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Abstract. A main tool in studying topological properties of sets definable in o-
minimal structures is the Cell Decomposition Theorem. This paper proposes its
metric counterpart.

1.Introduction.

Fix any o-minimal structure on a real closed field R (for the definition and
fundamental properties of o-minimal structures the reader is referred to [vdD]). Let
n be a positive integer.

A subset S of R™ will be called an (open) cell in R™ iff

(1.1) S={(@',z,) e R": 2" € A, o1(2") < z,, < p2(2)},
where 2/ = (x1,...,2,_1), A is an open definable subset of R"~1, every ¢; (i €
{1,2})is either a definable continuous function ¢; : A — R or ¢; = —o0 or

p; = +oo and, for each 2’ € A, ¢1(x') < @o(x').
For any positive M € R, a definable continuous function ¢ : A — R defined on
an open subset A of R"~! will be called an M -function iff

(1.2) %(a)‘ <M (efl,...,n—1}),

at each point a € A in a neighborhood of which ¢ is of class C*.

An cell S in R™ will be called an M-cell (a semi-M-cell) iff, for each i € {1,2}
(for at least one i € {1,2}), if ; is finite, it is an M-function. A cell S in R™ will
be called a regular M -cell iff it is any open interval in the case n = 1 and, in the
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case n > 1, for each i € {1,2}, if ; is finite it is an M-function of class C! on A
and the projection A of S into R"~! is a regular M-cell in R" !,

An M-cell will be called an M -disc iff it is any open interval in the case n = 1
and, in the case n > 1, the both ¢; (i € {1,2})are finite and admit continuous
extensions

(1.3) vi:A— R
onto the closure of A in R"~!, and

(1.4) w1 =2 on OA.

Proposition 1. Let S be a regular M-cell in R™ and let ¢ : S — R be an L-
function (L > 0) of class C*.
Then

(1) for any two different points a,b € S, there is a definable continuous mapping
A=(A1,..., ) [0,]a=0b]] — S

such that A(0) = a,A(la — b|) = b and |Nj(t)] < (j — DIM7™Y, for any
je{l,...,n} and any t such that N(t) ewists';
(2) for any two points a,b € S,

|o(a) = @(b)] < n!M" ' Lla —b].

Proof. (1) Let S be as in (1.1). Arguing by induction and assuming that a’ # ¥/,
one can find a mapping

w=(wi,...,wp—1):[0,]a" =b|] — A

such that w(0) = o/,w(la’ = ¥|) = ¥ and |Wj(7)] < (j — 1)!MI~1, for any j €
{1,...,n —1} and any 7 such that w}(7) exists. Let ¢ > 0 be such that
(pl(w(T)) te< @2(0‘}(7)) —¢, forany 7€ [07 |al - blHa

and
p1(a) +e<a, <pz(a)—e and (b)) +e<b, < p2(b)) —e.

Now, it suffices to put

ja" — V|

@ — b|

Aj(t) = w;(t ), for je{l,...,n—1},

and

/ / |

— |CL/ /| . |a —b b — an
An(t) = maz {1 (w(t|a——b|)) + &, min{pa (w(t P ) —e an+t P 1}

(2) follows from (1), by the Mean Value Theorem (see [vdD, Chapter 7, (2.3)]).

dp
Ha—bl = j—1la; —bj)?
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Kurdyka-Parusiniski Theorem ([K,P]). Any open definable subset G of R™
has a finite decomposition

G=5U---US,Ux%,

where every S, is a reqular M, -cell in some linear coordinate system in R™ and X
1s nowhere dense, M, being a constant depending only on n.

The aim of the present article is to show that in fact permutations of coordinates
are sufficient in the above theorem. We will prove simultaneously by induction on
n the following three theorems.

Theorem 1,, (2,, 3,,). Any open definable subset G of R™ has a finite decomposi-
tion

(1.5) G=5U -US,US,

where every S, is an Myy-cell (Mas,-disc, a reqular Ms,-cell) in R™ after a permu-
tation of coordinates and ¥ is nowhere dense, My, (May,, Ms,) being a constant
> 1 depending only on n.

For simplicity we will often skip the adjective definable, when considering subsets
of spaces R™ and mappings between such subsets. Also, we adopt the following
conventions. A local property (w) of a mapping f : A — R™, where A C R",
is said to be satisfied almost everywhere iff there is a closed subset E of A such
that dim F < dim A and (w) is satisfied at each point of A\ E. A finite sequence
By, ..., By of subsets of a set A C R" is said to be an almost decomposition of A
iff B, (v =1,...,k) are pairwise disjoint and dim (4 \ (By U---U By)) < dim A.
This will be denoted by writing

G~ByU---UBx.
Since Theorem 2,, easily implies both Theorems 1,, and 3,,, it suffices to derive first
Theorem 1,, from Theorem 2, _; and then Theorem 2, from Theorems 1,,, 2,,_1

and 3,,_1. From now on, we will assume that n > 2 is fixed.

2. A preparation.

Lemma 1. If G C R" ! is open and E C G is closed of dimension < n — 2 and
Theorem 2,1 1is true, then G has an almost decomposition

GAU---UA,,
where every A, after a permutation of coordinates in R™~', is an Ma,_-disc:
A={(z" z,1):2" €Q, 0,(2") < 2p1 < p(2)}?,

such that the both (graphs of )® o, and p, are disjoint with E.

22" = (21,...,Tn—2)

3We will identify functions with their graphs.
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Proof. Take the projections
U R 1 = (I‘l, e ,:En,1) — (:L‘l, ey L1, Tj4 1y - ,:Un,l) S Rn72,
for j € {1,...,n— 1}, and set

Z = the closure of ij_l(wj (E)).
J

Then dim Z < n — 2 and it suffices to use Theorem 2,,_; to G\ Z.
As a corollary one easily gets (see [vdD]) the following

Lemma 2. If G C R" ! is open and ¢ : G — R is continuous, then G has an
almost decomposition

GAU---UA,,
where every A, after a permutation of coordinates in R"1, is an Msy,,_1-disc
A, ={(x" xp1): 2" €, o0,(2") <xTp_1 < p, ()}
such that p|A, has a continuous extension
0, A, U0, Up, — R=RU{—0c0, +oc}
such that v, (0,) C Rorg,(0,) = {—00}, orp,(o,) = {+oc} and the same for p,.
Proposition 2. Let f:S — Rbe a definable C'-function defined on a cell
S={(z',z,) € R": 2’ € A, p(2') <z, <P(z')}
in R™ such that ¢ : A — R is of class C'.
of g 4 .
Assume that —— has a finite limit value® at (almost) each point of ¢ ( for

oz,

example, when —— is bounded ).

Then there is a closed nowhere dense subset Z of ¢ such that f extends to a
C'-function
f:SuU(p\Z)—R

to SU (p\ Z) as a Cl-submanifold with boundary.

Proof. 1t is left to the reader as an exercise (cf [vdD]).

4An element o € R is a limit value of a function g : S — R at a € S iff there is an arc
~v:(0,1) — S such that 1}in%'y(t) = a and tlin%g('y(t)) = a.
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Lemma 3. Let L, M, N, P € R be positive and let
G={(,2,): 2 € A, p1(2)) < zp < p2(2)}

be a semi-M-cell in R™ such that A is an N-cell in R"™', ¢; : A — R, for each
i € {1,2},and the following conditions are satisfied almost everywhere in A:

(2.1) '% < M, foreachje{l,...,n—1};
J
D1 2
2.2 L ;
( ) axn—l < < axn—l ’
)
6£L’j .
(2.3) Tgﬂ for each j € {1,...,n—1};
2
8xn—1
aQOQ .
(2.4) sgn T const

Then G admits an almost decomposition
G~S U---USg,

where every S, is an M-cell, possibly after transposition (x,—1,xy), where M is a
positive constant depending only on L, M, N and P.

Proof. Put
A={(z" 2p_1):2" € Qo) <zph_1 < p(d")}.

One can assume that

3g02
axn—l

(2.5) >0

the other case will follow by a modification. Because of (2.2) and (2.5), it is clear
that 0 : A — R. By a subdivision of ) one can assume that o is of class C' and
that (2.2) is satisfied almost everywhere on every segment {(z”,z,-1) : o(z”) <
-1 < p(z”)}, where " € Q and that ¢; admit continuous extensions

it AUoc — R (i=1,2)

and
02 : AUp — RU{+o0}

such that ¢a(p) C R or pa(p) = {+o0}.
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By Proposition 2, ¢; is of class C! almost everywhere on o. Put

(" rn_1) = p1(2”,0(2")) + L(zp_1 — o(2")), for (2", z,_1) € A.

Then v is an max(M + M N + LN, L)-function and @1 < 9 < pa.
Now G ~ S; U Sy, where S1 = {(2/,2,) : p1(2') < z, < ¥(2')} and Sy =
{(x" xp—1,2n) s 2" € Q,P1(2",2p,) < 1 < Po(2”,2,,)}, where
" an) = L7Han — 1 (2", 0(2"))) + o ("),
Bt o) i o1 (2", 0(a")) < 2 < W(a”, pla"))

p(a”), it (", p(x")) < @n < (2", p(z"))

and

o(x"), if o1(2",0(2")) <y < pa(z”,0(2"))
o3 (@ ), if pa(a” (")) < @ < @2(a”, p(z")),

Dy (2" ) = {

where ¢~ and ¢, ! stand for inversions with respect to x,_;.

Lemma 4. Let A C R" ! be open and let M € R,M > 0. Let fo, : A — R
(a €{1,...,k+1}) be M-functions on A each of which has a continuous extension
to A:

fa:A— R.

Assume that for each a € OA there are a < k and 8 > k such that fg(a) < fa(a).
Then the set

. /
S={(z,zn) EAXR: max fo(x ) <an < pJoin  Fa(x)}

is an M -disc in R™.

Proof. Indeed,

S={(z',r,) e BXR: maxfa( Y <z, < min fg(a')},

1<a k<B<k+1
where B is the natural projection of S to A. It is clear that max fo= min fg
<a<k k<B<k+l

on 0B and the lemma follows.

Lemma 5. Let aj,as € R,a1 < ag and let f,g,h : (a1, 00) — R be three
continuous definable functions such that

(2.6) g<f on (a1, )

(2.7) for each i € {1,2}, if a; € R, then hm g(t) = lim h(t) € R;

t—a; t—a;
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(2.8) sgnf'(t) = const almost everywhere in (aq,as),
and there is € > 0 such that

(2.9)  |f' @) > 1d' )|+ € and |f'(t)| > |W'(t)] almost everywhere in (aq, az).

Then h < f on (a1, as).

Proof. One can assume that f’(¢t) > 0. Then a3 € R, since otherwise by (2.9),
. lim (f(t) —g(t)) = —o0, a contradiction with (2.6). By (2.9), f — h is strictly

increasing and, by (2.6) and (2.7),

lim (f(¢) — h(t)) > lim (g(t) — h(t)) = 0.

t—aq T t—aoq

Hence, f —h > 0 on (aq, az).

3. Reduction of Theorem 1,, to a special case of semi-/)-cells.
By the standard cell decomposition theorem (see [vdD]) and since

n

R" = U{(wl,...,xn) € R" : |xy| < |xj|, for any k # j},

j=1
it suffices to derive Theorem 1,, for any cell G in R™ such that
(3.1) G={(z,): 2 € A, p1(2') < ), < ()},

where ¢; : A — R (i = 1,2) are continuous.

For given positive L, P € R such a cell G will be called an (L, P)-cell (with

respect to the variable x,), where r € {1,...,n — 1}, iff
’8901'
&pi or;
3.2 > L d JL<P
( ) ‘axr = aln 8901, = )
ox,

almost everywhere on A, for i € {1,2}, j € {1,...,n— 1}.

Proposition 3.

(1) Any open cell G C R™ has an almost decomposition
(3.3) G S U---USy,

where every S, is either a semi-M,-cell or an (L, P,)-cell after a permu-
tation of coordinates, where positive constants M, L, and P, depend only
on n.

(2) If a cell G is an (L, P)-cell, then G has an almost decomposition (3.3) with
only semi-M -cells, where a constant M depends only on n, L and P.

To prove Proposition 3 we first have the following
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Lemma 6. Let H be an open subset of R" and let E be a closed subset of O0H such
that dimE <n—1. Letr; € {1,...,n—1} (i € {1,2}). Assume that L, P € R are
positive and such that, for each a € OH \ E:

(3.4 — i) there exists a neighborhood U of a in R™ such that 0H NU is (the graph
of) a Cl-function ¢ : V. — R defined on an open V.C R"~' and such that

M
a¢ al'j .
> < —
. >L and o0 <P onV forje{l,...,n—1},
0x,,

fori=1 ori=2.
Then:

(1) H admits an almost decomposition
(3.5) He~S U---USy,

where every Sy, is either a semi-max(L™Y, P)-cell or a (P~!, max(L™1, P))-
cell in R™ after transposition (x,,,x,).

(2) If v =re =1, H has such an almost decomposition (3.5) that every S, is
a max(L™1t, P)-cell after transposition (z,,,).

Proof of Lemma 6. After transposition (z,,,x,) take a C!-cell decomposition com-
patible with each of the sets

A, ={a € 0H \ E : a satisfies (3.4 — i)}
(1 =1,2) and with E. This gives an almost decomposition
H~S5 U---USy,
where every cell S, is of the form
Sy ={(@',2) 1 2" € Ay, p1,(2") < 2 < p2u(2)},

such that, for i € {1, 2}, either ¢;, C Ay or ¢;, C Ay, or ¢;, = —00, or p;, = +oo.

One can assume that for each i either ¢;, C Ay or ¢;;, C Ag, since otherwise S,
is trivially a semi-max(L~!, P)-cell.

If ¢;, C Ay, for at least one i, then S, is a semi-max(L~!, P)-cell.

If ¢;, C Ag, for each i € {1,2}, and r; # 7o, then it is easy to check that S, is
an (L, max(L~1, P))-cell with respect to x,,.

Proof of Proposition 3. One can assume that G is as in (3.1). The proof will be by
descending induction on the number

2

<a>:;ﬁ{j:1g§;

<1+ 2Ms,_1 almost everywhere on A}.
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If (G) =2(n—1),G is a (14+2Ms;,_1)-cell, so assume that (G) < 2(n—1). Observe
that if A C A is open, then for G = GN (A x R), (G) > (G). Hence, one can

assume that every ¢; is C! and

Dp;
(3.6) for each j € {1,...,n — 1}, sgnai = const on A;
Lj
. . i
(3.7) for each j € {1,...,n — 1}, either 3 <1+4+2Ms,_4
Lj
or 8901 >14 2M2n—17 or 8901 =1+ 2M2n—1 on A
8$j 8$j
and there is ; € {1,...,n — 1} such that
Op; Op;
(3.8) for each j € {1,...,n — 1}, ‘ai < ‘afm on A.

Moreover, one can assume that

Dip;
ox,

(3.9)

> 4M2n,1(1 + 2M2n,1), fori € {1, 2},

since otherwise G is a semi-4 Mo, _1(1 + 2M5,,_1)-cell. Besides, by Lemma 2, one
can assume that

A={(z"2p1):2" €Q, 0(2") <zpn_1 < pa")}
is an My, _1-disc and every ¢; has a continuous extension
0i:AUocUp — R

such that p;(c) C R or ¢;(0) ={—o0} or ¢;(c)={+o0}, and the same for

p-
Observe that if
D1 0o

8xn—l 8xn—l

<0,

then clearly G is a semi-Ma,, _1-cell after transposition (x,_1,x,), so without any
loss of generality one can assume that

Dip;
6xn—l

>0 on A, forie{l,2}.

By (3.7), one can distinguish the following three cases:

0p;

(3.10) 5 Pl <14 2Myy, for ie{1,2);
LTn—1
0p;

(3.11) 5 Pl > 142 My, for i€ {1,2);
Tn—1
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D2
Ln—1

1
Ln—1

(3.12) <1+4+2Ms,—1 and > 1+ 2Ms,—1 (or vice-versa).

Case (3.10) Here we will be using only that every ¢; : AUocUp — R is
continuous and there is a closed nowhere dense Z C A such that ¢; is C! on A\ Z
and

0p;

(3.13) &Lf" S| 142Mona, on ANZ;

Dip; Dp; .
3.14 <3 AN\ Z =1,... —1
(3.14) <o g o avz =t
and

Dip;
(315) O Z 2M2n_1(1 + 2M2n_1) on A \ Z.
Put
H={(z",xn_1,2,) € G : pa(a”,0(z")) <apn < pr1(2”, p("))} =
{(z',x,) € R" : 7' € D, &1(2') < m, < Po(2')},
where
D={(2",2,_1) € A:pa(z",0(z")) < p1(z”, p(x’))},

Py (2", wp—1) = max(p2(2”, 0 (")), p1(z”, 2-1))

and

Py (2", xn—1) = min(p2(2”, 2a-1), p1(2", p(z"))).

Observe that @, = @3 on (ID)N(AUo Up), so almost everywhere on 0D.
Besides, if ¢o(2”,0(2")) Z —00, we have by Proposition 2
a 1

v " _% " "
g P20 @) = GG o) +

8902 " " ﬁ "
(@0 5, ("),

axn—l

almost everywhere on , for j € {1,...,n — 2}. Hence, by (3.13) and (3.15)

0 " " 7 6902 " "
R < —

0x,,
and
622 ooz J(x”))‘ > %‘gfi (", (7(11:”))' > Map_1(1 + 2Mon_1).
Consequently,
e eala (e

<7, for any j € {1,...,n—1}.
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In the same way, if @i (2", p(2”)) # 400, we have almost everywhere on D

0
‘82’} ()01(1.//7p($”))‘ Z MQn—l(]- + 2M2n—1)
1

and

0
%901 (l’”, P(xﬁ)) ‘
J
0
‘ax o1(x”, p(:v"))‘

<17, for any j € {1,...,n—1}.

By Lemma 6 (1), H admits an almost decomposition

(3.16) H~S8U- -US,

1
where every S, is either a semi-7-cell or a (?,7)—cell in R™ after transposition

(Try, Tn)-
Since G \ H easily almost decomposes into a finite union of semi-Ms,, _1-cells
after transposition (x,_1,%,), (3.16) extends to a similar decomposition of G.

Now, repeating the same argument for any (?, 7)-cell S, in the place of G with

Lemma 6 (2) ends the proof in this case.

Case (3.11) Let ;! denotes the inversion of ¢; with respect to z,,_1 (i € {1,2}).

Dp;
Observe that if 14 <14 2Ms,,_1, then
Lj
‘6%’
dp: ! 8_1'3
| = <1<1+42M,,_
‘ oz, e, T 2Man—
aCcn—l
and, moreover,
dp; 1
L= <1<1+4+2Ms, ;.
‘ oz, dp; * -t
8xn71
Hence,
dp; dp;
ﬁ{]’ 1d <1+2M2n_1}<|j{1/:’ i <1—|—2M2n_1} fori€{1,2}.
8xj 8ZBV

Then, after transposition (z,_1,x,), G is the following cell
G ={(",zp,xn_1):2" €Q, 12", 0(x")) <z, < pa(z”, p(z")),
x1(2",2y) < xpo1 < xo(2”,24)},

where

, @), i e(e,0(e") < ta < pa(a”so ("))
X1<x >mn) =

o3 (@ zn), if (2, p(2")) < T < (", p(z”))
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and
(2" 2) { o1 (@, wn), i pi(a”, 0(2") < zn < @i(2”, p(2"))
2 x,) =
* pa). i e p(e) < 20 < pala pla)).
Since (G*) > (G), the induction hypothesis gives the desired decomposition.

Case (3.12) Then ¢1(0) C R and define
(", zn1) = e1(a”, 0(2")) + (1 + 2Map—1) (201 — o (2")),
for (2",x,-1) € A. Now G splits into two cells:
S1={,z,) 7' € A, p1(2)) <z <Y(2)}
and
So ={(@',zn) 2" € A, P(2') < zp < pa2(2')}.
Observe that

oY O D1 0o
= 1+2Ms,—
oz, 0z, | {axn [~ 1+ 2Mey) 5
for j € {1,...,n — 2}, almost everywhere on A.
Hence, by (3.8), (3.12) and (3.9),
0p1 3| 0p1
WMoy, 1 (1+2Mo, 1) < =
Ox; 83:“ + 2n-1(1+ 2n-1) < 2|0z,
and
0 0 0
v > | ZEL o0, 1(1+2Map—1) > > 2Map—1(1 + 2M2p—1).
0xy, 0xy, Ty,
Therefore,
%
8$j
<
oY | — 5
0x,,

for any j € {1,...,n —2}. Thus S; satisfies the conditions (3.13)—(3.15) and the
case (3.10) applies.

On the other hand, if j € {1,...,n—2} and

8
801 < 1+2M2n 1,
3333
then
0 0
. i ga + 2Mop—1(1 + 2Ms, 1)
0| _ 10n,] |0 < 1+42My, s;
8$j N 8¢) - 14—2A4én_1 =1
8mn—l
hence,
0 oY1
ﬁ{j: wiﬁl <:1+_2N&n—1} f;ﬁ{ ‘ ¢) < 1+_2Adén—l}a
Ox; ox,
while
0 0
ﬁ{j 22| <1 4 2Msy,, 1}<n{ ’ 2N <1+2M2n1}
Ox; o0z,

and we finish by the induction hypothesis as in Case (3.11).
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4. Theorem 1,, for a semi-M-cell.

Proposition 4. Any semi-M-cell G in R™ (where M > 0) admits an almost de-
composition

(4.1) G~S5U---US,

where every S, is an M'-cell after a permutation of coordinates and M’ > 1 is a
constant depending only on M and n.

Proof. One can assume that G is in the form (3.1), where ¢; : A — R (i =1,2)
are continuous and

0
(4.2) 6—901 < M almost everywhere on A, for j € {1,...,n—1}.
L
Indeed, in the case @3 = —o0 or 3 = 400 reduces to the above by assuming

first that A is an Ms,,_1-disc and applying next transposition (z,_1,Z,).

The proof will be by descending induction on the number

6=t |32

J

< Ms,—1 almost everywhere on A}.

If [G] =n—1, Gisamax(M, Ma,_1)-cell, so assume that [G] < n — 1. Notice
that if A C A, then for G = GN (A x R), [G] > [G].

Fix any L > max(M, Ma,_1) and any M* > M + (L + M)Ms,,_;. Dividing A,
one can assume that every ¢; is C!' on A and

e,
(4.3) for each j € {1,...,n — 1}, sgni = const;
al‘j
(4.4) for each je {1,...,n— 1}, Op2 >L onA or O¢2 <L onA
6.%’3' 8xj
and
0 0
(4.5) there exists r € {1,...,n — 1} such that ;;f > a—(';j
. . &PQ * 0902 *
for each j € {1,...,n — 1}, and either 3 > M* or 5 < M* onA.
o Xy

Clearly, one can assume that

Do
ox,

(4.6) > M on A.

Finally, by Theorem 2,,_; and Lemma 2, one can assume that

A={(2"2p_1):2"€Q, o@")<wzp_1<p(")}
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is an Mo, _1-disc in R"~! and every ¢; admits a continuous extension
0t AUocUp — R

such that p;(c) C R or p;(0) = {—o0}, or ¢;(0) = {+o0}, and the same for p.
Because of (4.2), o1 : AUocUp — R.

Case I: 02 >L on A.
axn—l

Assume that 02 > L; the case D2 < —L will follow by a modification.
8mn,1 axnfl

Consider the following function

(4.7) b w01) = o1&, 0(2") + L(wa—1 — o(a"),

for (z”,2") € A.

Then ¢ < Y < o and G ~ S U Sy, where

S1={(x,z,): ' €A, p1(2)) <z, < ()}

is an M™-cell and
So ={(z',zp) 12" € A, (&) <z < pa(z’)}

can be interpreted after transposition (z,_1,x,) as

So ={(2" ,xp_1,2,) : 2" € Qp1(2",0(2")) < zp < p2(z”, p(x’)),

O2 (2", 2n) < 2n1 < O1(2",20)},
where

o o), if 1(2", 0(2")) < 2 < pa(a”, o(a"))
2($ 7xn)‘_ -1

oy (@ xn), if pa(a”,0(2")) <z < p2(z”, p(z”))
and

" xn), if ei(a”,0(2") < zn < P2, p(2"))

Oua”, ) = { p(z"), if (", p(x")) < 2, < a(z”, p(x")),

and where @, ' (and 1»~') stands for the inversion of ¢ (and 1) with respect to
ZTp—1. Now, if j € {1,...,n — 2} and

Opo
. <:A4.n— )
8$j o 2n—1
then
)
8902_1 _ Ox; Opa <M
0 0o Oxj |~ 2n—1

axn—l
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and, moreover,

ey 1 1
= < — < My, .
' o0x,, 0o L n—1
8xn—l

Hence, [S2] > [G] and the induction hypothesis ends the proof in this case.

8(,02
LTn—1

<L on A.

Case I1:

By (4.6) and (4.3), one can assume without any loss of generality that

O > M*, 02 >0 and 01

>0;
ox, — 0xy_1 0xp—_1 ’

other possibilities will follow by simple modifications.
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Since M* > L, r € {1,...,n—2}. By Proposition 2, we have almost everywhere

on A:

0
ox,

do

8$r 81'”_1
M* — LMa,, 1,

while

0
ox,

gpl(x”,a(m"))‘ <M+ MMy, 1 and

Thus, by Lemma 5,

oa(x” o(2")) > p1(z”, p(2"))  on Q.

Hence,
G ~ Sl U SQ U 53,

where

Sy ={@" xp_1,2,) : (@, 2p1) € A, p1(2",x0-1) < T < p1(2”, p(2"))},

So = {(@" wn_1,20) : 2" € Q, 10, p(a")) < wn < ga(a”, 0 (a")),
o(2") < 20y < pla’)}

and

S3 = {(xllvxn—bxn) : (:U”7xn—1) € Av 902($//,p($//)) <ITp < SDQ(x//axn—l)}‘

wz(x”,o(x”ﬁz‘8¢2<w”70(x”>>+ 4L (2", 0(a") 5, @")| 2

0
. 901(17"70(17"))‘ <M + MMy, 1.

Sy is an M*-cell, while Sy is an Ma,, _1-cell after transposition (z,_1,z,). We will

investigate S3. Put

A={@"zn): 2" €Q, pa(a”,0(2")) < zn < pa(a”, p(a"))}-
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Now,

Sz = {($//,$n—17$n) : (Z'”,I'n) €A, @51($//7$n) < ZTp-1< ,0(37//)}7

where @5 ! stands for the inversion of ¢, with respect to x,_1.

We will use Lemma 3 to get a desired decomposition of S3. Observe first that

. O Op
Oy ox ox M* M+ (L+M)Msy,— op
= r > r > > >Mn— >
ox, Ops — L — L L -l = ox,
axn—l
and )
’3905 92
ox ; ox ;
L1 forje{l,...,n—2},
Oy 9p2
6.1'7« 8$T
and
ko
0x, 1 1
x—l - -1 S * <1l
i, iy M
Oz, ox,

Now it suffices to check that A has an almost decomposition into N-cells with
respect to the variable x,, where a constant N depends only on M, L, M* and
My, —1. We will check this using Lemma 6 (2).

We have almost everywhere on €):

0 " " 3902 " " LManl *
> -] > —
aJ:T(pg(x yo(x')) > D2, (", o)) 1 A > M* — LMy, _1
and

0 1" " 8902 1" " 8902 " 1" do "
et D PR et G Ll S

0 " " o 8902 " " M(1+M2n*1) - M
eeala (e 9 (4 o) [P

The same is true for p in the place of 0. Moreover, by the assumption of Case II,

22", 0(2")) = pa(a”, p(a”)) < lo(@") = p(2”)]  on Q.

Hence,
lim [pa(2”,0(2")) — p2(2”, p(2"))] = 0,

! —al

for any a” € 09, so the assumptions of Lemma 6 (2) are satisfied.
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5. Proof of Theorem 2,, for any M-cell.

Let
G={(" z,): 2" € A, p1(2') <zp < pa(z)}

be any M-cell, where M € R, M > 1. Observe that all possible cases reduce to the
case p; : A — R (i € {1,2}). Indeed, suppose for example that ¢1 : A — R
and @3 = +oo. Then one can assume first that ¢; is C! on A and, for each
je{l,...,n—1},

sgnﬂ = const on A,
8l‘j
and next that
A={(2" 2p_1):2" €Q, o@")<wzp_1<p(")}
is an Mo, _q-disc in R"~! such that ¢; has a continuous extension

p1:AUocUp — R.

i1
axn—l

Then, assuming that > 0,

G~ 51US,,
where
S ={(@" xpn_1,2n): (" xn_1) €A, pr1(2,x0_1) < < P1(2”, p(2"))}
is an M (1 + Ma,,_1)-cell, while
So ={(2",xp_1,2,) : 2" €Q, p1(2",p(2")) < xp, (") < xp1 < p(z”)}

is an Ma,,_1-cell after transposition (x,—1,z,).

Consequently, assume that ¢; : A — R (i € {1,2}) and that they are C!.
By Theorem 3,,_1, one can assume that A is a regular Ms,_1-cell and then, by
Proposition 1, that every ¢; has a continuous extension

wi: A— R  (i€{1,2}).
Now, still keeping the last property, one can assume that
A={(2"2p1):2"€Q, o@")<wzp_1<p(")}
is an Ms,,_1-disc. Put

M@ xn_1) =12, 0(2")) + 2M (21 — o (2")),

p(a”)) = 2M (2n 1 — p(z")),
)\S(x//7xn—l) = 902(1' ,p(l‘”)) + 2]\I(xn—l - p((L‘H)),
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and
M@ xn_1) = @a(2",0(2")) — 2M (2,1 — o (2")),

for any (z”,7,_1) € Qx R. Every \; has a continuous extension to  x R and is an
M (1 + 3Ms,,_1)-function. Its inversion /\,L‘_1 with respect to x,,_1 has a continuous

extension to  x R as well and is a 5(1 + 3Msy,,—1)-function.
For any subset I C {1,2,3,4}, put
Sr={(x',z,) € Gz, < Ni(2), ifi el and N(2') <z, ifi &I}

Then
G~ US[
I

It suffices to show that every Sy is an M (1+ 3Ma,_1)-disc after perhaps trans-
position (Z,—_1,x,).

Fix any I C {1,2,3,4}.
If {1,2} C I, then
Sr={(",z,) e AX R:p1(2)) < xp < 02(2'), Tpp < Ni(2'), ifi €,
Ni(2) < @p, ifi &I},
and A\ = ¢ on o, while Ay = ¢; on p and Lemma 4 applies.
Similarly, when {3,4} N1 = (.

If {1,2} ¢ I and {3,4} NI # 0, wehave 1 ¢ T and3€Tor 1 ¢ I and 4 € I (or,
similarly, 2¢ I and 3€ [ or2¢ [ and 4 € I).

Suppose first that 1 ¢ I and 3 € I. Then
(5.1)  Sr={@",zp_1,2,) : 2" € Q, o1(x",o(2") <z < pa(z”, p(z")),
o(x") < xn1 < pa"), Tn1 <A@ xn) ifi € I N2 wn) < xp_1 ifi & 1Y,
where I C {1,2,3,4} is defined by the formula:

ielifandonlyifie I and iis evenor i & I and ¢ is odd.
Since
A;l(x”, (,01(.’13//, O'(.T//)) _ O'(.CC'”)
and
A (@ o (", pla")) = p(a”),
for each 2" €  and
O_(:U//) — p(x//),
for each 2" € 9, we are done by Lemma 4.

Let now 1 ¢ I and 4 € I. Then (5.1) holds and since
Mo o(@") =), A" (e 0(a") = o (2”),

for each " € Q and o(z”) = p(z”), for each z” € 9, we are again done due to
Lemma 4.
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