of Lp, and so on) but some explanation
is in order. As each Lp-formula involves only finitely members of P, we may reduce to
the case that P is finite. Hence, if T" has a pole (i.e., if some model 9 of T (-defines a
bijection f: M — M>Y) then all results (possibly after appropriate rewording) follow easily
from the case that P is a singleton, as then H can be (-definably encoded as a single dense
independent set. (If H, H' C M are dense and mutually independent, then f(H)U(—f)(H’)
is dense, independent, and (-interdefinable with {H, H'} over 9t.) But otherwise we see
no shortcuts; almost everything has to be done from the start using finitely many new
predicates, including redoing in this greater generality many key results from other papers.
We shall not provide the details, as this would add considerable length to this paper while
simultaneously reducing readability, all in order to deal with a fairly degenerate setting.’
But neither do we wish to suggest that checking all the details is nothing but a routine
exercise for the reader, as it would be rather lengthy. We assure the reader that we have
done our best to check all of the needed modifications, and that they are all routine.

Here is an outline of the body of this paper.

Section 1 consists of preliminary material such as global conventions and technical lem-
mas; several of the latter hold assuming only that 7" is o-minimal (no assumption of group
structure) and is extended by an independent unary predicate (no assumption of density).
We then establish in Section 2 as many results about 7P as we reasonably can that
require only minor modification of previously-known facts about 7P%"; in particular, 7mdep
is complete (2.8) and has T as an open core (2.25). Just as with TP major steps in the
proof of the latter are that 74P admits quantifier elimination down to “special formulas”
(see 2.9 for the precise statement) and if X C H" is definable in (9%, H), then there exists
Y C M™ definable in 9 such that X = H"NY (2.16). Other similarities to TP** are that
Tmder js strongly dependent (2.28), does not have definable Skolem functions (2.23), has
no atomic model (2.27), and fails to satisfy the exchange property (1.1.1). We also show
in Section 2 that the structure induced on H in (9, H) is as simple as possible among all
structures of the form (9, E') where E is dense and codense in M (see 2.29 for the precise
statement). We then focus in Section 3 on the main difference between 7™ and TPair,
namely, TP eliminates imaginaries (3.13). On the way, we also characterize p-forking
over TP in terms of “small” closure (3.4). Having thus established all of our main results
about TP we then proceed in Section 4 to do a detailed comparison of TP with TP
and certain other examples of complete Lp-extensions of T known to have T as an open
core (namely, completions of the extension of T" by a generic predicate). Finally, Section 5
consists of discussions of optimality and some open issues.

We conclude this introduction with a survey of how material in this paper relates to
and in some cases is inspired by existing literature. The wellspring for much of the basic

5Tt is known that if T does not have pole, then up to interdefinability, 7" is the theory of some ordered
division ring expanded by a collection of bounded sets; see, e.g., [8, 1.13] for a more detailed discussion.
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work here is the previously-mentioned paper [12] by van den Dries on TP**. Several of the
results in Section 2 are modifications of assertions from [12], although some are not entirely
straightforward, in which instances we provide proofs. For the primary results of Section 2
on completeness and quantifier simplification, we originally had proofs modeled after those
in [12], but we later learned that arguments from Berenstein and Vassiliev [3] could be
adapted to our setting and yield simpler proofs. Given the specificity of our context, once
again not all of the modifications are straightforward and we thus state sharper results
and provide detailed proofs where warranted. Our proof of strong dependence of T4 is a
minor modification of that for TP a result due to Berenstein, Dolich and Onshuus [1, 2.11].
Work of Berenstein, Ealy and Giinaydin [2] is important in Section 3. We lastly note that,
inspired by our work here in the o-minimal context, Berenstein and Vassiliev study in [4, 5]
models augmented by a predicate for a dense independent set in the more general setting
of geometric theories. While they obtain results similar to ours, given the generality in
which they they work, they are unable to reproduce many of our stronger results such as
elimination of imaginaries.

1. PRELIMINARIES

In this section, we declare some global notation and conventions, and collect some basic
technical results about independent sets to be used later in the paper. We state and prove
a number of theses results in greater than we need in the hope that they might find use
elsewhere.

The variables 7, k, [, m,n range over N (the non-negative integers) unless indicated oth-
erwise.

Given a set X, its cardinality is denoted by card X (or card(X)), except when applied to
languages or theories, in which case card X is the cardinality of X UN. The n-th cartesian
power of X is denoted by X™ with X° = {()}. Whenever convenient, we identify X™ x X"
with X" and (X™)™ with X™". Given a set S C X™, we say that a given property holds
for S in each coordinate if for every (z1,...,x,) € S, the property holds for each of the
sets

{te X :(t,xe,...,x,) €S}
{tGX:(:cl,t,:L'g...,xn)ES}

{tGX . ([El,...,ﬂfn_l,t> S S},

that is, if (SN (7w+)~!(x)) has the given property for each coordinate projection 7: X™ — X
and z € S, where 7 is the orthogonal complement. (To illustrate, S C X? is infinite in each
coordinate if for every (z1,22) € S, thesets {t € X : (z1,t) € S}and {t € X : (t,22) € S}
are infinite.) Given collections C, D of subsets of X, we say that C is compatible with D
if for all (C, D) € C x D, either CND =0 or C C D. If D is a singleton {D}, then we
tend to say that C is compatible with D, and similarly if C is a singleton.

Given a set Y, we identify a function f: X% — Y with the constant f(0)) € Y.
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Given a function f: X — Y and S C X, we let f[S denote the restriction of f to .S. We
say that a function f: S — Y is given piecewise by a collection F of functions X — Y
if there is a finite G C F such that graph(f) C {J,cg graph(g).

Given S C X" and A C X, we say that f: S — X is A-simple if it is either constant,
a coordinate projection or f(A" N X)NA = (. A map S — X* is A-simple if all of its
component functions are A-simple.

We have a similar convention for functions as for sets regarding the general notion of a
property holding in each coordinate, e.g., if S C X2, then a function f: S — Y is injective
in each coordinate if for every (z1,z,) € S, the functions

t— fz,t): {teX:(r,t) eSS}t =Y
t— f(t,xe): {te X :(t,zg) €S} =Y
are injective.

Topological generalities. Given a topological space X, we say that A C X is: con-
structible if it is a (finite) boolean combination of open sets; discrete if all of its points
are isolated; locally closed if it is open in its closure; somewhere dense if its closure
has (nonempty) interior; nowhere dense if its closure has no interior;® dense in C C X
if the closure of C'N A is equal to that of C'; and codense in C if the closure of C'\ A is
equal to that of C. For convenience, we may say that A is dense-codense in C' if it is
both dense in C' and codense in C. Whenever C' = X and X is understood, we omit “in
C”. Some basic facts:

1) A set is constructible if and only if it is a finite union of locally closed sets.

2) Constructible sets either have interior or are nowhere dense.

3) Discrete sets are locally closed.

4) If A C X is locally closed, Y is topological space and fi,..., fr: A — Y are
continuous, then the union of their graphs is locally closed in X x Y. If moreover
B C Y is locally closed, then each f;'(B) is locally closed.

(5) The previous item holds with “constructible” in place of “locally closed”.

(
(
(
(

Remarks. (i) Neither complements nor unions of locally closed sets need be locally closed:
Both { (z,y) € R? : y # 0} and {(0,0)} are locally closed in R?, their union is not, and the
complement of the union is. (ii) Coordinate projections of constructible sets need not be
constructible. To illustrate, let (¢, )nen be an enumeration of Q, and regard A := { (¢,,n) :
n € N} as a subset of R%. Then A is closed and discrete, but its projection onto the first
coordinate is dense and codense. By regarding A C Q?, this also shows that a function can
have a constructible graph, yet be nowhere continuous.

Model-theoretic generalities. We shall find it practical to have some flexibility in our
conventions and notation for points, and how we regard them. We shall often write things
like “Z € X” as an abbreviation for “z € X™ for some n € N” if n is not germane. If a,b €
X, then ab denotes concatenation (ay, ..., @m, b1, ...,b,) of the tuples a = (ai, ..., a,,) and
b= (by,...,b,). But we also sometime think of 7 as listing a finite set, in which case € X
means just x1,..,2, € X for some n € N, and @b would be the union of the finite sets

6We say “no interior” instead of “nonempty interior”.
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a={ay,...,an}and b= {b;,...,b,}. Context should resolve any ambiguities (e.g., a N b
indicates that @ and b are being regarded as sets), and in any case, we shall attempt to
avoid ambiguity by writing either z € X" or xy,...,x, € X as appropriate unless the z
notation significantly reduces clutter.

A first-order structure on a set A is usually indicated by the corresponding 2, and vice
versa. Given S C A, “S-definable (in 2()” means “definable (in ) with parameters from S”.
If no ambient space A™ is specified, then “S-definable set” means “S-definable subset of
some A™, while “S-definable function (or map)” means “S-definable partial function (or
map) from some X C A™ into some A™”. Mention of S in the above is often suppressed
when S is not germane. We denote the definable closure of S in 2 by dcly(.S), although
the subscripted 21 will nearly always be suppressed when 2l is understood. We say that 2
satisfies the exchange property—for short, 2 has EP or 2 F EP—if y € dcl(SU{z}) for
all S C A and z,y € A such that € dcl(S U {y}) \ dcl(S). To be precise, the definition
is that of EP with respect to definable closure, since EP can be formulated with respect to
any pregeometry. The notions of dependence and independence are usually with respect to
definable closure, although we also have occasion to refer to dependence or independence
of theories in the sense of Shelah. For a theory Ty, we write Ty F EP if every model of Tj
has EP.

Given structures 21, and 2, with common underlying set A, we write A; =4¢ 25 if every
set definable in 2, is definable in 25, and vice versa.

1.1. Let & be an expansion of an abelian group (G,+,0) and A C G be infinite and
algebraically independent in &.

(1) Th(®, A) # EP.

(2) Th(®, A) does not have finite dp-rank.

(3) Th(®, A) does not have finite p-rank.

(4) If the underlying group is also divisible and ordered (and the order is definable),
then A is codense in G.

(See Kaplan, Onshuus and Uzvyatsov [18] for the definition of dp-rank. For details on
b-rank, see Onshuus [27].)

Proof. 1. By passing to a sufficiently saturated elementary extension, we reduce to the case
that there exist a,a’ € A that are algebraically independent in (&, A). The only solutions
in A2 tox +vy = a+d are (a,d') and (d’,a) so {a,a’} and {a + a'} are interalgebraic in
(6, A). The result follows.

2. Once again we pass to a sufficiently saturated elementary extension. We use the
observation that if a,b € A™ and 2a; + - -- + 2"a,, = 2b; + - - - + 2"b,, then a = b. We must
show that there is a randomness pattern of depth n for all n (see [18]). For 1 < i < n, let
¢i(z,y) be the formula

dz1...2, (/\Pzi/\/\zi7ézi+1/\y:zi/\x:2zl+---+2”zn>.
i=1 itj
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Pick distinct a{ € Afor1 <i<mnandj € N. Note that if j # k and 1 < i < n then
oi(z,al) A ¢i(x,ak) is inconsistent but that if j; ... 7, € N then

gbl(l‘,ajf) AREERA ¢n(‘r=a#)

is consistent. Thus we have constructed a randomness pattern of depth n as desired.

3. The proof is similar to that of 2.

4. If A has interior, then it contains a nontrivial closed and bounded interval [a, a’]. But
then (a +a’)/2 € A, contradicting independence. O

Remark. Without the passage to a model where A is large enough, it could be that a and
a’ as in the proof of 1 do not exist, say, if M = R and A is closed and discrete. We shall
see later that this problem does not arise in models of 779" and so no model of T™mdeP
has EP.

We use first-order topological structure as defined in Pillay [28]. If B is a first-order
topological structure, then the open core of B, denoted by 9°, is the structure (B, (U))
where U ranges over all open sets (of any arity) definable in 8. (Syntactically: For each
open set U definable in 8, we introduce a relation symbol Py of the appropriate arity
where it is understood that the map U — Py is injective, and then *B° is obtained by
interpreting Py as U.)

1.2. Let B be a first-order topological structure and A C B be independent. Suppose
that for each locally nonconstant definable g: B — B there exists N, € N such that
card(ANg~'(b)) < N, for allb € B. Let f: U — B be definable on some open U C B"
such that all points in U have pairwise distinct coordinates and f is locally nonconstant in
each coordinate. Then there exists N € N such that card(A™ N f~1(b)) < N for all b € B.

Proof. Without loss of generality, (8, A) is sufficiently saturated. We proceed by induction
on n > 1, with the basis holding by assumption. Let n > 1 and assume the result for all
m <n. Let b€ B and f: U — B be definable on some open U C B" such that all points
in U have pairwise distinct coordinates and f is locally nonconstant in each coordinate.
We must show that A" N f~1(b) is finite. Suppose not, and pick w' € A" NU for i € w,
so that f(w') = b for all i € w;. By the A-system Lemma (see, e.g., Kunen [21]) and after
passing to a subsequence there is a finite set W such that {wi, ... w’}N{w!,.. . wi} =W
for all distinct 7 and j in w;. If W # (), then without loss of generality we may assume that
for some k < n there are wy, ..., w; such that @' = wy, ... ,wk,w}’;ﬂ, ot for all § € wy.
Inductively, we obtain a contradiction, so we reduce to the case that @’ N w’ = @ for all
1# ],

Let d € B be independent such that f is d-definable. Without loss of generality, the
sequence (') is indiscernible over d. We now show that f~!(b) has interior (thus contra-
dicting the assumptions on f) by showing that each @’ is independent over d. If other-
wise, then by indiscernibility @w° is dependent over d, so without loss of generality assume

that w) € del(w?,...wd). Pick &€ C d minimal such that w) € dcl(w?, ..., wle). Let

€ = eg...¢ and note that e Zé (. Hence, ey € dcl(woel, ...e). For ease of notation

assume that ey = dy (where d = dy,...,d,,). Thus w} € dcl(wi...wld;...d,w°) by

indiscernibility. Hence once again without loss of generality we may conclude that d; €
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del(wldy . . . d,,w°). By repeating this argument we find that d;...d,, € dcl(@®...o™).
Hence, w{"™ € del(w™, ..., w™wC . . w™), which is impossible. O
Induced structure. Given sets B and A C B™, a trace on A (with respect to B) is a
set of the form A" NS for some n € N and S C B™. If moreover S is definable in a
structure B, then we call it a trace on A in 8. We define the structure induced on A
in B, denoted by A(B), to be the structure (A, (X)) where X ranges over all traces on A
in B. (Syntactically: For each trace X on A in 98, we introduce a relation symbol Px of
the appropriate arity where it is understood that the map X — Py is injective, and then
A(®B) is obtained by interpreting Px as X.) We tend to reduce parentheses in usage, e.g.,
we write A(B, <) instead of A((B, <)), and A(B, A) instead of A((B, A)). If A is definable
in B, then A(B, A) = A(B). Note that: every definable set of A(*B) is (-definable; every
quantifier-free definable set of A(*B) is a trace on A in B, and so is defined by an atomic
formula; and if A is definable in B, then every set definable in A(8) is a trace on A in B.
If 9B is a first-order topological structure, then we regard A(8) as first-order topological
structure via the induced topology.

1.3. Let B be a first-order topological structure and A C B™ be definable in 8.

(1) Open sets definable in A(8) are traces on A of open sets definable in B.

(2) Locally closed sets definable in A(B) are traces on A of locally closed sets definable
in ‘5.

(3) Constructible sets definable in A(B) are traces on A of constructible sets definable
in ‘B.

(4) Projections of constructible sets definable in A(*B) are finite unions of projections
of traces on A of locally closed sets definable in 8.

Proof. It U C B™" is open and A" N U is definable, then A"NU = A" NV, where V is the
union of all open boxes (of the definable topology) U’ C B™" such that A*NU' C A"NU.
Observe that V' is definable in 8. The argument for “locally closed” instead of “open” is
essentially the same. By Dougherty and Miller [10], every definable constructible set is a
finite union of definable locally closed sets. ([l

Remark. The above can easily fail if A is not definable in B. To illustrate, the set 27Z
of even integers is open and definable in Z(R, <, +)—the induced topology is also the
discrete topology—but by o-minimality, 27 is not the trace on Z of any open set definable
in (R, <,+).

It is worth rephrasing 1.3 in terms of the open core:

1.4. Let B be a first-order topological structure and A C B™ be definable in 3.

(1) The atomically definable sets of A(*B)° are the traces on A in B° of the atomically
definable sets of B°.

(2) The quantifier-free definable sets of A(B)° are the traces on A in B° of the quantifier-
free definable sets of B°.

(3) The quantifier-free definable sets of A(B)° are its constructible definable sets.
8



(4) The existentially definable sets of A(*B)° are the projections of its constructible
definable sets, equivalently, the finite unions of projections of its definable locally
closed sets.

Expansions of linear orders. Let (B, <) be a linear order without endpoints. We adjoin
formally the endpoints —oo and +o00 to B in the usual fashion. For our purposes, interval
always means nondegenerate interval, that is, an infinite convex I C B such that both
inf I and sup [ exist in BU{4o00}. The usual notation is employed for the various kinds of
intervals, but given b € B, we often write B>? instead of (b, +00). Each cartesian power B"
is equipped with the product topology induced by the interval topology on B. A box in B"
is an n-fold product of open intervals, and a closed box is a product of closed intervals.

We say that X C B" is regular if it is convex in each coordinate, and that X strongly
regular if it is regular and all points in X have pairwise distinct coordinates. A map
(fi,..., fr): X — B¥is regular if X is regular and each f; is, in each coordinate, either
constant or strictly monotone and continuous; and f is strongly regular if X is strongly
regular, f is continuous and each f; is strictly monotone in each coordinate.

Recall that an expansion B of (B, <) is o-minimal if every subset of B definable in B
is a finite union of points and intervals. Recall also (Pillay and Steinhorn [30,31]) that the
study of such structures resolves into those of o-minimal expansions of DL.Os and o-minimal
expansions of discrete linear orders, and the latter subject is demonstrably trivial. Hence,
throughout this paper, o-minimality always includes the assumption that the underlying
order is dense. We assume the reader to be familiar with the essential model theory of
o-minimal structures; standard references are [11,13,20,29]. Cells and decompositions
relative to 9B are defined as in the o-minimal setting ([13, Chapter 3]). We regard B° as an
open cell. Cells are locally closed. Regular (and strongly regular) cells and decompositions
are defined as expected, as are A-simple cells and decompositions (given A C B). As an
immediate consequence of [13, p. 58], we have:

1.5 (regular decomposition). Let B be o-minimal and S C B.
(1) If X is finite collection of S-definable subsets of B", then there is a decomposition C
of B™ into S-definable cells such that C is compatible with X and every open C € C
is strongly regular.
(2) If X C B and f: X — B is S-definable, then there is a decomposition C of B" as
above for X = {X} such that f[|C is regular for each open C' € C.

We also have

1.6 (A-simple decomposition). Let B be o-minimal, S C B and A C B be independent
with respect to ‘5.
(I),, If X is a finite collection of S-definable subsets of B", then there is an A-simple
decomposition C of B"™ into (AU S)-definable cells that is compatible with X.
(I),, If X € B™ and f: X — B is S-definable, then there is an A-simple decomposition
C of B™ into (A U S)-definable cells that is compatible with X and such that f[C
is continuous and A-simple for each C' € C.

Sketch of proof. (1) is trivial and (II); is immediate from the monotonicity theorem. By

the usual arguments, it suffices now to let n > 0 and show that (II),, follows from (I),...,
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(I), and (II)q,..., (II),—1. It suffices to consider the case that f is Ag-definable for some
finite A9 C A. (If A’ O A and f is A’-simple, then f is A-simple.) By cell decomposition
and the inductive assumptions, we reduce to the case that X is an open cell, all points of
X have pairwise distinct coordinates, f(X) N Ay = 0, f is nowhere locally constant and
f(x) #x; forallz € X and i = 1,...,n. Then f(A"N X)N A = by independence, and
so f is A-simple. O

As an immediate corollary of 1.2 and the Monotonicity Theorem,

1.7. Let B be o-minimal and A C B be independent. Let f: U — B be definable on some
open U C B™ such that all points in U have pairwise distinct coordinates and f is locally
nonconstant in each coordinate. Then A™ N f~1(b) is finite for each b € B.

1.8. Let B be o-minimal; U,V C B™ be open and strongly regular such that all points of U
and V have the same order type; and f: U — B and g: V — B be definable and strongly
regular. If A C B is a dense dcl-basis for 8 and f(A"NU) = g(A"NV), then f = g.

Proof. As B = dcl(A), there exist a,a’ € A such that a is independent and f is a-definable,
and @ is independent and ¢ is @’-definable. Let ¢ € A" N U be such that ¢Naa’ = (). By
assumption, there exists d € A" NV such that g(d) = f(¢). By 1.7, we have ¢ C dcl(ad'd),
and so ¢ C aa'd; then ¢ C d by independence, and so ¢ = d since all points of U have
pairwise distinct coordinates and the same order type. We have now shown that the set

C:={ceA"nU:¢cnaad’ =0}

is contained in V and ¢g[C' = f[C. As C is dense in U and both U and V are convex in
each coordinate, we have U C V and, by continuity, g|U = f. Symmetrically, V' C U, so

f=uy ]

1.9 (¢f. [12,4.2 and 4.3]). Let *B be o-minimal, A C B be independent, g = (g1 . .. gx): B™ —
B* be definable, and S C B™. If 8 has definable Skolem functions, then:

(1) There is a definable 8" C S such that A" NS Ng Y (A*) =A™ NS

(2) g(A"NS) is a finite union of sets of the form f(A’NC') (for various j), where C' C B’
is a strongly regular A-simple open cell and f: C — B* is definable, strongly regular
and A-simple.

Proof. 1. Repeat verbatim the proof of [12, 4.2] up through the end of the third sentence
of the third paragraph. Let n = 0. By A-simple cell decomposition and the inductive
assumptions we reduce to the case that g is A-simple; then either S" = S or S’ = ) will do.
Thus, we may now assume that n > 0 and finish verbatim as for [12, 4.2].

2. Put X = g(A™ N S) and then argue similarly as in the proof of [12, 4.3], using 1, 1.5
and 1.6. 0

Remark. The assumption of definable Skolem functions is perhaps unnecessary—the con-
clusion certainly holds if 28 is just a DLO—but existence of definable Skolem functions is
used in the proof of [12, 4.2].

1.10. Let B be an expansion of (B, <).
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(1) If A C B is independent in B, then there exist B* = B and A* O A such that A*
is densely contained in B* and independent in *B*.

(2) Th(B) extended by any family of mutually independent dense unary predicates is
congistent.

Proof. 1. Let B; = B be (card B)*-saturated. It is routine to construct a subset A; of
By that contains A, is independent in B, and intersects every open interval of B; having
endpoints in B. By iteration, we obtain chains 8 = B, < %8, < --- < B, = ... and
A=A C A C---CA, C... such that A, C B,, and A, is independent in B,
and intersects every open interval in B, having endpoints in B,. Put 8* = |JB, and
A* = A,.

2. Apply 1 with A = () and then iterate. O

2. THE BASIC RESULTS

In this section, we establish as many facts about 74P as we reasonably can that require
only minor modification of already-known results about TP3'; in particular, we establish
that 7™ is complete and has T as an open core. (See [8] for general information on
theories with open cores and why we are interested in them, and also [24,26] for some
special attention to the case that M = R.) Many of our proofs are minor or routine
modifications of arguments to be found in other papers (especially [3] and [12]), and details
will often be omitted. We abbreviate mutatis mutandis by m.m.

For the rest of this paper: 90 denotes an arbitrary model of T" and H a dense
independent subset of M (thus, (9, H) is an arbitrary model of 7T™mdeP).

Before launching into abstractions we establish an easy, but very important, technical
extension of the codensity of H (which we already have by 1.1.4).

2.1. Let g;: M™ — M be definable in MM for 1 < i <n. Then |J;_, g;:(H™) is codense in
del(H) \ H.

Proof. We first dispose of a special case: the functions x — > ;" x; for m > 1. Let (a,b)
be an open interval of M with b € M. By density of H, there exist h € H N (a,b) and
0<hy <+ <hy€H\{h}such that by +---+h, y <b—h. Then h+ 37" 'h,; €
(h,b) C (a,b). By independence, h + S~ h; ¢ H.

Now we deal with the general case. Suppose to the contrary that I is an open interval
of M and I N (dcl(H) \ H) C U, gi(H™). There is a finite S C M such that H U S
is independent and each g; is (H U S)-definable. Put N =2+ "  m; + card S. By the

preceding paragraph, there exist pairwise distinct hy ... hy € H such that Zﬁ\; h; € I;

without loss of generality, we thus have Zf\il hi = g1(k1, ..., ky,) for some ky, ... ky, € H.
Let 1 <7 < N. Evidently,

hl' S dCl({hJ j #Z}U{kl,,kml}US),
soh; € {hj:j#i} U{ki, ..., kn, } US by independence of H U S. As
card({k1, ..., km, } US) < my + card(S) < N,

there exist 1 <4 < j < N such that h; = h;, a contradiction. O
11



It is immediate from 1.10 that
2.2. Tindep js consistent.

Remark. Consistency of T™%P is easy to verify more concretely in many cases of interest.
For example, if T" has an archimedean model, then it has a model R over R (Laskowski
and Steinhorn [22]). If moreover fR is not finitely generated as a model of T (in particular,
if T'is countable), then R contains a dense independent set (and similarly for families of
mutually independent dense sets, subject to some obvious restrictions on the cardinality
of the family). These considerations lead to the more general question of existence of
prescribed models: When does any particular model T expand to a model of 7™4P? (Some
will not, e.g., no finitely generated model of T expands to a model of TP ) We shall not
pursue this matter in this paper, as the question is equivalent to asking whether the model
contains a dense independent set, which is best checked for cases of interest as they arise.

Our next major goal is to show that TP is complete; for this and later developments,
we now need a few more

Global conventions. As T has definable Skolem functions ([13, p. 94]), we assume for
technical convenience that T" admits elimination of quantifiers and is universally axioma-
tizable. Hence, substructures of models of T" are elementary substructures. The default
for decl is with respect to 7', while dclp refers to definable closure with respect to 74P,
Independence is with respect to dcl unless stated otherwise. For A, B,C' C M, we write
A |, B to denote that A is independent from B over C, and A [ B if otherwise. If
C = (), then the subscript is omitted. We say that A is P-independent if A | AnH H.
In order to reduce notation, we often indicate union by juxtaposition: We may write AB
for AU B, Az instead of AU Z for b € M, and so on. For a € M, tp(a) refers to the
L-type of a, while tpp(a) refers to the Lp-type. Similarly, gftp(a) and qftpp(a) denote the
corresponding quantifier-free types.

Definitions. (cf. [3, 2.3 and 2.4]) Given E C M, we say that (9, E):

— has the coheir property if, whenever A C M is finite dimensional and algebraically
closed and ¢ € S;(A) is non-algebraic, there is e € E such that e F q.

— has the generalized coheir property if, whenever A C M is finite dimensional
and ¢ € S, (A) is n-dimensional, then there is e € E™ realizing g.

— has the extension property if, whenever A C M is finite dimensional and alge-
braically closed and g € S;(A) is non-algebraic, there is a € M such that a F ¢ and
a ¢ dcl(AE).

— has the generalized extension property if, whenever A C M is finite dimensional
and g € 5, (A), there exists a € M" realizing ¢ such that a | , AE.

— is chivalrous it has the coheir and extension properties.

(None of the above require that 9t be anything but a structure on the set M.)

2.3. If (M, H) is (card T')-saturated, then (I, H) satisfies the coheir property. If (9, H)
is (card T') " -saturated, then (9, H) satisfies the extension property.

Proof. The first statement is immediate just from density of H and o-minimality of T,

while the second follows from 2.1 and o-minimality of 7. O
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Hence,
2.4. If (M, H) is (card T')*-saturated, then (9, H) is chivalrous.

2.5 (m.m. [3, 2.4]). (9, H) is chivalrous if and only if it satisfies the generalized coheir
and extension properties.

2.6 (cf. [3, 2.8]). Let (Mg, Hy) and (9My, Hy) be chivalrous models of T™P. Let a and b
be finite P-independent tuples of the same length from My and M; such that qftpp(a) =

ftpp(B). Then tpp(a) = tpp()

Proof. Let f be a partial Lp map from M, to M, taking a to b. We show that if ¢ € M
then we may extend f so that its domain includes ¢. Note that without loss of generality
we may assume that ¢ is disjoint from a. To begin with, by extending ¢ if necessary we may
assume that ac is P-independent. Let ¢, = HyN ¢ and let ¢ = ¢\ ¢;. Let p = tp(c1/a).

By the P-independence of a we have a J/Homa ¢p. Let p’ € S(b) be the f-image of p. Note
that p' is free over H; Nb. Also notice that since ¢ and a are disjoint, it follows that p has

dimension card¢;, and thus the same holds for p’. Hence, we may apply the generalized
coheir property to p’ to find d; € H; so that d; F p'.

Claim. qftpp(cia) = qftpp(dyb). B
We must show that if ¢ is a term, then ¢(¢,a) € Hy if and only if ¢(d1b) € Hy; we do only

the reverse implication (the other is similar). Let b* = t(d1b). Since b is P-independent
we have b J/ng b*d; and thus b* J/( i bdy. Hence b* € dcl(di(Hy, Nb)) and so b* €
{di(H Nb)} and the result follows.

Now let f extend f and take ¢a to dib. Let ¢ = tp(cy/ac,) and let ¢ € S(bd;) be its
image under f . By the generalized extension property there is ds = ¢’ so that ds J/B i Hydqb.

Hlﬂl;

Claim. oftpp(cacia) = qftpp(dadyb).

Again, we need to show that if ¢ is a term, then t(cy¢1a) € Hy if and only if #(dadib) € Hy;
this follows much as the previous claim.

Thus, we now extend f by sending & to ds, completing the proof. 0

As a corollary of the proof, all chivalrous models of 74P are back-and-forth equivalent.
Hence,

2.7 (cf. [3, 2.9]). All chivalrous models of T™4°P are elementarily equivalent.

When combined with 2.4, all (card T') T-saturated models of TP are elementarily equiv-
alent. Hence,

2.8. T™dep js complete.

Remark. Due to the many good model-theoretic properties of T', we need only axiomatize
the independence and density of P to get a completion of T" as an Lp-theory. Compare
this with the case of lovely pairs ([3, 2.10]), which requires explicit axiomatization of the
coheir and extension properties.

Next is an important quantifier-simplification result.
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2.9 (m.m. [3, 3.2], ¢f. [12, Theorem 1]). Each Lp-formula v(y) is T™P-equivalent to a
Boolean combination of formulae of the form 3z (PzA¢(Z,y)) where ¢(Z,y) is an L-formula.

Remark. Allowing boolean combinations is necessary, indeed, 7P is not model complete:

2.10. The formula p(w):=3uv(PuA Pv Au+v = w) is not TMP-equivalent to a universal
L p-formula.

Proof. We show that ¢ is not preserved downward among models of 7™ By removing
one element of H, we reduce to the case that there exists a € M \ dcl(H). Let I > 9 be
such that M’ contains some b > M. It is easy to check that HU{b,a— b} is independent in
9. By 1.10, there exists (M”, H") E T™4P such that (M, H) C (9", H") and b,a—b € H";
then (I, H") E p(a) and (M, H) ¥ ¢(a). O

For the next several results (up through 2.25, essentially) we switch from [3] to [12] for
templates of results and proofs. The development is quite similar to that in [12], so we
proceed rapidly and without much discussion.

2.11 (m.m. [12, 2.3]). If (M, H') = (M, H), then H" |, M.

Next is a generalization of our 2.6.
2.12. Fori = 1,2, let (B, A;) C (M, Hy) = T™* be such that H; |, B;. Then tp(B;) =
tp(B2) if and only if tpp(B1) = tpp(Bs).
Proof. By 2.4 and 2.11, we may assume without loss of generality that (9t;, H;) are chival-
rous. The result is now immediate from 2.6. 0J
2.13 (cf. [12, 2.7]). If (M, H) C (M, H') & T™P and M \LHH’, then (I, H) < (O, H').

Proof. By assumptions on 7', we have 9t < 9V, and trivially H | ;M. Hence, 2.12 applies,
and the result follows. O
2.14 (cf. [12,2.8]). Let A C M be independent. Fori = 1,2, let (M, A) C (9M;, H;) F T™dep
be such that M | 4 Hi If a; € H realize the same type over M in 9;, then they realize
the same type over M in (9M;, H;).

Proof. We have tp(Ma;) = tp(Maz), and M LAal Hy and M \LA@ Hy. By 212, tpp(May) =
tpp(Mas). O
2.15 (cf. [12, 2.9]). For i = 1,2, let (M;, H;) E T™. Let C C H; N Hy be such that
tp™1(C) = tp™2(C). Let b; € M; \ dcl(H;) be such that tp(b;/C) = tp(by/C). Then
tpp(b1/C) = tpp(b2/C).

Proof. Observe that tp(b1C) = tp(b2C) and H; |, b;. By 2.12, tpp(b1C) = tpp(b2C). [

2.16 (m.m. [12, Theorem 2, (1)=-(2)]). If X C H" is definable in (MM, H), then X is a
trace on H of a set definable in 9.

(It follows that H (9, H) is weakly o-minimal—that is, every unary definable set is a
finite union of convex definable sets—but we give a much more detailed statement at the
end of this section. See, e.g., Macpherson, Marker and Steinhorn [23] for basic information

on weak o-minimality.)
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2.17 (cf. [12, 3.1)). delp(H) = del(H).

Proof. Let b € M \ dcl(H). We show that b ¢ dclp(H). Let (9%, H*) = (I, H) be
sufficiently saturated; then dcl(H*) # M*, so dcl(H*) is codense in M* by 2.1. Thus,
there there exists b* € M* \ dcl(H*) such that b and b* are in the same cut over dcl(H)
and b # b*. Then tp(b/H) = tp(b*/H), and so tpp(b*/H) = tpp(b/H) by 2.15. Hence,
b ¢ delp(H). 0

Remark. Tt follows that there exist dclp-independent a,b € H, so (9, H) # EP by the
proof of 1.1.1; in other words, no model of TP has EP. Compare this with the note
following [8, 5.7].

2.18 (cf. [12, 3.3]). If (M, H) C (9", H*) =T and M |, H*, then M is the definable
closure of M in (9, H*).

Proof. Note that H # M. Let 9(H*) be the submodel of 9* generated by M and
H*. It is immediate from 2.13 that (M(H*), H*) < (9*, H*) and thus that dclp(M) C
dcl(H*M). Follow the proof of [12, 3.3] up to Case 2. Put H' = Ha}...a;_; and M’ =
del(Mai, ... a;_). Observe that H' is independent and then finish as in [12, 3.3]. O

Following (but also extending) [12], we say that X C M* is H-small (relative to 9)
if it is definable in (9, H) and there is a map f: M"™ — M* definable in 90 such that
X C f(H™).

2.19 (m.m. [12, 3.4]). If F: M — M is definable in (9, H) then there exist an H-small
X C M and F: M — M definable in 9 such that F[(M \ X) = F[(M \ X).

2.20 (m.m. 4.3, via 1.9.2). If X C M' is H-small, then X is a finite union of sets of the form
f(H™NU) (for various m) where U is an open cell in M™ and f: U — M' is continuous
and definable in 9.

2.21 (m.m. [12, 3.5]). If S C M is definable in (M, H), then S\ X = S’ \ X for some
H-small X € M and 5" C M definable in 9.

It is immediate from 2.1 that
2.22 (cf. [12, 4.1]). No interval of M is H-small.

We digress to point out that 74P fails to have definable Skolem functions, and in a
transparent and uniform way:

2.23 (m.m. [8, 5.4] via 2.19 and 2.22). (9, H) defines no Skolem function for the formula
r <y Py.

2.24 (m.m. [12, Theorem 4] via 2.20, 2.21 and 2.22). If X C M is H-small, then there is
a partition —oo = by < by < -+ < by < bry1 = 0o of M such that for each i € {0,...,k}
either X N (b;,bi+1) = 0 or X is dense-codense in (b;, b;y1).

If S C M is definable in (9, H), then there is a partition —oo = by < by < -+ < by, <
bri1 = 0o of M such that for each i € {0,...,k} either SN (b;,b;11) =0, (bi,bix1) € S or
S is dense-codense in (b;, b;11).
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We arrive at the main result of this paper:
2.25. T is an open core of T™4eP,

Proof. Tt is immediate from 2.24 that every open subset of M definable in (9, H) is a
finite union of open intervals. By [12, 4.6] m.m., every cofinitely continuous unary function
definable in (9, H) is definable in 9. Now apply [8, 4.14]. O

We now proceed to analyze finer properties of 74P and its models.
First, we show that dclp is easily calculated relative to dcl (something that is not known
for dense pairs).

2.26. If X C M is finite and Y C H is minimal such that X \LY H, then dclp(X) =
del(X UY).

Proof. Let My < M be generated by X UY and consider the substructure (9%y, My N H)
of (M, H). We have (X UY') |, H, and so My \LMOHH H. By 2.18, M, is definably closed
in (M, H). Thus, del(X NY) =dclp(X NY), and so delp(X) C del(X UY).

That del(X UY) C dclp(X) is essentially immediate from 1.7, 2.25 and the minimality
of Y. O

2.27 (cf. [8, 5.2]). (I, H) is not atomic.

Proof. By 2.26 and independence of H, we have dclp(()) = dcl(0) # M; by 2.25 and [8, 4.7],
(91, H) is not atomic. O

We have now established analogues of essentially all results about TP** from [12] and |8,
§5] except for failure of elimination of imaginaries [8, 5.5] (we show in the next section that
T™mdeP does eliminate imaginaries). We note one more similarity with 7P%r;

2.28. T™dep jg strongly dependent.

See Berenstein, Dolich and Onshuus [1] for a definition of “strongly dependent”. The
proof is a routine modification of [1, 2.11]: Replace the assumption there that the inter-
pretation of P be algebraically closed with the observation that if ¢,d;,...,d, € H and
c €dcl(dy,...,d,), then ¢ € {dy,...,d,}.

We close this section by making precise the notion that H (9%, H) (the structure induced
on H in (M, H), as defined in Section 1) is as simple as possible among all E(91, E) where
E is dense-codense in M. It is immediate from definitions that if C' C M™ is an E-simple
cell that intersects E™, then E™ dense in C' (and also codense in C'if C' is not a point). Thus,
every decomposition C of M"™ into E-simple cells of 9t induces something very much like a
cell decomposition of E" in E(9M, E), namely, the collection of traces { E"NC : C € C}.
Hence, it is fair to say that E(9, E) is as simple as possible if the obvious modification of
cell decomposition holds. This is true for £ = H:

2.29. (1) If X is a finite collection of subsets of H"™ definable in H(9M, H), then there
is an H-simple decomposition C of M™ such that { H* N C : C' € C } is compatible

with X.
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(2) If X € H" and f: X — H is definable in H(N, H), then there is an H-simple
decomposition C of M"™ compatible with X such that f[(H™NC) is either constant
or a coordinate projection for each C € C such that C' C X.

Proof. Ttem 1 is immediate from 2.16 and 1.6, and 2 is immediate from 1. O

3. b—FORKING AND ELIMINATION OF IMAGINARIES

In the previous section, we focussed primarily on similarities between T™eP and TPair,
We now deal with the major difference: 7™ eliminates imaginaries. In the course of
proving this, and of interest in its own right, we give an explicit description of p-forking in
T4 that depends visibly and uniformly on 7. (This stands is in marked contrast to b-
forking in 7TP** where no such result is yet known.) We refer frequently to [2]; expressions
of the form [2, n] always mean “the result numbered n in [2]” (as opposed to “[2] and [n]”).

First, it is immediate from 1.1.3 and [2, Theorem 3] that

3.1. TP has b-rank w.

In particular, TP is rosy, so all relevant results about b-forking from [27] are available;
we use them freely throughout.
Some further conventions for this section: (M, H)*? denotes the underlying set of (9, H)9,

Z ranges over subsets of (M, H)®, and dcl®® denotes definable closure in (9, H)®Y. Recall
that 7" eliminates imaginaries [13, p. 94].

3.2. If X C M", then X is Z-definable in (9, H)*® and definable in 9 if and only if it is
(M N dcl®d(Z))-definable in 9.

Proof. Without loss of generality (9%, H) is sufficiently saturated. Let ¢ be canonical pa-
rameters for X in 9 and ¢ be an automorphism of (9, H)® fixing Z. Then o(X) = X,
and so o(¢) = ¢, thus yielding ¢ € M Ndcl®(Z). (The reverse implication is trivial.) O

Remark. The proof uses nothing beyond that T eliminates imaginaries.

The point is that Z-definability of X in (9, H)® gives us some control on how we may
choose the parameters that define X in 9t (provided that X is definable in 9t). These
two equivalent conditions will come up so often in this section that we declare a temporary
abbreviation: We say that X C M" is Z-definable in M if it is (M N dcl®d(Z))-definable
in 9, if and only if it is Z-definable in (9, H)*? and definable in 9.

Given ) # X C M, we define the small closure of Z over X, denoted by sclx(Z), to
be the union of all images f(H™ x X™) such that f: M™™™ — M is Z-definable in 9. For
X = (), we suppress the subscript and take m = 0, that is, scl(Z) is the union of all f(H™)
such that f: M™ — M is Z-definable in 9. (Note: On the face of it, our definition appears
to be different than that used in [2], but we shall soon establish that they are equivalent.)

We have an important equivalent description of scly:

3.3. If X C M, then a € sclx(Z) if and only ifa € f(¢,X™) for some f: M"™™ — M that
is Z-definable in MM and ¢ € H Ndcl*Y(a X 7).
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Proof. Let a € sclx(Z). Let n be minimal such that a = f(¢, z) for some m € N, function
fi: M™™ — M that is Z-definable in 9, x € X™ and ¢ € H" having pairwise distinct
coordinates. As f is definable in 9, there is a Z X-definable neighborhood U of ¢ such that
U is disjoint from all diagonals and f[U is strictly monotone in each coordinate. By 1.7,
the set of all h € H" NU such that f(h,z) = b is finite, thus yielding the result. O

Remark. The proof uses only the o-minimality of 901 and the independence of H.

For finite S C (M, H)%, we let dim®(S/Z) be the minimal cardinality of all finite
S" C (M, H)* such that S C dcl®4(5'72).

We are now ready to state the first main result of this section.

3.4 (p-forking in T™9P). Let (MM, H) be a sufficiently saturated model of T and a,b €
M.

(1) Ifa € H, then a f b if and only if a € dc**(bZ) \ dc1*(Z).
(2) Ifa € scl(Z), then a jf;? if and only if dim®(¢/Zb) < dim®4(¢/Z) for all ¢ as in 3.3.
(3) Ifa ¢ scl(Z) then a j/l; b if and only if a € scl(Z).

Throughout the proof (up through the end of 3.8), we assume that (9%, H) is sufficiently
saturated. In the course of the proof, we establish two auxiliary results that help highlight
the usefulness of 3.4: in words, dcl®® has EP for H over subsets of (M, H)*, and our
definitions of scly and H-small are equivalent to those given in [2].

Proof of 3.4.1. Let a € H. Suppose that a ¢ dcl®)(Zb). Let a € W C M, where W
is Zb-definable. Without loss of generality, W = I N H for some interval I. If follows
from density of H and o-minimality of (90, H)° that I N H does not p-fork. (The reverse
implication is trivial.) O

Proof of 3.4.2. Let a € scl(Z), b € M and ¢ be as in 3.3 (with X = ). Then a is
interdefinable with ¢ over Z in (9, H)®*® and, by 3.4.1, we have Ej/l;l_) if and only if
¢ € dcl®(bZ) \ dcI®(Z). The result follows. O

We pause to note that rosiness of 74P together with 3.4.1 yield exchange for dcl®® when
restricted to H:

3.5. If h,h € H and h € dcI*Y(W' Z) \ dc®d(Z), then I/ € dcl®V(hZ).
Next is half of 3.4.3.
3.6. Ifa € scly(Z) \ scl(Z) and b € M, then a j/gl;

Proof. By induction and rosiness of T™9P we may reduce to the case that b is a singleton
b. We have a = f(¢,b) for some ¢ € H and f Z-definable in 9. By exchange in 90,
b € scly(Z). If b € del®(aZ), then b ¢ dcl®d(Z), since otherwise a € scl(Z). It follows
that b jf;a and we have our desired result by symmetry. Hence, we now assume that
b ¢ dcl*d(aZ).

We have that tpp(a/bZ) F Jy(Py Az = f(y,b)). It suffices now to show that the set

I''={3y(Pynz = f(ngS, b*)) : b* Etp(b/aZ) }.



I is l-inconsistent for some {. Suppose otherwise; then we have b; with i € w and h; € H
so that ¢ = f(hs,b;) for some fixed c¢. By 3.3, there is ¢; € H N dcl®d(b;aZ) such that
b; = h(¢;,a) for some function h that is Z-definable in 9. Thus, ¢ = f(a;, h(¢;,a)) for
all @;¢;, and we have a function g that is aZ-definable in 9t and such that g(d) = ¢ for
infinitely many d € H. By compactness, there are a function §: M™ — M definable in 9t
and a sequence of distinct tuples ¢; € H for i € N such that g(e;) = ¢ for all i € N. If we
assume that m is chosen to be minimal, then we violate 1.7, a contradiction that finishes

the proof. 0

In order to finish the proof of 3.4, it suffices now to show that if a ¢ sclz(Z), then
a LkZ’B, which would be immediate from [2, 45] except that our definitions of scly and
H-small appear to be different from those used [2]. Thus, it suffices now to show that

3.7 (cf. [2, 33 and 34]). The following are equivalent for a,b € M:
(1) a €scly(Z);
(2) a € SCandgeanZ)(@);
(3) a lies in a bZ-definable H-small set.

The above needs only an appropriate version of 3.2 for unary H-small sets:

3.8. If X C M is H-small and Z-definable in 9, then X C g(H™) for some g: M™ — M
that is Z-definable in 9.

Proof. We first show that X C scl(Z). As X is H-small there exist f: M™™™ — M

()-definable in 9% and ¢ € M™ such that X C f(H™,¢). If m = 0, then X C dcl(H), and

we are done.

Now suppose that m > 0 and, toward a contradiction, that X ¢ scl(Z). Put d =

.o Cm_1. Since T™P is rosy, there exists a € X \ scl(Z) such that a\Lg ¢. Thus,
b

a |, -e But a € sclg(P), so in particular a € scle(Z) and hence by 3.6 a € sclg(Z).
Continuing, we conclude that a € scl(Z), a contradiction. Thus X C scl(Z).

By compactness, there is a function g: M"™ — M Z-definable in 9t such that X C g(H").
By elimination of imaginaries for 91, we may assume that g is e-definable in 9, where e
are canonical parameters for g. Since g is Z-definable, any automorphism o of (91, H)®
fixing Z fixes the graph of g and fixes € pointwise. Hence, € € M Ndcl®d(Z) as required. [

C1

We have now established 3.4. Next, we work toward elimination of imaginaries for 74P,
Much of the work parallels the analysis of imaginaries in [2] (at least, in spirit), but we
must also revisit several our earlier results and carefully track parameters.

3.9 (cf. 2.16). If X C H™ is b-definable in (9, H), then X is a trace on H of a set that is

dclp(b)-definable in 9.

Proof. Tt suffices to show that if ag,a; € H™ and tp(ao/dclp(b)) = tp(a;/dclp(b)) then
tpp(do/ delp(b)) = tpp(ai/dclp(b)). Fix ag and a@,. Without loss of generality, (9, H)
is sufficiently saturated and by 2.26 we have that b is P-independent. Thus bag and ba,
are P-independent. It suffices now by 2.6 to show that qftpp(agh) = qftpp(a;b). Thus we

need only let ¢t be an L-term such that #(bag) € H, and show that t(ba;) € H. We have
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ba J—’BaoﬂH H, and thus t(ba) \J—/BaoﬂH H. As t(bay) € H, we have t(bagy) € dcl(bag N H).
By independence, t(bag) € bag N H, and so t(ba;) € ba; N H as required. O
3.10 (c¢f. 1.9.1). Let SC M™ and g = (gy ... gr): M™ — M* be Z-definable in 9. Then
there exists S’ C S that is Z-definable in 9 and such that

H™"NSNng ' (H")=H"NS.

Proof. By 3.2, there exists b € MN C dcl*)(Z) such that S and g are b-definable in 9. As
in the proof of 1.9.1 we reduce to the case that £k = 1. Let g: H™ — H be given by

v Jgx), ifglx)eH
9lw) = {xl, if g(x) ¢ H.

Note that § is b-definable in (90, H). By 2.29, § is given piecewise by constants and
projections; let ¢; ..., € H be the possible constant values. Note that each ¢; € delp(b).
For 1 <i <l let U;=g '(c;), and for 1 <j <m,let V; = {x € M™: g(z) = x; }. Each

of these sets is dclp(b)-definable in 9. We now have:
l m
B0 S g () = | JH™ 0 (S 00 g (1) U™ 0 (S0 Vi) ng (1)

i=1 =1

(H™N(SNV))

=

=JEm"n(snuy))u

—_

l

Cs

=H"n(Jsnu)ul Jsnm)).
i=1 i=1
Setting S" = Uizl(S NU;) UL, (SNV;) yields the desired result follows, as the U; and V
are all Z-definable in 1. U

3.11 (cf. 2.20). If X C M' is H-small and Z-definable in (9, H)®, then X is a finite
union of sets of the form f(H™ NU), where U is a strongly regular open cell in M™ and
f: U — M is strongly regular and Z-definable in 0.

Proof. By 3.8, X C f(H™) for some f: M™ — M!" that is Z-definable in 9t. Observe
that H™ N f~1(X) is Z-definable in (9, H)*4. Via 3.9 and 3.10, the rest of the proof is
essentially the same as that of 2.20. O

3.12 (cf. [2,50]). Letd € M™, E be an equivalence relation (-definable in (M, H), w: M™ —
M"/E be the canonical projection map, and e¢ := d/E € (9, H)*4. Then scl(e) N7w~1(e) #
0.

Proof. Let Dy be the set of all z; for which there are s, ..., z, such that 7(zy,...,z,) =e.
If Dy is H-small, then pick d; € D; and note that d; € scl(e) by 3.7. If D; is not
H-small, then by 2.21 there is an interval J such that J N (M \ D;) is H-small; then
sclle)NJ & (M \ Dy) by 2.1. Pick dy € JNscl(e) with d; € D;. Now continue in this
manner to recursively construct d. Specifically, let Dy be the set of all x5 for which there

are s, ..., x, such that 7(dy, z2,...,z,) = e, and continue as above. O
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3.13. TP eliminates imaginaries.

Proof. Let e be an imaginary of (9%, H). By 3.7 and 3.12 there is an H-small e-definable
set X C M™ such that X N7~ !(e) # 0 (where 7 is as in 3.12). Since X is e-definable and
H-small, so is X N7~ 1(e). By 3.11, X N7~ !(e) = Uézl X; where each X; is e-definable and
of the form f(H™ NU) where U is a strongly regular open cell of M and f: U — M" is
Z-definable in 91 and strongly regular. If a is a canonical parameter for X7, then it follows
easily that e and a are (-interdefinable in (9, H)®?. Thus, we now need only show that if
U is a strongly regular open cell of 9t and f: U — M" is Z-definable in 90t and strongly
regular, then f(H™NU) has a canonical parameter. By replacing 9t with dcl(H) (regarded
as a model of T'), we reduce to the case that M = dcl(H). By elimination of imaginaries
for M, let a be a canonical parameter for the graph of f. By 1.8, every automorphism
of (M, H) that fixes f(H™ NU) setwise fixes the graph of f pointwise, hence also a. As
f(H™NU) is a-definable, a is a canonical parameter for f(H™ N U) as required. O

We have now established all of our main results about 74°P: we next examine them in
the context of the wider program described in the introduction.

4. COMPARISON WITH OTHER EXAMPLES

Let T"°¢ be the Lp-theory of the extension of 7' by a dense-codense unary predicate.
In this section, we compare TP with the other currently-known examples of complete
L p-extensions of T7°¢ that have T as an open core, namely, 77" and the completions of
the extension 7" of T' by a generic unary predicate. (See [8, §6] for the definition of 7",
denoted there by 7%, and a proof that T is an open core.)

First, we summarize the preservation status of some good model-theoretic properties
satisfied by T

Tindep [ TPair [ completions of T8
strong dependence yes yes no (independent)
elimination of imaginaries | yes no yes
exchange no rarely | yes
atomic model no no almost no
definable Skolem functions | no no no

(We assume the reader knows that all of the above properties hold for T' except possibly
for strong dependence, which follows from the even stronger property of dp-minimality; see
Dolich, Goodrick and Lippel [7] for information). For T'm4eP recall 2.28, 3.13, 1.1.1, 2.27
and 2.23. For TP** strong dependence is by [1, 2.11], and the other results are from [8, §5].
(It is possible for TPa" to satisfy exchange, but only under degenerate circumstances, in
particular, 7" cannot interpret an ordered ring; see [8, 5.9] for more information.) As for
T (i) independence and exchange is by Chatzidakis and Pillay [6, §2]; (ii) elimination of
imaginaries is by Fratarcangeli [15]; (iii) see [8, 6.3] for failure of definable Skolem functions;
(iv) by combining [6, 2.6.1] with [8, 6.6.1], there are at least continuum-many completions

of T at most one of which has an atomic model.
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Now we summarize p- and dp-ranks:

rank | T | T™dep [ Tpair completions of T
b 1 |w w (pole) | 1
dp |1 |w w (pole) | oo

By [27], T has b-rank 1; by [7], it has dp-rank 1. We have already shown that TP has b-
rank w (3.1), and it is immediate from 1.1 and 2.28 that 74P has dp-rank w. Preservation
of p-rank in passing to 75" follows from Ealy and Onshuus [14, 4.1.2] and its proof, while
independence of T8 rules out ordinal dp-rank. Once again, there is a split in the behavior
of TPar By [2, Theorem 3] and [1, 2.11], TP** has both b-rank and dp-rank bounded
by w. If T has a pole, then T also extends the theory of real-closed ordered fields, so
TP has b-rank w by [2, Theorem 3J; this is also true for dp-rank, as we now show. Let
(M, A) E TP be saturated, and let (e,),>o be sequence of independent elements of M.
For ease of notation (and without loss of generality), we assume that the addition of the
field structure is the same as +. For each n, the map = — Y | e;z; is injective on A™ by
independence. If T' does not have a pole, then the situation is more complicated. There is
at least one concrete case of interest where the dp-rank of TP is finite: By ongoing work
of Dolich and Goodrick, Th(Q, <, 4+, 1)P%" has dp-rank 2 (we do not know the p-rank).

Dense graphs. In any first-order topological structure, the existence of a definable func-
tion whose graph is somewhere dense is somehow related to failure of EP, but we do not
yet understand this precisely. By [8, 4.15 and 4.16], if 7" is any complete extension of
Tros¢ having T as an open core and dcl is not preserved in passing to 7T*—in particular,
if T* ¥ EP—then every model of T* defines a unary function whose graph is somewhere
dense. We do not know if the converse holds, but we do know that if (I, G) E 75",
then the graph of each definable function is nowhere dense [9, 6.2]. As for (9, A) £ TPair:
(i) if T = Th(Q, <,+,0, 1), then the graph of each function definable in (91, A) is nowhere
dense [8, 5.9]; (ii) if T" extends the theory of ordered rings, then (9, A) explicitly de-
fines, allowing parameters from M, a unary function whose graph is somewhere dense (see
[12, p. 62]); (iii) we suspect that the graph of every function (-definable in (901, A) is nowhere
dense, but this is open as yet. For TP there is no such variation of behavior: It is easy
to see that the union of the sets { (z,y) : {z +y,y} C H} and {(2,0): {z +y,y} € H}
is dense and the graph of a function M — M. Hence, (9, H) (-defines a unary function
whose graph is dense.

Induced structure. As mentioned in the introduction, 77°*¢ can have “wild” models
(9, X) where X (9, X) is as large as possible, while 2.29 shows that T™°*¢ always has
models (M, X) such that X (M, X) is as simple as possible. Some intermediate, but still
rather simple, behavior is exhibited by TP*": If (91, X') £ TP then X (9M, X) is interdefin-
able with the expansion of X by all traces on X of open intervals of M ([12, Theorem 2.3]).
In all of these examples, the induced structure is easy to describe relative to 99T as some
concretely recognizable object, even in the wild case (for any nonempty set X, its expansion
by all subsets of each X™ is certainly easy to describe without any information about 9t).

But this need not be so, even if X (9, X') =4¢ X (9M), as we show next for models of 75",
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Note. The rest of this section has no particular connection to 7P or TP except for
purposes of comparison, and all results hold assuming only that 7" is o-minimal and 9t
defines a unary function that is not definable in (M, <) (we shall use the function = + 1).
As such, it is something of a side issue to this paper, so we leave a number of routine
details to the reader, who we assume to be fairly familiar with genericity over o-minimal
structures (see [8], and [26] over the real field). Fix (9, G) E T#". To simply notation, we
write & instead of G(9, G). Recall the basic facts about topology, open cores and induced
structures from Section 1.

4.1. Every open set definable in & is a trace on G of an open set definable in M. Every
set definable in & is a boolean combination of projections of traces on G of locally closed
sets definable in M.

Proof. The first statement is immediate from 1.3 and that 7' is an open core of T5";
the second is immediate from cell decomposition in 9 and that every set definable in
(M, G) is a boolean combination of preimages of G under functions definable in 91 (see
Friedman [16, Theorem 2] or derive from [6, 2.6.4]). O

Hence,
4.2. & =4 B° = G(IM°).

The point is that & is rather tame in certain ways: It can be regarded as being generated
by its open definable sets, which are well understood and mutually well behaved under
boolean operations, and there is a uniform (and quite low) syntactic bound on how the
definable sets are generated from the open definable sets. Nevertheless, many sets definable
in & are poorly behaved topologically, as we show next.

4.3. Put E = {(z,y) € G* : y = v+ 1}. Observe that E is (-definable in ("M, G) and
closed in G?. By genericity of G with respect to 9, its projection {z € G:z+1 € G}
on the first coordinate is dense-codense in G. Moreover, this is even true locally: Given
e € E and a box I x J containing e, the projection of E N (I x J) is dense-codense in
I. Hence, while every set definable in & is a boolean combination of projections of locally
closed definable sets, it is possible for images of closed bounded (-definable sets under open
continuous (-definable maps to be nowhere locally closed. Note also that the definable
partial function z — x +1: {z € G:x +1 € G} — G has dense-codense domain and is a
homeomorphism onto its image, but at no point of the complement of its domain do any of
the one-sided lower or upper limits exist in G U {£oo}. There is a syntactic manifestation
as well:

4.4 (cf. 4.1). & is not model complete in the language of &°.
Hint of proof. Show by induction on n that if ¢(vo, ...,v,) is an L(M)-formula and
(m, G) = V’UQ(ZD(U()) — (PUO VAN _|P(UO + 1))),

where ¢(vg) := Jvr ... v (0(v0, - . ., va) AN Pv;), then (9, G) is finite. (The case n =0
is trivial; the case n = 1 contains the main ideas, which are already present in 4.3.) 0
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As &° defines dense-codense sets, topological analysis of & via &° is essentially ineffective.
Still, we might hope that & has reducts that are somehow topologically well behaved and
informative about &. But this also fails:

4.5. The structure &, = (G, <, (G N (a, b))a,beMU{ioo}) is, up to interdefinability, the
unique maximal reduct of & such that every unary definable set either has interior or is
nowhere dense.

We assume the reader knows or can check that &, has quantifier elimination, and so &
is weakly o-minimal and not much more complicated than (G, <). As for the rest, again
we provide only a hint for a proof. First, we define a “quasifunction” from G™ to G to be a
subset F' of G" x G such that for every x € G", the set {y € G : (x,y) € F } is convex, and
either empty or both bounded below and unbounded above. Observe that if I’ is definable
in &, then F' determines a (possibly partial) function f from G™ to M that is definable
n (M, G), and thus is given piecewise by functions definable in 9t (since dcl is preserved
in passing from T to T%"). We say that F' has some property if the associated f has the
property. Now show by the usual inductive arguments that:

(I,) If D is a decomposition of M™ into cells of 9 and every unary set definable in
(G,<,{G"ND:DeD})

either has interior or is nowhere dense, then there is a decomposition C of M™ into
cells of (M, <) such that { G"NC : C € C} is compatible with { G*ND : D € D }.

(IL,) If F: G™ — G is a quasifunction definable in & and every unary set definable
in (G, <, F) either has interior or is nowhere dense, then f is given piecewise by
constants and coordinate projections.

5. CONCLUDING REMARKS

Optimality. Density of H can be relaxed, but not by much. To illustrate,

5.1. If E C M is independent, then the following are equivalent.
) (M, E)° =qr M.

) (M, E)° is o-minimal.
) The topological closure of E is definable in .
) The topological closure of F is a finite union of points and closed intervals of M.

(1
(2
(3
(4

Proof. 1=2=3=4 is trivial, and so is 4=1 if F is finite. Assume that F is infinite. For
4=-1, the situation is somewhat similar to that of expanding ) by collections of mutually
independent dense sets. If 991 has a pole, then 1 follows from 2.25 by encoding E as
finitely many points and a single dense independent set (although some extra care must
be taken if the boundary of the closure of E intersects dcl(E) \ dcl(()). But in general, all
arguments of results up through 2.25 must be repeated subject to the obvious modifications.
This is considerably easier to do here, though, because we still deal with only one new
predicate. 0

(Of course, one can easily think of interesting cases where the closure of E is open and
convex and (9, £)° is not o-minimal, but this goes too far outside the intended scope of
this paper.)
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We have not said much about expansions of 9 by families of mutually independent dense
sets, but omission of “mutually” is easily seen to be problematic. Indeed, things can go
quite wild:

5.2. If T has an archimedean model and card(L) < card(R), then T" has a model R over
R and there exist independent E, H;, Hy C R such that

(1) E is closed and discrete, and (R, F) =q4¢ (R, +,-,7Z).

(2) H, and H, are dense, and (R, Hy, Hs) =qr (R, +,-,7Z).

(This also shows how complicated the situation can get once density is relaxed be-
yond 5.1.)

Proof. The model R exists by [22].

1. There exist independent a,b,c € R such that 0 < a < b < ¢. Construct sequences
(an), (b,) and (c,) of real numbers such that max(|a,, — an|, |b, — bn|,|c, — cn|) < 27" for
allneNand {a,:neN}U{b,:neN}U{¢c,:n e N} isindependent. Put A= {a, :
neN} B={b,:neN}and C = {¢, :n € N}. Clearly, lim,  o(ant1 — a,) = a,
lim, s 400 (bpy1 — by) = b and lim, (b1 — b,) = ¢. By [25, Asymptotic Extraction
of Groups|, (R, A, B,C) defines the cyclic groups aZ, bZ and c¢Z. By Hieronymi and
Tychonievich [17], (R, aZ,bZ,cZ) defines multiplication. Hence, it suffices now to put
E = AU BUC and show that (R, E) defines each of A, B and C. The set

Al ={zeF:a/2<min(EN(z,0))—x<(b+a)/2}

is definable in (R, F) and A\ A’ is finite. Hence, (R, E) defines A. By arguing similarly
with E'\ A in place of E, (R, E) defines B, hence also C.

2. By separabililty, there exist countable dense independent H;, H, C R such that
H, N Hy = E. Recall that every real Borel set is definable in (R, +, -, 7Z). O

5.3. It is natural to consider relaxing the o-minimality assumption on 7. Given the un-
derlying program of this paper, what comes first to mind is to assume instead that T has
an o-minimal open core Ty, and then hope to show that T is an open core of TP, There
is a natural division into two cases, namely, T'F EP or T' ¥ EP. We have relied so heavily
in this paper on T' F EP that we simply have no ideas at present on how to get along
without it, even over the theory of dense pairs of real-closed fields. Hence, let us assume
that 7' = EP; then 7" also satisfies uniform finiteness ([8, 1.17]) and thus 7" is “geometric”.
This situation is already being studied in much greater abstraction by others (e.g., [4]), but
as yet, we do not see how to handle even the most concrete cases that we know of, namely,
that Ty = Th(Q, <, +,0,1) and T is either 7§ or a completion of T§™". (Remark: By [6],
definable closure is preserved in passing to generic extensions, so we would always have
(Tgen)indep — Tgen |y Tindep')

5.4. It is also natural to consider Tm°¢ over more than one new kind of predicate. To
illustrate, let us extend Lp by a new unary relation symbol and extend 77°*¢ to the theory
of T" with two disjoint dense-codense unary predicates, where our intention is that the type
of noise associated to the predicates be different. By [8,9], there are two concrete classes
of examples having T' as an open core, namely, the extensions (7™4¢P)gen and (TPair)gen of

TmdeP and TP" by a generic unary predicate (as to why one might care about these, see the
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introduction to [9]). Similarly as in 5.3, we have (TPair)ndep and (7sen)indep (= 7rsenyprindep)
as possibilities, but we do not yet know if 7" is an open core of either. Perhaps most natural
in our setting should be consideration of the theories of structures of the form (I, H, A),
where (O, H) E TP (9, A) E TP and either dcl(H) C A or H is independent over
A. Tt seems reasonable to think these could be attacked by appropriate amalgamation of
proofs of results for 74P and TP* but we have not done any work on this.

Questions. We close with a list of questions (most of which we raised in [8] and are still
open).

Obviously, the overarching questions are: Which complete extensions T* of T (al-
lowing for extending Lp as well) have T" as an open core, and how are the model-theoretic
properties of T™ related to those of T'7 Can such T™ be classified in some useful fashion by
the model-theoretic properties that they do or do not possess?

If T is any theory (in any language) having 7" as an open core, and some model of T
defines a somewhere dense graph, must EP fail for T? What if T also extends the theory
of ordered fields and has a model over R?

If R is an expansion of a DLO having both definable Skolem functions and o-minimal
open core, is R o-minimal? What if R expands an ordered field?

If R is a definably complete (see [8] for the definition) expansion of an ordered field such
that Th(2R) has EP and is strongly dependent, is R o-minimal?

Early on this paper, we adopted for technical convenience in proofs (as opposed to
statements of results) that 7" has quantifier elimination and is universally axiomatizable. If
we drop this assumption, then what can be said about expansions of 9 by dense-codense
substructures? As the example (R, <, +, -, Q) makes clear, the result can be be quite wild,
so we should feel free to make further assumptions. We give only one concrete question
of this sort: If (K,+,-) is a subfield of (R, +, ) that does not define Z, is every open set
definable in (R, +, -, K) definable in (R, +,-)?
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