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ABSTRACT

Given an infinite Boolean algebra B, we find a natural class of #-definable equivalence relations £g such
that every imaginary element from B®? is interdefinable with an element from a sort determined by some
equivalence relation from £g. It follows that B together with the family of sorts determined by &g
admits elimination of imaginaries in a suitable multisorted language. The paper generalizes author’s
earlier results concerning definable equivalence relations and weak elimination of imaginaries for Boolean
algebras, obtained in [We3].

0 Introduction and preliminaries

Although no infinite Boolean algebra admits elimination of imaginaries, there exist infinite Boolean
algebras admitting weak elimination of imaginaries. As proved in [We3], an infinite Boolean algebra
B admits weak elimination of imaginaries iff the quotient Boolean algebra B/I(B) consists of at
most two elements (here I(B) denotes the ideal of B consisting of all elements of the form alIb with
a atomless and b atomic). A special case of this result (namely: weak elimination of imaginaries
for infinite Boolean algebras with finitely many atoms) plays a crucial role in studying definable
sets of partially ordered o-minimal structures with ordering derived from a Boolean algebra.

C. Toffalori in [To] introduced two notions of o-minimality for partially ordered first-order
structures. A partially ordered structure M = (M,<,...) is called quasi o-minimal if every
definable set X C M is a finite Boolean combination of sets defined by inequalities of the form
x < a and z > b, where a,b € M. If additionally the parameters appearing in these inequalities
may be taken from the algebraic closure of the set of parameters needed to define X, then the
structure M = (M, <,...) is called o-minimal. It is easy to see that in case the ordering < is
linear, these two notions are equivalent to the usual o-minimality. C. Toffalori observed that if
M = (M,<,...) is quasi o-minimal and the ordering < comes from some Boolean algebra B, then
the number of atoms of B must be finite. By weak elimination of imaginaries for Boolean algebras
with finitely atoms, the Toffalori’s notions of o-minimality and quasi o-minimality coincide in case
of Boolean ordered structures.

A natural counterpart of o-minimality (called ¢g-minimality) for expansions of arbitrary Boolean
algebras was introduced in author’s PhD thesis. An expansion (B, ...) of a Boolean algebra B to
the language L O Lp4 is said to be g-minimal iff every L-definable subset of B is Lps-definable,
where Lpa = {1,,”,0,1} denotes the usual language of Boolean algebras. By results of [NW], for
expansions of Boolean algebras with finitely many atoms, g-minimality coincides with Toffalori’s
notions of quasi o-minimality and o-minimality. As the model theoretic results obtained in [NW],
[Wel] and [We2] for Boolean ordered structures heavily rest on weak elimination of imaginaries of
the underlying Boolean algebras, it is natural to expect that some form of elimination of imaginaries
will be needed to investigate sets definable in ¢g-minimal expansions of arbitrary Boolean algebras.
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In this paper, for every infinite Boolean algebra B, we find a natural multisorted language
in which B admits elimination of imaginaries. The main theorem of the paper (i.e. Theorem
3.3) could be regarded as a preliminary step towards development of model theory of g-minimal
expansions of arbitrary infinite Boolean algebras. Nevertheless, it might be also of independent
interest. Research in this spirit has recently been conducted in the context of algebraically closed
valued fields [HHM] and real closed valued fields [Me].

The paper is organized as follows. In §1 we introduce the most important tool of the paper,
namely the notion of restricted elementary invariant of a Boolean algebra, and demonstrate its basic
properties. In §2 we investigate certain equivalence relations in Boolean algebras and generalize
Lemmas 2.2, 3.2 and 4.4 from [We3|.

§3 contains the main result of the paper (Theorem 3.3). For a given infinite Boolean algebra
B and a definable set X C B", we find an Lga-formula (%,z) such that Y := {d € Bl=l .
X = (B,d)} is a non-empty set of partitions of 1p, and for any tuples d = dy...d,, and
€=¢p...e, from Y, there is a unique permutation o of the set {0,...,m} such that the tuple
do(0) - - - do(m) is “roughly equal” to eg ... en. By “roughly equal” we mean here that for any i < m
and d € {d;, ¢; : i < m}, there is a number a < w for which d 1 ((dy(;) Me;) U (dy, ;) Me;)) belongs
to the a-th elementary ideal I,,(B), while d & I,(B). The proof extends author’s methods from
[We3] used in case of Boolean algebras with |B/I(B)| < 2.

The class of formulas of the form (%, z) obtained in the proof of Theorem 3.3 and enjoying
the properties described above determines a class £g of #-definable equivalence relations on sets of
partitions of 1. From Theorem 3.3 and the subsequent propositions we derive the fact that the
multisorted structure B(Ep), obtained by adjoining to B all the sorts determined by equivalence
relations from Ep, admits elimination of imaginaries in a suitable multisorted language.

For the basics of model theory we refer the reader to [ChK] and to the first chapter of [Pi]; for
elementary properties of Boolean algebras to the eighth chapter of [HBA].

Our notation concerning Boolean algebras is consistent with [We3]. We use the symbols 1
(meet), U (join), ' (complement), 0 and 15 to denote the Boolean operations and Boolean con-
stants in a Boolean algebra B. Moreover, a + b denotes the symmetric difference of elements
a,b € B. The language of Boolean algebras is Lga = {M,1,",0,1}. For a € B we consider the
Boolean algebra Bla := ([0,a]?,M,U,/*,0p,a), where b'® := ¥’ [ a, and call it B restricted to a.
Symbols a™ and a~ denote a and a’ respectively. If Aa := AU {a} C B, by all A we mean
{aMb:be A}. Similarly we define a + A. In case b<,, := by ...b, is a tuple of elements of B, by
aMb<, we denote the tuple (ab; : i < n). For n < w, n € {+,—}"" and a<, C B we define
al =al” M. mal™. An element a € B is called atomic, if for every b € (0p,a] there is an
atom c such that ¢ < b; a is said to atomless if there are no atoms b < a. For instance, 0p is always
atomic and atomless. A Boolean algebra B is called atomic [atomless] is 15 is atomic [atomless].
The set of all atoms of B is denoted by At(B).

For every n < w, we define the Boolean algebra B(™ and an ideal I,(B) C B by the following
conditions: Iy(B) = {05}, B™ = B/I,,(B) and I,,,1(B) = ;' (I(B™)), where m, : B — B
denotes the canonical projection. The elementary invariant of B (notation: Inv(B)) is a triple
{(c, B,7) defined as follows:

a = min <{k < w: BW is trivial} U {w}) ,

5= 0 if @ € {0,w} or (0 < a <w and B~1 is atomic)
" | 1 otherwise,



~J0 if o € {0,w}
77 | min(JA¢(B@~D)|,w) otherwise.

The set of all triples («, 8,v) such that («, 8,v) = Inv(B) for some Boolean algebra B is equal to
INV := {{0,0,0), (w,0,0)} U {{e, 3,7) : 0 < a < w, B € {0,1},y <w and B+~ > 0}.

If @b = a<,, C B, then tp(a/b) is completely determined by the elementary invariants of Boolean
algebras B|d, where d is an atom in the Boolean subalgebra generated by @b. Two Boolean algebras
B and Bj are elementarily equivalent iff Inv(B;) = Inv(Bs).

Let B be a Boolean algebra. For every a € B and n < w we define the (possibly empty) set
11, (a) of n + 1-partitions as follows:

II,(a) = {b<n € (0p,a] : b U...Ub, =a and b; Mb; =0p for i < j <n}.

We say that b is a partition of a € B iff b € I1,,(a) for some n < w.

If j <wand 1 <s < w, then there are Lpa-formulas ¢;(x), ¥; s(x) and at;(x) such that for
every Boolean algebra B and every element a € B, the following conditions hold (see [HBA], p.
292):

e B=cj(a)iff a € I;(B) iff (Bla)Y) is trivial,
e B = (a) iff (Bla)V) contains at least s atoms,
e B = atj(a) iff (Bla)V) is atomic.

Lemma 0.1 [HBA, Lemma 18.8] For every {(«, 3,7) € INV, there is a (possibly infinite) set of
Lpa-formulas ¥4 5.~ (x) such that

o cvery formula in Xy g~ () is of the form €;(x), —e;(x), ¥, s(x), ", s(x), at;(z) or —at;(z),
where j <w and 1 < s < w, and

e for every Boolean algebra B and an element a € B,
B = X4 8,4(a) if and only if Inv(Bla) = (o, ,7).

Lemma 0.2 Assume that B is an infinite Boolean algebra, @ = a<, is a partition of 1p and
©(T<n,y<r) € Lpa (r<n and y<, are abbreviations for xo ...z, and Yo ...y, respectively). Then
@(B,a) is a finite Boolean combination of sets defined by formulas of the form: e;(a; MxZ,),
Vis(ai Nal,), atj(a; Mal, ), wherei <r,ne{+ —}"", j<wandl <s <w.

Proof. Assume that B, a<, and ¢(2<,, y<,) satistfy assumptions of the lemma. For every b<,, C
B, tp(b<,/a<,) is determined by the elementary invariants Inv(B|a; M b, ), where i < r and

n € {+,—}""L. From this and Lemma 0.1 our assertion follows. |
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1 Restricted elementary invariants

For every Boolean algebra B and a triple («, 8,7v) € INV, the set 3, 5(B) from Lemma 0.1 is
type-definable, but not necessarily definable. This means that in certain cases it is not possible to
express all elementary properties of an element of a Boolean algebra using a single formula. For
example, if B is the Boolean algebra of all subsets of w, then the set

{a € B : Bla, B|d’ are infinite} = {a € B : Inv(B|a) = Inv(B|a’) = (1,0,w)}

is not definable. In spite of this obstacle, in §3 of [We3] we were able to prove weak elimination of
imaginaries for infinite atomic Boolean algebras counting the number of atoms below elements up
to a certain level determined by the formula under consideration.

In the proof of Theorem 3.3, given an infinite Boolean algebra B and a set X C B™ definable
over a tuple @ C B, we give a canonical construction of an @-definable family of partitions of 1g
such that over each of them the given set is definable. To ensure that such a class is definable over
a and not too large, a single formula expressing a sufficient amount of its elementary properties
could be useful. In order to realize this idea, in the following definition we introduce the concept
of a restricted elementary invariant of a Boolean algebra.

Definition 1.1 Assume that B is a Boolean algebra with Inv(B) = {(«, 8,7) and ag, Yo are positive
integers. We define the restricted {ag,vo)-elementary invariant of B as follows:

- <a757min(7770)> fOT a< o,
Invag g (B) = { (o 4+ 1,0,0) for a > qp.

The set of all restricted (ag, vo)-elementary invariants of Boolean algebras will be denoted by
INVg,40- It is easy to see that

INVag.~0 = {(0,0,0), (ap +1,0,0)} U {(, 8,7) : 1 < a < ap, B € {0,1},7 < and B+ v > 0}.

The crucial difference between elementary invariants and their restricted counterpart is that in
the latter case for every Boolean algebra B, the set of elements a € B such that B|a has a given
restricted elementary invariant is definable (in fact, (-definable).

Lemma 1.2 If ag,v0 € Ny and (o, 8,7) € INVy .+, then there is an Lpa-formula a?‘(ﬁ’gow (x)
such that

. U?&),’g?,y) (2) is a conjunction of formulas of the forme;(x2,), —e;(x2,), ¥js(xL,), ~;s(zL,),
at;(z,,) and —at;(z,), where j < ap, s <~ and n € {+,=}"*", and

o for every Boolean algebra B and every element a € B,
B = 0lal50 (@) U IVay 50 (Bla) = (e, 7).

Proof. Assume that 1 < g, < w. Below, for every (a, 5,7) € INV, ,, we define the formula

o ZXO? ’gow (x) satisfying our demands.

oo (@) = co(e) = (x = 0),

U?;(;fl,o,m (2) = —€a (7).



For 1 < a < ag we define:

ooy (@) = €a(®) A ma—1(x) A mata—1(x) A “ta—11(2),
Tty (@) = ca(@) A mea1(x) A mata—1(2) A a—1,,(2), and
Tl 0oy (@) = a(@) A m€a1(®) A ata—1(2) A a—1,(7).

Finally, in case 1 < a < ag and 1 < v < 7y we define:

() A —ea—1(z) A ata—1(2) A Ya—1(%) A “ha—1y+1(2),
a(®) A m€a—1(2) A mata—1(2) Aa—1,(2) A Pa—1,5+1().

a0 (%)

ot (@)

Every tuple in a Boolean algebra B determines a partition of 15. Sometimes we will consider
tuples of restricted elementary invariants of B restricted to elements of such a partition.

Definition 1.3 Assume that B is a Boolean algebra, a<, € B and og,vo € Ni. The restricted
(ag, Y0)-elementary invariant of a<, is defined as follows:

Va0 (a<n) = (InVaq a0 (BlaZ,) 1 n € {+,=}"*1).
In particular, Inve, ~,(a) = (Invag 4, (Bla), Inve, ~, (Bla')).

Lemma 1.4 Assume that ap,vo € Ny and for every n € {+,—}"", (ay, By, 7n) is a triple from
INV oy~ Then there is an Lpa-formula ¢(x<y) such that

* p(x<n) is a conjunction of formulas of the form e;(aZ,), =ej(xL,), ¥js(xL,), —bjs(2L,),
at,; (x<n) and —at; (x<n), where j < ag, s <y and n € {+, }"*1, and

o for every Boolean algebra B and a<, C B,
B ': @(afn) Zﬁ InVao,’m (B|a%n) = <Oé777ﬂ777777> fO’I’ 77 € {+a _}n+1.

Proof. The formula

satisfies our demands. [ |

In the following two lemmas we outline some of the basic properties of restricted elementary
invariants.

Lemma 1.5 Assume that ag, a1,70,7v1 are positive integers, B is a Boolean algebra and a,b € B.
(a) If Inv(B|a) = Inv(BIb), then Invy, , (Bla) = Inva, v, (BlD).
(b) If {ag,v0) < {a1,71), where < denotes the lexicographic ordering of Ny x Ny, then

Invah’h (B|a) = InVOtl Bed! (B‘b) = InVOto,’Yo (B|a) = Invaoﬂo (Blb)



Lemma 1.6 Assume that ag, o are positive integers, B is a Boolean algebra, a,b,c,d € B, and
A<n, bgn g B.

(a) If a<y, is a partition of 1, then Inva, ~,(@Ma<y,) is completely determined by the sequence
(Invag v (BlaMa;) : i < n).

(b) If Inva, Ao (Bla) = (a1, B1,71), Invag 4, (B|b) = (a2, B2,72) and a™b = 0p, then

(a1, B1,7) if ar>a
InVOéo/Yo (B|CL U b) = <a17 max(ﬂlv ﬁQ)v min(’yo, T+ 72)> Zf a1 = Qg
<042752a72> Zf o < (o,

(¢) If alb = 0p, Invy, o, (BlaMc) = Invy, 4, (BlaMd) and Invy, , (BlbMc) = Inva, 4, (B[bMd),
then Invy, . (Bl(aUb) Mec) =Invy, ~,(Bl(aLb) N d).

(d) If anb = 0B, Inva, ~, (@Ma<y) = Invag 4o (@Mb<y) and Inve, o (bMa<y) = Inva, 4, (6Mb<y),
then Invag 4, ((a Ub) Ma<yn) = Invag 4, ((@ U b) Mb<y,).

2 Equivalence relations in Boolean algebras

Consider an infinite Boolean algebra B and elements a, b, c € B such that aMe¢,bMe > 0p, ¢ < allb
and aMb = 0p. In [We3] we were dealing with the problem of obtaining one partition of aUb from
another by a finite series of modifications below a,b or ¢. Lemmas 2.2 and 3.2 from [We3] could
be expressed in the form of the following statement.
Fact 2.1 Assume that vo € N4, Inv(Bla U b) € {(1,1,0),(1,0,w)}, a<n,b<n C B, for every
n e {+,=}"", Invi , ((aUb) Mal,) =Invy~, ((aUb) MbL ), and (aLUb) Ma<y, = (aUb) Mb<y,.
There there are tuples a2, = agn:ain, conak =be, C B such that

o (Vi < k)(3d € {a,b,c})(d' MaL, =d' Nal!) and

o (Vi < k)(Vd € {a,b,c})(Invy o (dMal,) = Invy 4, (d M ah).

It turns out that an analogical result cannot be obtained in case ¢ € I,(B) and a,b & I,(B)
for some o < w. Informally speaking, there is too little space below ¢ to transform one tuple into
another by modifying it only below a,b or ¢. Lemma 4.4 from [We3] deals with modifications of
tuples below elements in Boolean algebras of elementary invariant equal to (2,0, 1), in which case
one needs additional assumptions. In this section we isolate some reasonable conditions on a, b, ¢
under which analogues of Lemmas 2.2, 3.2 and 4.4 from [We3] can be proved in arbitrary Boolean
algebras and relevant methods generalized.

Definition 2.2 Assume that B is a Boolean algebra and a,b € B. We say that a is large in b iff
(Vn <w)(anb e I,(B) < be I,(B)).

Lemma 2.3 Assume that B is a Boolean algebra and a,b,c € B.
(a) If a > b, then a is large in b.
(b) 0p is large in a iff a = 0p.
(c) If a <b<e, aislarge in b and b is large in ¢, then a is large in c.
(d) If b is large in 1g, then a is large in b iff b is large in a.
(e) If b is not large in a, then Inv(B|a) = Inv(BlaMV'), and consequently, Bla = BlaMY'.
(f) If a > 0p and b<,, € I, (1), then b; is large in a for some i < n.



Lemma 2.4 Assume that ag,v0 € Ny and a,b,d are elements of a Boolean algebra B such that
a 1s large in b, d is not large in b, and b > a,d. Then there is an element e < a such that e is not
large in a and Invyg 4, (B|d) = Inve, -, (Ble).

Proof. Let Inv(Bla) = (a1, 51,71), Inv(B|b) = (a9, f2,72) and Inv(B|d) = (a3, f3,73). Our
assumptions guarantee that oy = as > ag, so a := max(ap,@3) < w. Define v := max(yg,73)
for 3 < w and v := v in case 73 = w. Let Inv,(B|d) = (¢/,5,7'). Note that o’ M d is
not large in a U d. By Lemma 2.3(e), Inv(Bla U d) = Inv(B|a) and Bla U d = Bla. Since
BlaUd = 0?017,B',~/'>(d) A €qs(d), there is e < a such that Bla |= U?&Zﬁ,ﬁ,>(e) A €qy(e). Hence e is
not large in a, and Invy, ~, (B|d) = Inva, -, (Ble). |

For n < w and 0 < ap, 79 < w we denote by E,, g .~o(U<n, V<n, 2) the following L p 4-formula.

En 0o, (Usn; v<n, 2) = /\ /\ <€j(z M u%n) —gi(zn Ugn)) A
ne{+,—}n*tt |j<ao

/\ /\ (@bj,s(z Mul,) ¢ ¥;s(z N vgn)) A

Jj<ao s<70

/\ (atj(z Mul, ) < at;j(zM ”Zn)> A2 Mucy, =2 Moy,
Jj<ao

a

It is clear that for every a € B, E, oy, (U<n;V<n,a) defines an equivalence relation E3 o0

B"™t!. Note that E08 is the equality on B"*1!.

n,0,7%0

on

Definition 2.5 Assume that ag,vo € Ny, a is a non-zero element of a Boolean algebra B and
a<nb<n C B. A tuple b<, C B is said to be an {ao,Yo)-modification of a<, below a iff

a' Ma<y, =a Mb<y, and IV, 0 (aMa<y) = vy~ (@M b<y).

Note that in the setting of the above definition, b<,, is an (), 7yo)-modification of a<,, below a
iff B = By ag,40(@<n, b<n,a). If b<y, is an (o, v0)-modification of a<, below a and b > a, then it
is also an (ayg, vo)-modification of a<,, below b.

Definition 2.6 A non-zero element a of a Boolean algebra B is called simple iff one of the fol-
lowing conditions hold.

e (B|a)™ is non-trivial and atomless for some m < w,
e (Bla)"™ is non-trivial and atomic for some m < w,
e Inv(Bla) = (w,0,0).
Note that an element a of a Boolean algebra B is simple iff
Inv(Bla) € {{w,0,0)} U{{e,1,0) : 0 < a < w} U{{,0,7): 0 < o < w,0 < v < w}.

Lemma 2.7 Assume that a, b, c are non-zero elements of an infinite Boolean algebra B

(a) If a > b, and b is large in a, then a is simple iff b is simple.

(b) If a,b, c are simple, aMb = 0g, ¢ is large both in a and b, and aUb is large in ¢, then alUb
s simple.



Proof. Since (a) is easy, we only prove (b). Let a,b, ¢ be simple elements of a Boolean algebra B
such that a b = 0p, c is large both in a and b, and a U b is large in c. We consider three cases.

Case 1. Inv(B|c) = (w,0,0). Since a b is large in ¢, also Inv(B|(aUb)Mc) = (w,0,0). Hence
Inv(BlaUb) = (w,0,0).

Case 2. Inv(B|c) = (a, 1,0), where 0 < o < w. The element a LI b is large in ¢, so Inv(B|(a U
b) Me¢) = (o, 1,0). But then Inv(BlaMe¢) = (a,1,0) or Inv(BlbMe¢) = (a,1,0). Suppose for
instance that the first possibility holds.

As c is large in a, we get Inv(Bla) = (a,1,0). Note that either Inv(B|bMNc¢) = (o, 1,0) or
bMec e I,(B). In the first case Inv(B|b) = (,1,0). If bMc € 1,(B), then (since ¢ is large in b)
also b € I,(B). In both cases Inv(Bla U b) = (a, 1,0).

Case 8. Inv(B|c) = (a,0,7), where 0 < @ < w and 0 < v < w. An argument similar to that
used in Case 2 yields that Inv(Bla Ub) = {(«,0,7).

In all possible cases the element a LI b is simple. This finishes the proof. [ |

Theorem 2.8 Assume that n < w, a,b,c are simple non-zero elements of a Boolean algebra B,
afb=0g, ¢c <alb and c is large in each of the elements a,b. Denote by {(aq, B1,7v1) and
(g, B2, ¥2) the elementary invariants of Bla and Blb respectively and let g, vo be positive integers
satisfying the following conditions.

o Fori=1,2: if o; < w, then ag > .
e Fori=1,2: if o; <w, B; =0 and v; < w, then vg > ;.
o Ifa; =a3 <w, B1 = P2=0 and 7,72 <w, then v9 > 71 + 72.

Then the following conditions hold.
(?) If ~ is an gquivalence relation on B"*! containing Egyaomlu Eﬁﬁao’% UED 000 and' a<n €
B"tL then there is b<,, ~ a<, such that for every n € {+,—}"T1, anNbl = 0p oral is large
= = <n <n
in a. a a

- - n+1 .. a b c . allb
(b) Any equivalence relation on B"** containing Ey, , - UE; , ~ UES | contains By .

Proof. Note that by Lemma 2.7, the element a U b is simple. Throughout the proof, for the sake
of notational simplicity, (g, ~o)-modifications will be called shortly ”modifications”.
(a) Let ~ be an equivalence relation on B"*! containing E% , _ UE. , _ UES . . Define

E={ne{+ —}"":d?, isnot large in a}.

By Lemma 2.4, there are pairwise disjoint elements d,, € [0p,aMc), n € E such that for every

N € E, IV, (Bldy) = Inva, 4, (BlaMal,) and d;, is not large in aMe. Let d := |_|E d, and let
ne

m € {+,—}""! be such that agn is large in a. We define the tuple algn by the following conditions:
e d'Mal, =d Nacy,

e al(al,)"=d, forn€E,

e al(al, )™ =amd <a’gn U |_]E agn> ;
ne

. al‘l(algn)":al_ld’l_lagn forng EU{m}.



al, is a modification of a<,, below a, and for every n € {+, —}" "1 if (algn)" is not large in a, then

am(al,)" < ame. Repeating this argument with a and aMe replaced by ¢ and bMe (respectively),
we obtain b<,, a modification of a1<n below ¢ satisfying our demands.
(b) Let ~ be an equivalence relation on B"™! containing E¢ UE® UE¢

n,00,70 ;00,70 n,00,70 "
Without loss of generality we can assume that b is large in a LU b. Let a<n,b<, C B be tuples

such that (e Ub) Ma<y, = (aUb) Mb<, and Inve, 4, ((@UD) Ma<y,) = Inve, 4, ((@UD) Mb<,). We
have to show that a<, ~ b<,. We will obtain b<,, from a<, in a series of modifications of a<,
below a, b or c. We consider 5 cases.

Case 1. There is m < w such that (B|a)™) and (B|b)(™) are both non-trivial and atomless.

Note that the elementary invariant of each of the Boolean algebras Bla, B|b, Ble, Bla U b,
BlaMc and B|bMec is equal to (m + 1,1,0). Our assumptions guarantee that ag > m + 1, so
the restricted (ag,vo)-elementary invariant of each of the listed Boolean algebras is also equal to
(m+1,1,0).

There is 1y € {+, —}""! such that o is large in aLlb. Then also ™ is large in aLlb. By (a),
without loss of generality we can assume that for every n € {+, —}"*1, either a al, =0poral,
is large in a. There is aL,,, a modification of a<, below a or below b such that (al, )™ is large
in c. If for example azon_is large in a and not large in ¢, then there is an 7, € {+, —}" "1\ {no}
such that a?, is large_ in aMe¢, and the tuple algn may be defined by the following conditions:
a'Mal, =ad Macy, aN(al,)” =anal, an(al,)” = ana?, and af(al,)" = aMal, for

1 & {no,m}-
In this situation, using the fact that the Boolean algebras (B|a)(™) and (B|b)(™ are atomless,

we easily obtain tuples a%n, a%n, ain C B such that
e a2 is a modification of al, below ¢, (a% )™ is large both in a ¢ and bM¢, and for every
n € {+,—}""", either aM(aZ,)" = 0p or (a,)" is large in a.

e a2 is a modification of a2, below a, al ¢ < (a,)™ and (a2 )™ is large in allec.

e a?  is a modification of a2, below ¢, a < (at,)" and (a%,)™ is large in b (so in b).

The tuples a<,, and a‘%n are ~-equivalent. Similarly we can find blgn ~ b<y such that (blgn)"‘) is
large in b and (bL,)™ > a. Now, bl, is clearly a modification of aZ, below b, 50 a<y, ~ b<p.

Case 2. There is m < w such that (B|a)™), (B|b)(™) are both finite, non-trivial and atomic.

Note that Inv(B|a) = (m + 1,0,k) and Inv(B|b) = (m + 1,0,1) for some %k, € N;y. Our
assumptions guarantee that ap > m + 1 and vy > k + 1. There is a tuple c<x+; C (0p,a U b] of
pairwise disjoint elements such that

e Inv(B|¢;) = (m+1,0,1) for every i < k41,
o (Vi <k+1)3Fno,m € {+,—}""")(c; <aZ, M0YL,), and

o (Vi<k+!l—1)(c;Uciy1 <aorcilcis <borecUcyr <c).



Then (co U ... L cgyy—1)" is not large in a U b and there is a unique permutation o of the set
{0,...,k+1—1} such that for any i < k+1 and n € {+, -},

¢ < agn iff ¢,y < b%n'

0 =Ti0...07, where 71, ..., T, are transpositions of the form (i,i+1), i < k+1—1. Let a%n = a<p
and let agn for 1 <r < s be the tuple defined by the following conditions:

o (coU...Ucgri—1) Maz, = (coU...Uckyi—1) Ma<y, and

o forany i < k+landne {+ —}"" ¢ <al, iff ¢(r,_ 0 0m6) < (al,)".
Our choice of ¢« guarantees that for every r < s, agnl is a modification of aZ,, below a,b or c.
Thus a<, ~ a%, and for every n € {+,—}"*!, (a%, )" + bl is not large in a LIb. By (a) we can

find a¥'! ~ a%, and b, ~ b<, such that for every n € {+, —}"*1,

e all (a?;l)" =0p or (a?;f)” is large in a, and

e all (bg;l)” =0p or (blgn)" is large in a.

bL,, is a modification of aZ!! below b. Therefore a<y ~ b<p.

Case 3. There is m < w such that (Bla)™), (B|b)(™) are both non-trivial and atomic, and
(Bla U b)™ is infinite.

Without loss of generality we can assume that (B|b)(™) is infinite. Note that
Inv(Bla) = (m + 1,0, k) and Inv(B|b) = (m + 1,0,w),
where k is a positive integer or w. Our assumptions guarantee that g > m+ 1 and if k£ < w, then
Yo > k. There is no € {4+, —}"! such that the Boolean algebra (B|b b%on)(m) is infinite. Then
Inv(B|bMbY,) = Inv(Bl(a Ub) MNbYE,) = (m + 1,0,w) and
Inve, , (Blb M b%on) = Inva, 1 (Bl(aUb) M b%on) =(m+1,0,7)-

If Tnv g, (Bl aZ,) = Inva, A, (BIbMBY,), then there is a%,,, a modification of a<,, below b such

that the Boolean algebra B[bT (a2,,)™ is infinite. If Inva, 4, (Blb M a’,) # Iva, 4, (BlbM0E,),
then a’), is large in a. There is at, C B, a modification of a<, below a such that (al, )" is large
in a Mec. Similarly, there are tuples a2<n, a3<” C B such that

° a%n is a modification of algn below b,
e ((a%,)™)" is large in bMe

e a%  is a modification of a%,, below c,

o [A((BIb (al,)™) ™) = |At((Bb 1 (aZ,,)™)"™)] + 1.
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Repeating this procedure, after < -y steps we can obtain a‘%n ~ a%n such that

Invaoﬂo (B|b M (a‘én)no) = InVOéono (B|b M bgon)'

There is a%,,, a modification of a%, below b such that the Boolean algebra (B|b M (a2, )™)(™) is
infinite.

Now, we will show that there is al%, ~ a2, such that the Boolean algebra (Blar((al2,))")(™)
is finite. This is trivial in case At((B_\a)(m))_is finite. If Inva, ~, (Bla (a2,,)™) = Inva;,yO (B|(aU
b)M(aZ,)™), then al® is a result of a single modification of a2, below a. If (Bla)™) is infinite and

IV, v (Bla T (a,,)™) # Inva, o (Bl(a U b) M (a2,,)™), then there are tuples a2, ,a”, a2, C B
such that - - -

e a% is a modification of a2, below a and ((a%,)™)" is large in a M,

e aZ, is a modification of a, below b and (aZ, )™ is large in b,

e ¢%  is a modification of a”, below ¢,

o [At((Blam (a,,)™)"™)] = |At((Blan (aL,)™)"™)| + 1, and
o At((BlbM (asgn)”o)(m)) is infinite

Repeating this procedure, after < g steps we can find a2, ~ a2, such that Inva, ,(Bla M
(a%,,)™) = Inva, o (B|(aUb)M(aZ,,)™) and the Boolean algebra (B|br(a%,,)™ )™ is infinite. Then

there is algon, a modification of a%n below a, such that the Boolean algebra (B|a M ((algon)”“)’)(m)
is finite.

A similar argument yields al, ~ al, such that ((al},)™)" is not large in a. By (a) there is
a2, ~al, such that (a2)™ > a and (B[bMal?)™ is infinite.

Similarly we can find b, ~ b<, such that (b1, )™ > a and (B[bT] (blgn)no)(m) is infinite. Tt is
easy to see that b<, is a modification of a2, below b. Thus a<, ~ b<p.

Case 4. Inv(B|a) = Inv(B|b) = (w, 0,0).
Note that
Inv(BlaUb) =Inv(BlaMc¢) = Inv(B|bM¢) = Inv(Blc¢) = (w,0,0).
There is 79 € {+, —}"*" such that b, is large in b. Then
Inv(B|bMbYE,) = (w,0,0) and Inv,, -, (BlbMbY,) = (ap +1,0,0).

If IV, o (BlbMa,) = (a0 + 1,0,0), then there is aZ,,, a modification of a<,, below b such that
(a%,,)™ is large in b. So assume that Inv,, , (B|bMaZ,) # (ao+1,0,0). Then Inv,, ,,(BlaNaZ,) =
(ap 4+ 1,0,0), and there is algn, a modification of a<, below a such that (algn)"f’ is large in aMe.

Similarly, there is a%n, a modification of algn below ¢ such that (a2, )" is large in a ¢ and large

<n
inbMe.
Now, modifying a2, below a we obtain a2, such that (a2, )™ is large in a M ¢ and (a2,)™ >
arc. A modification of a2, below c gives a, such that (a%,)™ is large in bMc and (a,)™ > a.
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In a similar manner one can find b, ~ b<, such that (b%, )" is large in b and (bL, )" > a. Note
that b1<n is a modification of a‘én below b. Therefore a<, ~ b<p.

Case 5. There is m < w such that a € Ip41(B) \ In(B) and b & I, +1(B).

Let Inv(B|b) = {a, 8, 7). Our assumptions guarantee that
e ag>m+1,a>m+2,
e exactly one of (3,7 is equal 0,
e if @ < w, then ay > a,
e if (B|a)™ is finite, then vy > |At((Bla)™)],
e if @ <w and (B[b)(®~Y is finite, then vy > |At((B]b)(@~1)|, and
e Inv(B|b) = Inv(Bla U b).
There is 79 € {4, —}"*" such that b, is large in b. Then aMdY, is not large in (a Ub) MY, and

Invy, , (BlbM bgon) =Inva, v (Bl(aLb) M bg“n).

Since Inva, , (B|(alb)MaZ,) = Ve, 4, (B|(aUb)MDE), (aUb)Na’, & I,11(B) and aMaZ,, is not
large in (aUb)Ma, . Hence Inv, o (B[bMaZ),) = Inve, ~, (Bl(aUb)MaZ,) and Tnv,, ~, (B\bl_la_n)
Invag o (BN ). Thereis al, , a modification of a<,, below b, such that brier(ak,)m & Iy41(B).
Now, we are ready to show that there is c<,, ~ aL, such that ¥ > aand Inv;(m0 (Blpbne® ) =
IV, A (Bl M (ak,)™). Obviously, if (a1, )™ > a, then we can take c<, := al,. If for every
m # no, (ak,)™ is not large in a, then c_gn exists by (a). So assume that there is 7y # 1o such

that (al, )™ is large in a. Let a2, be a modification of al  below a such that (a%,)™ is large in
allc.

Case 5a: (Bla)™) is atomless.

By (a) without loss of generality we can assume that
Inv(Bla (aZ,)") = Inv(B|a) = Inv(BlaM¢) = (m + 1,1,0) for every n € {+,—}"*"

with a M (a%,)" > 0p.
Let d = aMen(aZ,)™ and let e € (05,bMcM (a2,,)™) be an element such that Inv(Ble) =
(m +1,1,0). Define a2, a modification of a%,, below ¢ by the following conditions:

o (due)Mai, =(dUe) MaZ,,
e (dUe)M(a,)™ = d, and

o (dUe)M (a2, ) =e.

\/\“
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There is a‘;n, a modification of a, below a such that (a%,)™ > aM¢ and (a%,)™ is large in

aMe. Repeating our previous argument we find a2,,, a modification of a‘én below ¢ such that
(a,)" > a and Ve, 5, (B0 (a2,,)™) = Ve, 4 (Bb M (ak,)™). So c<y := aZ,, satisfies our
demands.

Case 5b: (Bla)™ is atomic.

Choose d € (0p,aMcn (a2,,)"] and e € (0p,bMcM(a2,,)™) such that Inv(B|d) = Inv(Ble) =
(m+1,0,1). Define a?é", a modification of azgn below ¢ by the following conditions:

e (due) Fla<n = (due) |‘|c12Sm

(dl_le)l_l( ) =d, and
o (dUe)n(ad,)m =e.

If (B|a)(™ is finite, then, repeating this procedure, one can find a‘én ~ a%, such that ((a‘én)”")’
is not large in a. Then, by (a) there is c<, satisfying our demands.

If (B|a)(m) is infinite, then again, repeating the procedure, one can find a‘%n ~ a%n such that
(Blan (a‘;n)”o)(m) has at least 7o atoms. There is a2, a modification of a%, below a such that
the Boolean algebra (BlaM((at,)™)")(™) is finite. As previously, there are: a, ~ a%, such that
((a%,,)™)" is not large in a, and (by (a)) there is c<,, ~ a%,, satisfying our demands.

By arguments similar to those applied above, we can find bl<n ~ b<,, such that (b1, )™ is large

in b and (bL,)” > a. Tt is clear that bl, is a modification of a, below b. So b<p ~ a<n. |

TL

3 The main theorem

In [We3], given an infinite Boolean algebra B with |B/I(B)| < 2 and a consistent formula ¢(Z,a) €
Lpa(B), we demonstrated how to find a formula (%, 2<,n,) € Lpa for which {d<,, : ¢(B,a) =
(B, d<m)} is a non-empty and finite subset of II,,,(15). In the proofs of Lemmas 2.3, 3.3, 4.3 and
4.5 in [We3], we obtained the mentioned result for Boolean algebras with elementary invariants
(1,1,n) (n <w), (1,0,w), (1,1,w) and (2,0, 1) respectively. In this section we generalize our case-
by-case analysis to arbitrary Boolean algebras. The following lemmas will be used in the proof of
the main theorem.

Lemma 3.1 Assume that B is a non-trivial Boolean algebra and d<,,e<, are partitions of 1p.
Then the following conditions are equivalent.
(a) There is a unique permutation o of the set {0,...,m} such that

(Vi <m)(Vd € deme<m)(dy(i) + € is not large in d).

(b) (a) without uniqueness of o.
(c) For every i < m, e; is large in at most one element from d<,, and d; is large in at most
one element from e<,.

13



Proof. For m = 0 the lemma holds trivially, so assume that m > 1 and suppose that the lemma
holds in all Boolean algebras for tuples of length m.

(b)=(c). Suppose for a contradiction that there are ¢,j,I < m, j # [ such that e; is large
both in d; and in d;. Let o be a permutation of the set {0,...,m}. If o(i) = j, then d,;) +e; =
dj +e; > d;Me;, 50 dy(;) + e is large in d;. Similarly, if (i) = [, then d, ;) + e; is large in d;. If
o(i) & {4, 1}, then d,(;) +e; > (dj U dy) Me; and dy(;y + e; is large both in d; and d;.

(¢c)==(a) Fix a Boolean algebra B and d<,,e<, C B, partitions of 1p for which (c) holds.
Choose 7y < m such that e;, is large in 15. There is a unique jo < m such that d;, is large in e;,.
Then e;, is the only element of the partition e<,, which is large in d;,. Thus d;, +e¢;, is not large in
dj, nor in e;,. (c) guarantees that d;, is not large in e; for i # ig. Note that (d;, +e;,)Me; = dj, Me;
for i # i9. Consequently, d;, + e;, is not large in e; for ¢ # iy. Similarly we prove that d;, + e;, is
not large in d; for j # jo. In this way have shown that if d € d<,e<s,, then d;, + €;, is not large
in d.

Now, for i,j < m, i # ig, j # jo we define:
d]l = (djo [ eio)’ [l dj and e} = (djo U 61'0)/ re;.

The tuples d := (d} : i <m,i#ig) and € := (e} : j < m,j # jo) are partitions of (dj, L e;,)". If
i # 19 and j # jo, then

djl M 621 = (djo |_|6i0)/ |_|dj Me; = dj Me;.
So for any i,j < m, i # i, j # jo,

1 - . 1 . . .
d; is large in e; iff d; is large in e;,

and similarly

1
€;

is large in d; iff e; is large in d;.
This implies that

e for every i < m, i # ig, e}

2 is large in at most one element from <dj1 2§ <m,j # jo), and

e for every j < m, j # jo, d} is large in at most one element from (e} : i < m,i # ip).

Therefore, by the inductive hypothesis applied to the Boolean algebra B|(d;, Ll e;,)’, there is a
bijection
T:{i<m:iFiy —{j<m:j#jo}

such that di(i) + e} is not large in ¢ whenever i < m, i # ig and ¢ € de.

We know that if ¢+ < m and ¢ # i, then none of the elements d;,, dl(i) + el is large in e;, in
which case

(drgiy + i) Me; = ((dr gy +e7) Mer) U (dj Me).

So dr(;y + €; is not large in e;.

We also know that d}o is not large in e;,. Moreover, if i < m and 7 # 79, then

(dT(i) + 61‘) M Cig = dT(i) r €io < d;'() M €ip-

Hence, d.;) + e; is not large in e, .
If 4,1 are distinct numbers from {0,...,m} \ {ip}, then

(dr(i) +e)Me = (d}—(z) + 611) MMey.

14



But di(i) + el is not large in e;, so dr(i) + €; is not large in e;.

In this way we have shown that d.;) + e; is not large in e; whenever i,/ < m and i # io.
Similarly one can prove that d.;y + e; is not large in d; for 4,7 < m and j # jo. Let o be a
permutation of the set {0,...,m} defined by the conditions:

o(ig) = jo and o(¢) = 7(i) for i € {0,...,m} \ {io}.

Our above arguments combined together show that d,(;) + e; is not large in d whenever i < m
and d € d<,,e<y,. For the uniqueness of o, observe that if j # o(7), then e; is not large in d;, and
d; + e; is large in d;. This finishes the proof.

Lemma 3.2 Assume that B is a Boolean algebra and d<,,,e<, C B are partitions of 1p such
that at least one of the following conditions (a), (b) holds.

(a) There are i,j,1 < m, j # 1 such that e; is large both in d; and d;.

(b) There are i,5,1 <m, j # 1 such that d; is large both in e; and e;.

Then at least one of the following conditions (a’), (b’) holds.

(a’) There ared',j',1" < m, j' # 1" such that e;» is large both in dj; and dy, and dj Udy is large
iney.

(b°) There are ', j',l' <m, j' # ' such that d;s is large both in ej; and ey, and e;s Uey is large
m di/.

Proof. Suppose for example that (a) holds and let ig = 4. If d; LI d; is not large in e;,, then there
is jo < m, jo # j,l such that d;, is large in e;,. If e;, is large in d;,, then (a’) holds for ¢’ := g,
j':=jand l' := jy. Otherwise, there is i1 < m, i1 # io such that e;, is large in d;,. If d;, is large
in e;,, then (b’) holds for i’ := jy, j' := ip and ¢’ := i;. Continuing this construction, after finitely
many steps we obtain i, j', 1’ < m for which (a’) or (b’) holds. |

Theorem 3.3 Assume that B is an infinite Boolean algebra, ¢(T,¥) € Lpa, T = T<pn, § = Y<r,
@ =a<, C B and p(B,a) # 0. There is an Lpa-formula (T, z<m,) such that

o {d<,, € B™"" : o(B,a) = ¢(B,d<y,)} is a non-empty subset of I1,,,(1g), and

o for any d<m,e<m C B, if Y(B,d<m) = ¢¥(B,e<m) = ¢(B,a), then d<m,e<m € II,,(1B)
and there is a unique permutation o of the set {0,...,m} such that for any | < m and
d € d<me<m, the element dy(y + e is not large in d.

Proof. Suppose that B, ¢(%,7) and @ = a<, satisfy our assumptions. Without loss of generality
we can assume that a<, is a partition of 15 whose all elements are simple. By Lemma 0.2, we can
also assume that ¢(Z, @) is a finite Boolean combination of formulas of the form

ejla; Nal,),vjs(a;Mal,) and atj(a; Nxl,),

where i < 7, n € {+,—}"", j <wand 1 < s < w. For every i < r, denote by (a’, 3¢,7%) the
elementary invariant of the Boolean algebra Bla;. Fix positive integers agp and vy so that the
following conditions are satisfied.

e If j > ayp, then the formulas ¢;, at; do not occur in ¢(Z,a).
e If j > ag or s > 7y, then v, s does not occur in (T, @).

%

e For every i < 7, if ' < w, then ag > o and vy > > Yt
{sia*=atys<w}
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Define the following formula:

0(2,79) = Vu<nVo<n [En,ao,vo (uSmUSnv z) — (Sp(uﬁmy) — “P(Uﬁmy))] .

Of course, by our choice of ag and vy, B = 6(a;,a) for every i < r. Fix c<,,, a partition of 1,
satisfying the following conditions:

e if i <7, then a; < ¢ for some [ < m,
e B 0(¢,a) for every I,
e for every [ < m, ¢ is simple,
o if [; <lp <mand B = 0(c¢;, Ucy,,a), then ¢, U ¢, is not simple.
For every tuple d € B"T! we define a function
f7:{+, =} {0,...,m} — INV,, -,

as follows:
fﬁ(na l) = Inva, (B|al r d%n)v

where € {4+, —}""! and | < m. Let
{fo, -, fi} = {f7:d € B""" and B = ¢(d,a)},

and for every ¢ < t define the following L g 4-formula:

O@emzem)= NN oy (mnal,).
ne{+,—}rttism

It is easy to see that L
B = o'(d,c<m) iff f7=fi
for every i <t and d € B"t!. Let

Claim 1. o(B,c<m) = ¢(B,a).

Proof of Claim 1. Fix a tuple d = d<,, € B"*! and suppose that B = ¢(d,@). Then f; = f;
for some i < t. For every n € {+,—}""!, 1 <m and (a, 3,7) € INV,, -, we have that

fin, 1) = fan,1) = (. B,7) <= B E o5 (aMdZ,,).

This means that
B ofin(ands,,)

for every n € {+,—}" and I < m. Hence B = ¢'(d,c<,m) and B = o(d, c<.)-
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In this way we have shown that ¢(B,a@) C o(B, c<s,). To prove the reverse inclusion, suppose
that B = o(d, c<mm). Then B = ¢'(d<p, c<y,) for some i < ¢, which means that f; = f;. Choose a
tuple € € B"™! such that f; = fz and B |= ¢(€,a). The equality f; = f= implies that

BEA A A (e and) o @nen).
ISm e {+,—}7+1 (0,8 7)EINVag -

Define the tuples d, ..., d,,+1 by the following conditions:
«do=1
e ¢;Mdiy1 = ¢ Me for every | < m and
e ¢|Md+1 = c,Nd for every I < m.

It is clear that dpmy1 =€ and B F En.a0m0 (dy,dys1,c1) for every [ <m. Hence B = o(dy,a) «—
o(di41,a) for I < m. Since B = ¢(dm+1,a), we infer that B |= ¢(d,a), which finishes the proof of
Claim 1.

Let

9/(27 sz) = Vuﬁnvvﬁn [En’ao’“m (uSm V<n, Z) — (Q(u§n7 ZSm) A Q(’USH’ ZSm))] .

It is evident from Claim 1 that ¢'(B, c<,,) = 6(B,a). Put

(T, 2<m) = 0(T, 2<m) N 2<m € (1) A /\ 0" (21, 2<m) A
<m

/\ —|0/(le U 21y, Z<m ) A /\ Uﬁl‘)\;zg,wo(B\Cz)(zl)'

{l1<l2<micy, Uey, is simple } I<m

Obviously, ¥(B, c<m) = 0(B,c<m) = ¢(B,a). The definition of ¥(T, z<y,) assures that for every
dSm S Bm+1, if (,D(B7a) = ¢(B7d§m), then dSm S Hm(lg).

Claim 2. If d<,, € B™*! and ¢(B,a) = ¥(B,d<,), then each element of the tuple d<,, is
simple.

Proof of claim 2. The claim is obvious if Inv(B) # (w, 0, 0), because then ag > max(a®,...,a™)
and Invag o (c<m) = Inva, 4o (d<im). So assume that Inv(B) = (w,0,0) and let

J ={i<m:Inv(B|¢) = (w,0,0)},
J' = {i<m:Inv(B|d;) = (w,0,0)}.

Again, our assumptions guarantee that if j & J, then g > o/ and Inve, ~, (Ble;) = Inve, -, (Bld;)
whenever j ¢ J. This implies that if j ¢ J, then d; is simple and Inv(B|d;) # (w,0,0), so J' C J.
To finish the proof of the claim, we only have to show that J = J. This is clear if |J| = 1. Suppose
that [J| > 2 and J' C J. Then there are i € J" and j,1 € J, j # [ such that d; is large in ¢; and in
c;. The element c; Ll ¢; is simple and B |= —0(c; L ¢, @). Define an equivalence relation ~ on B"+!
as follows:

g<n ~ h<n < B = (P(gﬁnaa) — (p(hgn,ﬁ).
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Since B = 0(c;,a) A 0(c;, @), ~ contains Eylay ., U ES We know that (B, d<) = ¢(B,a),

n,00,70 "
so 0'(B,d<m) = 0(B,a). Since B = 6'(d;,d<p,), we have that B |= 6(d;,a), and ~ contains
i oo Hence ~ contains EZ’EO(C;O“ e, By Lemma 2.8, ~ contains E¢ ~¢, which means that

B = 6(c; U, a), a contradiction.

Now assume that d<,,,e<,, € B"™! and ¢(B,a) = ¢(B,d<;,) = ¥(B,e<m). Then the tuples
d<m,e<m are partitions of 1p into simple elements. By Lemma 3.1, we will be done if we prove
the following claim.

Claim 3. There is a permutation o of the set {0,...,m} such that for any ¢ < m and d €
d<me<m, dg(i) + ¢; is not large in d.

Proof of Claim 3. The claim is trivial for m = 0, so let m > 1 and suppose for a contradiction
that the claim does not hold for m. Then, by Lemma 3.1, there are i, j,] < m, j # [ such that e;
is large in d; and in d;, or d; is large in e; and in ¢;. By Lemma 3.2, without loss of generality we
can assume that e; is large in d; and in d;, and d; U d; is large in e;. Since dj, d;, e; are all simple,
by Lemma 2.7, also d; LI d; is simple. As in the proof of Claim 2 we have that

B = 0(d;, @) A 0(dy, @) AB(e; M (dy Udy),a) A—0(d; U dy,a).

Let ~ be the equivalence relation on B™*! defined as in the proof of Claim 2. The relation ~

contains Eag ~o UEX U ng){sodl)m"’. By Theorem 2.8 for a := d;, b :=d; and ¢ := (d; Ud;) Me;,
~ contains also En,a(ﬁ%, which means that B |= 60(d; U d;, @), a contradiction.
This finishes the proof of the theorem. |

Proposition 3.4 Assume that B is an infinite Boolean algebra and n € No. Then the following
conditions are equivalent.

(a) |B/I,(B)| < 2.

(b) If r € Ny and X C B” is a non-empty definable set, then there is an Lpa-formula (T, 2<m)
such that

o {d<y € B" : X =(B,d<m)} is a nonempty subset of I,,(15), and

e for any d<m,e<m € B™T if X = (B,d<p) = ¥(B,e<n), then there is a unique permu-
tation o of the set {0,...,m} such that d,;) + e; € In_1(B) and d,(;y + e; is not large in d
whenever ¢ < m and d € d<me<pm,.

Proof. (a)==(b). Let B be an infinite Boolean algebra with |B/I,,(B)| <2,r € Ny and X C B"
a non-empty definable set. Fix an Lp4-formula ¢(T, z<,,) satisfying the assertion of Theorem 3.3
and partitions d<,,, <., of 1p for which X = ¥(B,d<,) = (B, e<y,). Denote by o the unique
permutation of the set {0,...,m} such that for any i < m and d € d<;ne<m, the element dy(;) +e;
is not large in d. Below we consider two cases.

Case 1. B = I,,(B). For any i,j < m, (dy(;) + ;) Nd; € I,_1(B). So do;y +e; € In_1(B).

Case 2. |B/I,(B)| = 2. In this case there are a unique ig < m such that e;, & I,,(B), and a
unique jo < m such that d;, & I,,(B). We claim that o(ig) = jo. Suppose for a contradiction that
this is not true. Then (dy(;y) + €i,) M dj, & I,(B), which means that dy(;,) + €;, is large in dj,
contradicting Theorem 3.3. So o (ig) = Jo.
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The element dj;, + e;, is not large in e; for ¢ < m. Thus, if ¢ # 4o, then (d;, + €;,) Me; €
I, _1(B). This implies that dj, Me; = (dj, +ei,)MNe; € I,_1(B). A similar argument shows that
d;o Me;, € In—1(B). Hence d;, + ¢;, € I,_1(B).

Now, let I < m and [ # io. As previously, (dy) +e;) Me; € I,_1(B) for i # ig. Also

(dg(l) + 61) Me;, = d;'o M dg(l) Me;, < d;-o Me;, € In_l(B).

Hence dyy + €, € In_1(B).
(b)=(a). Let B be a Boolean algebra with |B/I,(B)| > 4 and a € B an element for which
a + I,(B) is not (-definable. We can assume that a satisfies the following additional conditions.

e In case B/I,(B) is atomic, a + I,(B) is an atom of B/I,(B).

e In case B/I,(B) is not atomic, a+I,,(B) is atomless as an element of B/I,,(B) and o'+ I,,(B)
is not atomic as an element of B/I,(B).

Our choice of a guarantees that the elements 0p,a,da’, 15 belong to distinct cosets of I,(B). In
particular, a,a’ & I,,(B). Consider the following {a}-definable set:

X={ceB:a+cel,(B)}={ceB:BEea+c)}.

Fix an Lpa-formula ¥(T, z<,,) such that {e<,, € B™! : X = ¢)(B,e<;)} is a nonempty subset
of I1,,,(15) and a partition d<,, € II,,,(1p) for which X = ¢(B,d<,,). Since X is not (-definable,
m > 1. We will show how to find a partition e<,, € IL,,(1g) such that X = (B, e<y,) and for
every permutation o of the set {0,...,m}, there are i < m and d € d<;e<y, such that d, ;) + e;
is large in d or d,(;) +e; & I,,_1(B). We consider three cases.

Case 1. There is i < m such that d; Na,d;Na & L,(B) or d;Mda,d;Na’ & I,(B).

Assume for example that the first alternative holds. Fix ¢ < j < m such that d; Ma,d; Ma ¢
I,(B). There is d € (0p,aMd;) such that d € I,,(B) \ I,,—1(B). Then

Inv(BlaMd; Nd") =Inv(BlaNd;) and Inv(Bla M (d; U d)) = Inv(Blad;).

Define e; = d; M d', e; = dj Ud and ¢, = d; for | ¢ {i,5}. The tuple e<,, is a partition of 1p
and tp(e<m/a) = tp(d<m/a). Consequently, X = (B, e<,,). Let o be a permutation of the set
{0,...m}. If o(i) = 4, then

da'(i) +e =d; + (dl I dl) =d g Infl(B)

If o(i) = j, then
do(i) +e; = dj + (dl 1 d/) > dj, SO da(i) +e; € Infl(B)

Finally, if o(i) & {4, j}, then

do(iy + € = di + e; > e, 50 do() + € ¢ 1, 1(B).

Case 2. There is i < m such that d € I,,(B).

Fix j <m,j # 4. Let c =ald;. Then a +c¢ = d; Na’ € I,,(B) and the formula ¢, (c + z)
defines X. There is d € (0p, (ald;) U d;) such that Inv(B|d) = Inv(B|d;) and the elements d1d;
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and d' M d; are both large in d U d;. Define: e¢; = (d; Ud;)Nd’, e; =d and ¢; = d; for I & {3, j}.
The tuple e<,, is a partition of 15 and tp(cd<.,,) = tp(ce<m). Consequently, X = (B, e<n).
Let o be a permutation of the set {0,...,m}. If o(j) = 7, then dy(jy +e; = dj +d > d' M dj, so
dy(j) + e; is large in dj. If o(j) = i, then d,(jy +e; = d; +d > d' 11 d;, so d,(;) + e; is large in d;.
If o(j) =1 & {i,j}, then dy(j) +e; = d; + d > dy, 50 dy(j) + e; is large in d.

Case 3. There are i < j < m such that d; +a € I,(B) and d; + o’ € I,(B).

There is d € (0, aMd;) such that d € I,,(B)\I,—1(B). Define ¢ = aNd’, e; = d'Md;, e; = d;Lid
and e; = d; for I & {i,j}. Then e<,, is a partition of 15 and tp(ad<,,) = tp(ce<,,). Consequently,
the set defined by the formula e,,(c 4+ x) is equal to ¥/(B, e<y,). Since a + ¢ € I,,(B), the formula
en(z + ¢) defines X and X = ¢(B, e<,,). Proceeding as in Case 1, one can show that if o is a
permutation of the set {0,...,m} and [ < n, then dyq) +e; & I,,—1(B). |

Corollary 3.5 [We3, Theorem 4.8] Assume that B is an infinite Boolean algebra. Then the
following conditions are equivalent.

(a) |B/I(B)| < 2.

(b) If r € Ny and X C B7 is a non-empty definable set, then there is an Lpa-formula (T, z<m)
such that

o {d<y, € B™" : X =(B,d<m)} is a nonempty subset of I,,(15), and
o for any d<,,,e<y € B™", if X = (B, d<y,) = ¢¥(B,e<m), d<m is a permutation of e<n,.

Proposition 3.6 Assume that B is an infinite Boolean algebra with Inv(B) = (w,0,0), r € N4
and X C B" is a definable set. Then there are a positive integer o and an Lpa-formula (T, z<m,)
such that

o {d<y, € B™" : X =(B,d<m)} is a nonempty subset of I,,(1p), and

e for any d<m,e<m € B™T if X = (B, d<m) = ¥(B, e<m), then there is a unique permuta-
tion o of the set {0,...,m} such that for any i <m and d € d<me<m, dy(;) + €; is not large
in d and dg(i) +e € LX(B).

Proof. Fix a nonempty set X C B” defined by ¢(Z,@) € Lpa(B). Let ¥(T, z<,n) be the formula
obtained as in proof of Theorem 3.3. We claim that ¢ (T, z<,,) satisfies the assertion of Proposition
3.6. Assume for a contradiction that for every positive integer «, there are partitions d%,,,e%,, €
I1,,(1p) such that I

e X = 1/J(B,d%m) = 1/1(8,6%7”) and

e for every permutation o of the set {0,...,m}, there are i < m and d € d2, e<,, such that
dg ;) + €5 € La(B).

Then there are By > B and partitions d<, e<m € I, (1p,) such that ¢(Bq,a) = ¢¥(B1,d<m) =
(B, e<m) and for every permutation o of {0,...m}, there are ¢ < m and d € d<,e<,, such that
Inv(B|d M (dy;y + €;)) = (w,0,0). The latter means that d, ;) + e; is large in d, which contradicts
Theorem 3.3. |
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4 Elimination of imaginaries

Assume that M is a multisorted structure for a multisorted language L and let n € Ny. For
any finite collection My, ..., M, of sorts in M, any (-definable set X C My X ... x M, and any
(-definable equivalence relation E on X, denote by Sg the set of all equivalence classes of E and
by fg the function from X onto Sg sending @ € X to [a]g. In case E is the equality on a sort N
from M, we identify N with N/E. The structure M together with all sorts Sg and functions fg
will be denoted by M¢®4. If £ is a family of (-definable equivalence relations on (-definable subsets
of products of finite collections of sorts in M, then M(E) denotes the multisorted structure M
together with all sorts Sg and functions fg, where E € £. The multisorted language of M(&) will
be denoted by L(E).

We say that a multisorted structure M admits elimination of imaginaries iff for any finite
collection My, ..., M, of sorts in M, any (-definable set X C My x ... x M, and any (-definable
equivalence relation E on X, there is a (-definable function f from X into a product of some finite
collection of sorts in M such that for any @,b € X, M = E(a,b) iff f(a) = f(b). We say that a
complete theory for a multisorted language admits elimination of imaginaries iff every model of T
does. Clearly, for any multisorted structure M, if Th(M) admits elimination of imaginaries, then
also M does.

Proposition 4.1 Assume that M is a multisorted L-structure and £ is a family of B-definable
equivalence relations on (-definable subsets of products of finite collections of sorts in M. Then
the following conditions are equivalent.

(a) M(E) admits elimination of imaginaries.

(b) If My, ..., M, is a collection of sorts in M, X C My x ... x M, is a (-definable (in M)
set and E is a 0-definable (in M) equivalence relation on X, then there exist a collection of sorts
Noy ..., N in M(E) and a B-definable (in M(E)) function f: X — Ny x ... x N such that for
any @,b € X,

M = E@B) iff (@) = f(b).

Proof. The implication from (a) to (b) is trivial. To prove that (b) implies (a), assume that & is
a family of (-definable (in M) equivalence relations on (-definable (in M) subsets of products of
finite collections of sorts in M. Fix a finite collection My, ..., M, of sorts in M(E), a P-definable
(in M(&)) set X C My X ... X M, and a parameter-free formula E(xq, ..., Tn,Yo,---,Yn) € L(E)
defining an equivalence relation E on X. Then, for every i < n, we can find a finite collection
M, o,...,M;,, of sorts in M, a (-definable (in M) set X; C M; o X ... x M;;, and a (-definable
(in M) equivalence relation E; on X; such that M; = X;/E; = fg,[X;], where fg,(T) = [T]g,
whenever T € X;. Let

Z={ay...an € Xo x...x Xy : {fE,(@0),..., [, (@n)) € X}.

Clearly, the set Z is (-definable in M. There is an L-formula (o, ..., Un, To, . .., Tn) such that
for every i < n, [u;| = |v;] =1; + 1 and for any a<,,b<, € Z,

M ': w(aS7ﬂE§n) iff M(S) |: E(on (60)’ R fE'n, (an)v on (60)7 B fEn (Bn»

The formula ¢ (U<,,T<,) defines an equivalence relation F on Z. By (b) there is a collection
No, ..., Nj of sorts in M(€) and a @-definable (in M(&)) function

g:Z — Ng X...x Ny
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such that for any @,b € Z, M = ¢(a,b) iff g(@) = g(b).

Now, define a function f : X — Ny x ... x Nj by the following condition: f(@) = b iff there
is U<, € Xo X ... x X, such that @ = (fg,(%),--., fr, (W) and g(u<,) = b. Note that f is
(-definable in M(E) and for any a1,a2 € X, f(a1) = f(az) if M(€) = E(a@1,a2). This finishes the
proof. [ |

Assume that B is an infinite Boolean algebra. The proof of Theorem 3.3 provides us with
an algorithm how, given an Lpa-formula ¢(Z,7) € Lpa together with a tuple of parameters
@ € Bl to find a canonical Lp-formula Y,.a(T,Z) and a tuple of parameters ¢ € BIZl such
that p(B,a) = 1(B,¢) and ¢ is a partition of 15 determined up to almost a permutation (see the
definition below).

Definition 4.2 Assume that B is an infinite Boolean algebra, m < w and d<,, e<y, are partitions
of 1g. We say that e<q, is almost a permutation of d<,, if there exists a unique permutation o
of the set {0,...,m} such that for any | < m and any d € d<mye<m, the element d,) + ¢ is not
large in d.

For every Lpg-formula w%a(f, Z) obtained in the way described above, denote by E%,E the
(-definable equivalence relation on B!? defined by the following condition.

The tuples d<,, e<m € B™ ! are Fy,_ _-equivalent iff either d<,,,e<n & IL,(15), or
dSm’ €<m S Hm(]-B) and ww,a(B,dgm) = ’1/1%5(3, egm).

Let &g be the family of all equivalence relations Fy, . on cartesian powers of B appearing as a
result of the above procedure for all possible L 4-formulas ¢(Z,7) and all tuples @ € B Il

After these introductory definitions and remarks, we are in a position to state and prove our
concluding result.

Theorem 4.3 Let B be an infinite Boolean algebra. The multisorted structure B(Eg), where g
denotes the family of O-definable equivalence relations on cartesian powers of B defined above,
admits elimination of imaginaries.

Proof. It is enough to show that B and B(Ep) satisfy condition (b) of Proposition 4.1.

Suppose that n € N;, X C B" is a (-definable set and F(Z,7) is an Lp-formula defining
an equivalence relation £ on X. By Theorem 3.3, Proposition 3.4 and Proposition 3.6, for every
a € X, we can find an Lpa-formula ¢ 5(Z, 2<m(@)) and such that

o {depm@) € B™@+! . B(B,a) = YEa(B,d<p@))} is a non-empty subset of IL,,,G) (1), and
o for any d<,, @), e<m@) € @ (1B), if ¢(B,a) = Ypa(B,d<nm@) = ¢E (B, €<m(a)) then
e<m(a) is almost a permutation of d<,,); moreover, if Inv(B) = (a,0,1), where 2 < a < w,

then d[,(l) + e € I,_2(B).

For every @ € X, denote by X (@) the set of all tuples b € X for which the following conditions
hold.

o {dep@ € B™@+1 . B(B,b) = VYEa(B,d<m@))} is a non-empty subset of I1,,(15), and

o for any d<,,(a), €<m(a) € (@ (1B), if E(B,b) = ¥pa(B,d<m@) = ¥ea(B,eé<m()), then
€<m(a) 18 almost a permutation of d<,(g)-
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For every @ € X, X(a) is a (-definable subset of X containing @. Moreover, X (@) is a union of
some equivalence classes of E. For @ € X, we consider the (-definable equivalence relation Fy,
on B™@*! defined before Theorem 4.3. Let fg : X(a) — B™®*1/F,  denote the function
defined as follows:

fﬁ(g) = E/F¢E,E iff E(B7B) = wE,E(Bvé)'
Obviously, for any by, by € X (a),
fg(gl) == fE(BQ) lﬁ B ‘: E(El,gg).

Since the formula g (T, 2<m)) constructed in the proof of Theorem 3.3 for the formula E
and @ € X depends only on F and Inv(a), by an elementary compactness argument there are
@o, . ..,ar € X such that X = X(ap)U...U X (Gy). Define a partition Xo, ..., X} of X as follows:
Xo = X(ap) and X; = X(a;) \ (X (ap)U...UX(a;—1)) for 1 <i <k (without loss of generality the
sets Xo, ..., Xy are non-empty). Define a map

fiX — BM@ITYE, x . ox BT,
as follows: if b € X, then f(b) = (fo(b),..., fx(b)), where

— [ fa(®) ifbe X;
fi(b) —{ (0,...,0)/Fy,,  otherwise

for any i < k. It is clear that f is (-definable in B(€p) and for any by, by € X,
B k= E(by1,by) iff f(b1) = f(b2).

In this way we have shown that B and £p satisfy condition (b) of Proposition 4.1. Hence the
multisorted L(Ep)-structure B(Ep) admits elimination of imaginaries. |
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