EXPONENTIATIONS OVER THE QUANTUM ALGEBRA U,(sl2(C))

ABSTRACT. We define and compare, by model-theoretical methods, some exponentiations
over the quantum algebra Ug(sl2(C)), for any parameter g. We discuss two cases, according
to whether the parameter q is a root of unity.

1. INTRODUCTION

Quantum algebras are very interesting objects which are beginning to be investigated
under a model theoretic point of view. This is witnessed, for instance, by [10], where
one attempts to associate with a quantum algebra whose parameter of deformation is a
root of unity a geometrical object, namely a Zariski geometry [3] (we will see this in more
details below) , and by [2], where a model theoretic investigation of simple representations
of quantum algebras is developed when the deformation parameter is not a root of unity.

In this paper we will construct exponential maps on the quantum algebra U, (sl2(C)) for
any parameter ¢, adopting the same method as in [8] for the universal enveloping U (sl2(C))
of the Lie algebra sla(C) of 2x2 traceless matrices with complex entries.

The model theory of exponentiation has been considered not only in the classical frame-
works of the real and complex field, but also over larger settings such as Lie algebras.
Macintyre’s paper [9] sketches a general picture of exponentiations over finite dimensional
Lie algebras over both the real and the complex field. This led in [8] to the idea of approach-
ing exponentiation over an infinite dimensional algebra, namely the universal enveloping
U(sls(C)).

The quantum algebras have occurred in the work of Boris Zilber in two ways. First, as
new examples of Zariski geometries which are not interpretable in an algebraically closed
field and second in the attempt to associate with a quantum algebra a geometrical object.
There are one-dimensional Zariski geometries ([3]) which are finite coverings of algebraic
curves but not algebraic curves (and whose automorphism group contains a subgroup gen-
erated by two elements 71, 7 whose commutator [1,72]" = 1. Boris Zilber in [10] calls
such object a non classical Zariski geometry and explores a method which associates a
geometrical object, a Zariski geometry, to a typical quantum algebra (when the parameter
of deformation is a root of unity). He begins with the simplest algebra, namely Uy,(sl2(C))
to which he associates a many-sorted structure V (U, (sla(C))) consisting of a base field F,
a variety V' and a bundle of U,(sl2(C))-modules of fixed finite dimension (the order of the
root of unity) parametrized by V. He shows the theory of finite-dimensional Uy (sl2(C))-
modules is Rj-categorical and model-complete. Moreover, he shows that V (U, (sl2(C))) is
a Zariski geometry and that it is not definable in an algebraically closed field.

In this paper, we will consider the full algebra structure of U, (sl2(C)), where ¢ is arbitrary
but ¢> # 1, and construct, using its finite-dimensional representations, an exponentiation
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function. When ¢ is a root of unity, we will show that U embeds in a non-principal
ultraproduct of the U,,, where the order ¢ of the root of unity increases.

We will discuss two cases, according to whether the parameter ¢ is a root of unity, or
not. When ¢ is not a root of unity, it is known that all finite dimensional representations of
Uq(sl2(C)) are semisimple, the simple ones are classified in terms of highest weight and so
are very similar to those of the classical case. Consequently various exponentiations over
Uq(sl2(C)) can be defined just by strategies similar to the ones used in the classical case in
[8]. We consider the Lie algebra M),1(C) of (A4 1) x (A + 1) matrices with entries in the
complex field (A a positive integer) and the relative matrix exponential map, introduced in
terms of infinite power series from My;1(C) to the linear group GLy1(C). By connecting
these exponentials to the simple finite dimensional Uy (sl2(C))-modules V) . (where € = £1),
we first define ezponential maps indexed by A, € from Uy (sl2(C)) to GL4+1(C). By using the
same technique as in the classical case, we will describe some properties of these maps and
show that U,(sl2(C)) embeds into any non-principal ultraproduct of the My4;(C). Then,
we will define an exponential map EXP from U, (sl2(C)) to any non-principal ultraproduct
of the groups GL)1(C) and we will investigate some of its properties.

What is more interesting is the other case, when the parameter ¢ is a root of unity. In
fact the finite-dimensional representations of Uj(sl2(C)) are not semisimple and there are
further finite-dimensional representations in addition to the highest weight ones. Anyway,
using the characterization of its simple finite dimensional Uy (sl2(C))-modules, we will define
exponential maps from U, (sl2(C)) to certain ultrapowers of the linear group GL¢(C), where
{ is the order of the root ¢g. In this case, we have to carefully choose appropriate ultrafilters.

2. PRELIMINARIES.

Let k be a field; recall that the universal enveloping algebra U of sla(k) can be presented
as the associative algebra generated by X,Y, H, subject to the relations: X.Y —Y.X = H.
It also be viewed as an iterated skew polynomial ring. Namely, set Ay = k[H], let o1 be an
automorphism of Ag which is the identity on & and which sends H to H + 2.

Then let A; be the skew polynomial ring Ay[Y; o1] and o2 be an automorphism of A
sending Y to Y and H to H — 2. Then U is isomorphic to Ay := A1[X; 09, ], where ¢ is a
oo-derivation sending H to 0 and Y to H.

Fix an element ¢ € k — {0} such that ¢> # 1. Now we want to present the quantum
algebra Uy(sla(k)) in a similar way. Namely, U,(sla(k)) is the associative k-algebra with
generators K, K~!, E, F and relations:

K—-K!
q—q '’
The relations (1) imply by induction for every integers s and ¢, s, ¢t > 2, the formulas:
thl qu—t _ K—lqt—l

— 1
qa—q

(1) KK '=K'K=1 KEK'=¢E, KFK ' =¢?F, [E,F]=

(2) B, F'] = [ :
Esfl qu—l _ K—lql—s
— g1 ’
qa—4q
where [a] denotes the ¢g-number that is defined for every a € Z as:

3) [E° F] = [s]

a

¢ —q
la] =" —
q—q
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When ¢ is not a root of unity, the representation theory of U,(sla2(k)) has similar prop-
erties as that of U, the universal enveloping algebra of sly(k). If ¢ is a primitive pt* root of
unity, then the representation theory of U,(sl2(k)) looks like the representation theory of
sla(k) over an algebraically closed field of characteristic p.

Another (useful) way to present the algebra U, := U,(sl2(k)), for any ¢, is to con-
struct it as an iterated skew polynomial ring ([6]). Namely, let A := k[K, K~!] with the
automorphism «; sending K to ¢%.K, then A; := Ag[F; ;] with the commutation rule
a.F = F.a® with a € Ag. Then extend a; to Ay by oy (FI.K*) = ¢**.F7.K* and define an

aq-derivation on A; by §(F) := I;:é{:ll, d(K) = 0 (see Lemma VI.1.5 in [6]). Finally, set
Ag := A4[E; aq,0] with the commutation rule a.F = E.a®" + d(a) with a € Ay. Then As is
isomorphic to U, and the set {E*.F7.K*: i,j5 € N; z € Z} is a basis of U, over k ([6] proof

of Proposition VI.1.4, [5] Theorem 1.5).

Lemma 2.1. ([1] Theorem 1.12) Ag is a Euclidean commutative ring, Ay (respectively As)
is Tight and left Noetherian (and so right and left Ore with no zero-divisors). O

The algebra U, is a Z-graded k-algebra with grading deg(E) = 1, deg(F) = —1 and
deg(K) = deg(K~1) = 0. (Note that the relations (1) preserve that grading.)

Let Uy, be the k-vector subspace generated by {E".K*.F7 :i—j=4{, i,j € N,z € Z}.
Lemma 2.2. U; = ®pezUgm-

Proof: let L1, Lo be two disjoint subsets of integers, then ZmGLl Zm am.Ei.F”m.Kf‘ =

S micry Sja Bier - EL I K implies that Y, cp 37, a2 BV FTMEK® = 0 and 0 =

, i ELFTT K2 Tt suffices to note that if EULEFT™M my € Ly, occurs in
Zm €L Z] z 0 ; 5

the right hand side with a nontrivial coefficient, then it doesn’t occur in the left hand side.

Indeed assume that for some my € Lo, EJ. Fitm2 = ¢ Fit™2 then i = j and so m; = ma
a contradiction.

For u € Uy ;, we have (see [5], 1.9):

(4) Ku.K ' =g
So, if ¢ is not a root of unity, then U, o is equal to the centralizer of K.
In the general case, we have the following Lemma. Let
LK +q¢K? K+qg K
S O A VN
(¢—q71) (¢—q)
be the quantized Casimir element of U,.

(5) Cq =

Lemma 2.3. ([6] Proposition VI.4.1, Lemma VI.4.2) For any q, Uy is equal to the
polynomial ring k[Cy, K, K1].

Proof: The fact that C; commutes with K follows from the above relation. Further, using
relations (1), we show that C; belongs to the center of U,.

First, by relation (4), B*. K".Fi=E' K".F'.K " K" = ¢*™ E* F'.K"™. Then one pro-
ceeds by induction on i, to show that E*.F' € k[C,, K, K~!]. This holds for i = 1.
If u € k[Cy, K, K™Y, it remains to show that E.u.F € k[C,, K, K~!]. By definition
of Cy, this holds for E.F. Now, note that any element of k[Cy, K, K~1] can be repre-
sented as K~%.p[C,, K| with plz1,22] € k[r1,22] and d € w. If u = K", n € Z, then
E.K"F=¢"EFK" O
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We will use later the fact that any element of Ug,,, for any ¢, can be written as E™ .u,
for m > 0, and w.F"~"™, for m < 0, with v € U, o and also that for any u € U, o, there exist
o', v’ € Uy such that E.u = v .E (respectively F.u = u”.F).

If g is not a root of unity, then the center of U, has dimension 1 over k and is generated
by Cy (see Proposition 2.18 in [5], or Theorem VI.4.8 in [6]).

If ¢ is a /" root of unity, the center of U, is generated by E¢ F* K* K% and Cy (see
Proposition 2.20 in [5]).

3. FINITE-DIMENSIONAL REPRESENTATIONS OF Uy, FOR ¢ NOT A ROOT OF UNITY.

In this section ¢ is not a root of unity, and & is an algebraically closed field of characteristic
different from 2.

Every finite-dimensional representation of U, admits a direct sum decomposition by
simple Ug-modules ([5] Theorem 2.9 and Proposition 2.3). For every positive integer A,
there exist (up to isomorphism) exactly two simple modules of dimension A + 1 as k-vector
spaces. They will be denoted by V. \, where e € {—1,1}. First, let us describe the U,
module V; y; it has a basis {vg, v1, ..., v} for which the actions of the generators E, F, K
can be described as follows:

(6)

=i+ e, ifi=1,.0, G+ v, it =0, A= 1,
Ev; _{ 0, ifj =0, Fmji =10, ifj = A,
(7) va:q)‘_2jvj j=0,...,\

In particular, E annihilates vy and F' the vector vy, and up to the scalar multiplication
these are the only vectors with these properties. So, V; » is an irreducible representation of
U,. Furthermore, on Vj y, the quantized Casimir element C, acts by scalar multiplication

Of qkfl_’_qlf)\
(G~ 0)® * : o . : :
The other simple representation V_;  of dimension A 4 1 is obtained by composing the
action of U, on Vi ) with the automorphism o (see [5, §5.2]) of U, determined by

o(Ey=—-E, o(F)=F, oK)=-K.
Furthermore, o maps C,; to —C,;. We will also refer to the module V_; , as V10>\ Denote
by Ve (for every e = £1), any simple representation of U, (of dimension X + 1) and by
VZ/\ the eigenspace of K with eigenvalue eg* =%, namely {veViy: Kv= eq’\*2jv}. So,
we have that V; \ = @OSJSAVE{,\- For every ¢ = +1, the actions of the generators F, F, K
and the central element Cy, according to the representation map Oy : Uy — End(V; x41),

are described by the matrices denoted respectively as E. \ := O \(E), Fe = O\ (F),
Ky =0 )\(K) and Cy ) 1= O 1 (Cy):

0 [\ 0. 0 (1) 8 8
00 [A—1... 0

(8) Ep=e : g | s 0 [2] 0
O O 0- .. 0 O (') [A] 0

q/\—l +q1—A q)\—l _|_q1—)\>

K.\ = ediag(qA, q)‘*Q, .. .,q*)‘Hq*/\), Cher = ediag( s
! (g—q1)? (g—q1)?
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In the next proposition, we translate in our notations the property that for any r € U,
the formula ¢(v) := r.v = 0 is uniformly bounded as defined in ([2] Lemma 4.2).

Proposition 3.1. Let r € Uy, then the dimension of the kernel of O \(r) in Ve is
bounded independently of \.

Proof: We have that r = K~ ".p(Cy, K) with p(z1,22) € k[z1,22] and n € N. Let v € VEZ)\
with A € N — {0}, then r.v; = e ".q~ (=29 .p(qil( )+, (Zq ) 6. 2).v;. Now r.v; =0

N - (a—q=1)
. “1(e.qM)+q.(e.q)~ —2i
iff p(2 (e gq—)qgl()éq ) Le.q*"21) = 0. |

We write p(z1,22) = > 7" pj(21).23. Since ¢ is not a root of unity, for all n € N —
{0} ¢"™ # 1 and the map sending n to ¢" is a monomorphism from (Z, +,0) to (k—{0}, ., 1).

) = 0. This entails that

We write qil(e'g;)zg'l()zq ) g leg E(lﬁgii;z). Suppose that we have that more than
deg(p;) values of X such that pj(q71(5'€;2+ () )"

q_l.e.q)‘l.i(l T = q_l.e.q’\?i(l )
(q—q1)? (q—q1)?

Therefore, (¢ +q~) = (¢* +¢72), so M2 (" — ¢*2) = (g™ — ¢*2). So, g2 =1,
which implies that A\;+X2 = 0 and since these are positive numbers, a contradiction. Denote
—1 A A)—1
by Z; the (finite) set of values of A such that p;(% (e'gq_);rg'l()zq ) ) = 0. Suppose that
e Ye.qgM)+q.(e.g* 9
(qu*;_lq)yq )a€~q>\ 2 Z) =0.

)\ ¢ (i Zj, then there are finitely many ¢ < m such that p(L

A uniform way of presenting these representations is to introduce the quantum plane
([2])-

The quantum plane k[z1, x2], is the quotient of the free k-algebra generated by x; and x3
by the ideal generated by x1.72—q.79.71. A basisis {x!. xQ}Z jeN with the commutation rela-
tion a:Q 2t = ¢ .2t .2h. Let k[zy, x2]q \ be the k-vector space generated by the homogeneous
elements of degree X. (We have k[z1, z2]4 EBAGNk:[ml, Z2)g \- ) It is an Ug-module with the

actions of F/, F' and K deﬁned as follows: K.xi.x) = ¢"7.at. x2, E.at. w2 = [i].zt” a:%“,

Falx—2 = [jlatt! J;2 . We could also have deﬁned the action of U, as follows: first
send U, to o(Uy) and then let it act on k[xi,x2], as before. In the second case, we will
denote the quantum plane by k[z1, z2]q 0

The simple finite dimensional modules V, ) are, as Ujg-modules, either isomorphic to
klzq, x2]gn (e =1) or k[z1,x2]q0 (e = —1).

4. THE EXPONENTIAL MAPS ON U;, ¢ NOT A ROOT OF UNITY.

In this section we set k = C (in fact we just need a field endowed with a norm and
complete for the induced topology). We endow M;(C) with the Hermitian sesquilinear
form (-,-), defined by (A4, B) :=tr(B*-A) =3, ; Aj; - Bij, where A, B € My(C) and B* is
the conjugate of the transpose of B. Let || - [[¢ be the norm induced by this form (usually
called the Frobenius norm) hence for every A, we have [|A]|Z := (4, A).

We denote by exp the matrix exponential map from the algebra of matrices M) 1(C) to
the algebra of invertible matrices GL)11(C), which sends any matrix A € M,1(C) to the
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matrix exponential exp(A), defined as the power series
o0
An
(9) exp(4) = Z nl
n=0
If Ais alx 1 matrix, that is, a scalar a of the field C), then exp(A) = e® where e* denotes
the ordinary exponential of the element a € C.
Actually, there exists a g-variant of the exponential map defined as an element of the
formal power series ring C[[X]](see [6], pag. 76). The g-exponential is defined as the formal
series

oo Xn
xX)=5 2
eq( ) ~ [n]| ’
where [n]! = [1]...[n], (note that [n]! for ¢ = 1 is equal to the usual factorial n!). Observe

that the series is well-defined (provides ¢ is not a root of unity).The g-exponential is any
invertible series, but in contrast with the ordinary exponential (that is, for ¢ = 1), we
have e,(X)™1 # e,(—X). Anyway, for any variable X and Y such that XY = ¢Y X, the
fundamental property of the exponentials e,(X +Y) = eq(X)eq(Y) is satisfied.

Anyway, we will work with the matrix exponential defined by (9) in order to introduce
a new exponential map over U, by using its representation theory. We will compose this
map with ©, ) in order to get exponential maps from U, to GLx41(C). Since for each A,

the kernels of these maps O, ) are non-trivial, we will consider non-principal ultraproducts
of the GLx;+1(C).

In [8] (see Definition 4.1), we defined the notion of (non-commutative) exponential rings
(respectively non-commutative exponential C-algebras).

For each )\, we define the exponential map EX P, y on U, as follows. Let u € Uy, then
EXP,)\(u) := exp(Oc\(u)), fore==+1.
For instance,
(E))=exp(Ex),
F)) = ewp(FA)
(3) EXP.\(K) = exp(ee, (K)) = diag (ew ,ee-qH,,_,7ee-q*”2,ee.q**> .
tfl(s»qA)+q-1(e2<¢1A)71
(4) EXPA(Cq) = exp(Oea(Cy)) =€ (ama7D) NEWEY
We get a transfer of the properties of the classical matrix exponential to this new expo-
nential map, as follows.

Proposition 4.1. If u, v € U; and a, b € C, then YA € N — {0}:
(i) EXP. ) (0y,) = I, where Oy, denotes the identity element (with respect to the
addition) in Uy and Iy is the identity matriz in GLx;1(C).
(i) EXP. (a.u).EXP, ) (b.u) = EXP, ) ((a + b).u);
(ili) EXPey (u).EXPe y (—u) = Iy;
(iv) for w and v commuting, EXP, ) (u+ v) = EXP, ) (u).EXP, ) (v);
(v) for an invertible element v in Uy, EXPx (vuv™") = O (v). EXPex (u).0cx(v)
So, (Uy,C, EXP, \,GLx11(C)) is an exponential C-algebra.

As in [8] Proposition 7.2, we obtain the following result.

Proposition 4.2. VA € N — {0}, the map EXP,  is surjective.
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Proof. Since exp is surjective from My;1(C) to GLx11(C), it suffices to prove that
O : Uy = M) 41(C) is surjective. The latter is deduced directly by Jacobson density
theorem [4, Section 2.2]. O

Let U be a non principal ultrafilter on w. Recall that the ring ([ [,; My+1(C), exp,[[;, GLr+1(C))
is an exponential ring ([8] Proposition 5.1). We will view U, as an exponential sub-ring of
that ring.

Proposition 4.3. For every non-principal ultrafilter U on w, the map [O¢ )] is injective
from Uy to [, Mx+1(C).

Proof: We proceed as in [8], using Proposition 3.1. Any element u of U, can be written
as, with m > 0, Zz_:l_m F~%u, + 3" ju,.E*. Then, for A > m, whenever O (u,) # 0,

for some z, ©, \(u) # 0. Then, by Proposition 3.1, if u, # 0, for all A but finitely many of
them, ©¢\(u,) #0. O

Define EX P from Uy to [[,;, GLx4+1(C) by
EXP(u) = [EXP. x(u)],

(for e+ 1).
It follows by Los theorem that (U, EXP,[],, GLx+1(C)) is an exponential C-algebra.

5. FINITE-DIMENSIONAL REPRESENTATIONS OF Uq, FOR ¢ A ROOT OF UNITY.

In this section, we will assume that ¢ is a primitive £** root of unity for £ > 3 and that &
is algebraically closed. In this case, the dimension of a finite-dimensional simple U,-module
is bounded by ¢; in dimension ¢, there are more simple Uj,-modules (than for ¢ not a root
of unity).

First a simple U;-module of dimension A < £ is isomorphic to a module of the form V5
(see Proposition VI.5.1 in [6]). Then there are no simple finite-dimensional Uj,-module of
dimension > ¢ (see Proposition VI.5.2 in [6]).

Now let us describe the module V, .(¢) of dimension ¢, a,b,c € k, ¢ # 0.

C'q_h::qc:ll'qz_l ,1<i</l—1,e:=aand
e= Hle e;. Note that the e;’s and e depend on a, b, ¢, and when we want to stress it, we
denote e; (respectively e) by e;(a, b, c) (respectively e(a, b, c)). Also, we will always assume
that ¢ # 1.

For z € C, let Z be the complex conjugate of z, since ¢* = ¢'~%, we have that m =[¢—1].

The actions of E, ' and K are represented by the following three £ x ¢ matrices Eq ..,
Fb,ca K.:

For ease of notation, we will set e; := a.b + [i].

0 el 0... 0
0 0 €y... 0
(10) E(l,b,C = : . ’
S er_1
ee 0 O 0
0 0 b
1 0 0
(11) F, = 0 1 0 ,
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Kc = C.diag (17 q_27 . ’q—2.€+4’ q_2£+2) :

. -1 -1
Cope = diag (ab + %) .

Note that the actions of respectively E, F'; K and C on an ¢-dimensional space that
these matrices represent either are cyclic permutations of one-dimensional subspaces, or
leave these subspaces invariant.

We will denote by O, . the maps from U, to My(k) sending E to Eqpc, F to Fp and K
to K.

Now let us describe the module f/ddc(ﬁ), d,f €k,d, f+#0,itis a f-dimensional k-vector
space.

-1 —i+1 i—1
% and we will always assume that

f? # 1. The actions of E, F and K are represented by the following three ¢ x £ matrices
Eq, Fy, K;:

For ease of notation, we will set f; := [i].

0 f1 O... 0
0 0 foy... 0
Ff_ . . 2 )

B Jea
0O 0 O... 0
0 0 . d
1 0 0

(12) Eg=] 01 01,
00 1 0

Ky = f.diag (1, A, ..., q”_Q) .

. —1, ¢—1
Cy = diag <7f'?q_;fl)2'q> )

Note that the action of E; on an /-dimensional space is a cyclic permutation of one-
dimensional subspaces, whereas the action of Fy is nilpotent.

We will denote by O4 ¢ the maps from U, to M,(k) sending E to Egs, F to Fy and K
to K fe

Any simple U;-module of dimension ¢ is isomorphic to a module of the form (see Theorem
VIL.5.5 in [6]): (¢ # 0)
(1) Vape(€) with b # 0,
(2) Vao.c(f), whenever ¢ ¢ {+1,+q,---,+¢" "2} or
(3) Vd,iqlfj(f), for ] € {1, ce ,g - 1} and d 7é 0.
In the following we will use on one hand the family of representations O . 1= Oy 4 With
a, b, c all non-zero and the family O 4 := O, 4 with f,d all non-zero.
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6. THE EXPONENTIAL MAPS ON U, ¢ A ROOT OF UNITY.

Let k = C, let ¢ be a primitive ¢**-root of unity. We denote by R* the set of strictly

positive real numbers and by NT the set of strictly positive natural numbers.

We denote by exp the matrix exponential map from M;(C) to GLy(C). As in section 4,
we will compose this map with ©g . (respectively (:)d, ¢) in order to get exponential maps
from U, to GL,(C).

For each (a, b, c) (respectively (d, f)), we define the exponential map EX P, ) (respec-
tively EX P q)) on U, as follows. Let u € Uy, then EX Py ) (u) = exp(Ope)(u))
(respectively EX Pq r)(u) := exp(©q,5)(u)).)

Similarly to Proposition 4.1, we obtain that (U, C, EXPqy.), GLi(C)) (respectively
(Uy, C, EX P 5y, GLy(C))) are exponential C-algebras. Moreover, if the parameters (a, b, ¢)
(respectively (d, f)) are chosen such that the corresponding module V, .(¢) (respectively
IN/dJc(E)) is simple, then the map EX P, ) (respectively EX P 5)) is surjective (the argu-
ment is the same as the one used in Proposition 4.2).

Now, we will vary these maps along certain non principal ultrafilters W on w
to embed U, in the corresponding non-principal ultraproduct of the M, (C).

We want to find necessary conditions on a domain of variation for a,b, ¢ (respectively
d, f) in order to get for u # 0 that O, .(u) # 0 (respectively O4 f(u) # 0), for sufficiently
many a, b c (respectively d, f).

2 in order

First let us consider the case of an element u € Uy . So, u is of the form K~".p(Cy, K)
with p(x1,z2) € Clzy,x2] and n € N. Let us write p(z1,x2) = Z;'l:o s;(z1).x} and we may
further assume that so(z;) € Clz1] — {0}, varying n € Z.

For ease of notation, let us denote in both representations O, . and ©4 ¢ the coefficients
occurring in the matrix representation of the Casimir element by the same letter ¢(¢q) (even
though, it varies according to the chosen representation).

So if uw € Uy, we have that both matrices ©4 f(u) and O4p(u) are diagonal ma-
trices whose (i + l)th entry on the diagonal, with 0 < ¢ < £ — 1, either is equal to

Faq 2" p(e(q), £.6%7) or to ¢ ".¢> " p(c(q), c.q2V) and p(e(q), f-¢*) = S0_g s5¢(a).(£.4>7),

respectively p(c(q),c.q %%) = Z?:o sj(c(q)).(c.qg %Y.

Let us first consider a very special case where u = p(Cy, K) with s € C[X] — {0}.

Assume that all these entries of ©4 f(u) (respectively O (u)) are zero, taking their sum,
we get that for each j > 0, Zf:(l) sj(c(q)).f7.¢**7 = 0, respectively Zf;é si(c(q)).cl.q %4 =
0. But, Zf:é ¢>7" = 0, for any j # 0. So, what remains is the case when j = 0, and we
get in both cases that £.so(c(q)) = 0. So, so(c(q)) = 0, which cannot happen for infinitely
many values of ¢(gq) since sg is a non-zero polynomial.

In the general case, we have to proceed as follows. We first consider the representation
Ot

\gfe will assume that the elements f are chosen such that:
fal+flqg=fqgt+ftlgsofq+frtqgt=/fqg!+f1lgq, orequivalently (f —
fYH.q=(f—f1.q~'. Multiplying both sides by f.f, we get f.(f.f—1).q = f.(f.f—1).¢" .
So, the above condition is equivalent to f.q = f.¢~!, or to f = f.q72. ‘

Let u = K ".p(Cy,K), n € NT, where p(x1,z2) = Z?:o sj(z1).23, sj(z1) € Cla].
Further we may assume that s € C[z1] — {0}, letting n € Z.
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First assume that p(x1, z2) ¢ Rz, z9] and that for all 0 < i < /-1 p( 4 _f1)2 g% =

q
el (q—
0. This implies that p(% f.¢*) = 0. By assumption on f, f = f.q~2 and so

PILEE fg2m2) = 0.

In other words, if ©f4(u) = 0, then we found a common root of p(z1,x2) and p(x1, z2).

Second, assume that p(x1, z2) and p(x1, z2) have no common irreducible factors, then by
Bezout theorem, they have finitely many common zeroes.

Thirdly, assume that p(z1, z2) and p(z1, x2) have a common irreducible factor. Therefore,
we get that p(z1,z2) has a factor with real coefficients.

Let us assume that p(z1,x2) € Rlz1,x2] and that p(%,f.q%) = 0. Since the

squares of the roots of a polynomial with real coefficients belong to R and if for some j,

](%) # 0, then f.¢%* € R, or f2.¢* € R. Suppose f.¢* € R, then since f.qg~? = f

and f.g7% € R, we get that f.q 2 g% ghit2 € R, s0 ¢**? € R, which implies that ¢ divides
43 4 2. suppose f2.¢* € R, then f.f.q72.¢**? € Ri.e. £ divides 4i +2ie. i = (£ —1)/2.
So, at most one entry of the matrix is equal to zero.

Now let us consider the representation O, ..
We will assume that the coefficients a, b, ¢ satisfy the following conditions: a.b € R, and

cq+clgt=cqg+ctqg?!, equivalently ¢! = ¢ tg72, or ¢ = c.¢°.

gl T gi-1 0 eqmltitl o1 gl—itl
SO, [’L]% = w — l].cq q,qc—l d )
Note that if a.b € R, then e; =ey_;, 1 <i</{—1, and so e = Hf;ll ei.a=[[2,lei]*a€
R. So,e e Riff a € R.

As for the other representation, we make the following case distinctions.

First assume that p(X,Y) ¢ R[X,Y] and for 0 <i < ¢—1, p(a.b+ cg;cqi');,c.q*%) = 0.

This implies that p(a.b + %,c.q%) = 0. By assumption on ¢, ¢ = c.¢?> and so
pla.b+ 7(zqq+qc_1)'2 ,c.q 22y = 0.

In other words, if O, (u) = 0, then we found a common root of p(x1,x2) and p(x1,x2).

Second, assume that p(x1,x2) and p(x1, x2) have no common irreducible factors, then by
Bezout theorem, they have finitely many common zeroes.

Thirdly, assume that p(z1, z2) and p(z1, z2) have a common irreducible factor. Therefore,
we get that p(x1, z2) has a factor with real coefficients.

cqte g ~2)) = 0. Since

(—g )7 ¢4
the squares of the roots of a polynomial with real coefficients belong to R and if for some

7, 5] (a.b+ Cgrcqi_il) #0, then c.q”% € R, or 2.¢~* € R. Suppose c.¢~% € R, then since

c.q>? =c¢and c.q¢¥ € ]R we get that c.q?.¢* € R, so ¢**2 € R, which implies that ¢ divides
2(2i+1). Suppose ¢ q_4z € R, then c.q 4 ¥ € Rie. ¢ divides 4(2i +1) ie. i = (£ —1)/2.
So, at most one entry of the matrix is equal to zero.

Let us assume that p(x1,z2) € Rlx1,z2] and that p(a.b +

Now we will show that under some conditions on where the elements f vary in C (re-

spectively a, b, c), we get that the coefficients ¢(q) take infinitely many values.

71_,'_]071

Let us check when different values of f give us the same values for ! "(1 1)2'q. Assume

a—q-
that ft(ijq;fl)g 4 = ggq:;_gl;'qa so g.f = ¢?, in particular |f| = |g|~!. So, it suffices to let
f vary over an infinite subset of elements of C of modulus bigger than 1, to get infinitely
may different values for the coefficients ¢(q).
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Now let us do the same reasoning for the other representation. For sake of simplicity, we
g+ .q) ! _
(g—q~1)?

, whenever ¢ # /. So,

will assume that the product a.b is constant and belongs to R. So, now if a’.0/+
—2

1 1 —1
a.b+ %, then © (qq+(c_f))2 = C'(qt(c;ql))g , equivalently c.c/ = ¢

it suffices to let ¢ vary over a subset of C of elements of modulus strictly bigger than 1, to
get infinitely may different values for the coefficients c(q).

Notation 6.1. Let {f,, : m € w} (respectively {¢,, : m € w}) be a countable subset of C of
modulus strictly bigger than 1, let {d,, : n € w} (respectively {ay : n € w}, {b, : n € w}) be
countable sets of distinct complexes of bounded modulus and assume that a,,.b,, a constant
real number with modulus strictly bigger than 1 and each |a,| > 1 and that e(m, n) (where
e(n,m) = ap. Hle €i.m,n), which depends on ay,b, and ¢,,, has modulus strictly bigger
than 1.

Let W be a non-principal ultrafilter on w?. Such ultrafilter will index subsets of complex
numbers of the form (d,, f,,) with |f,| > 1, or (bn,¢p) with a,.b, a real constant and
|em| > 1. The ultrafilter W will either contain subsets of the form {(dy, fm): m >mg n ¢
I, |Im| < C}, or of the form {(by,cp) : m > mg n & I, |In| < C} where I, is a finite
subset of w and C e wt.

For u € Uy, we denote by Oy, ,,(u) := Og, ¢, (u) and Op 1 (u) 1= O, b, e, (1).

From the above discussion, we deduce the following.

Lemma 6.1. Let W and the elements dy, fm (respectively an,by, ) be chosen as above.
Then for any u € Uy, [Onm(u)lw # 0 (respectively [©Opnm(u)lw # 0) and its norm is
bounded by an element of RT. O

Now we want to examine the general case.

Any element u of U, can be written as a finite sum of the form »° _y+ F*u_. +
Y ven Uz-E* with u, € Ugo.

Note that we have that Ff =0, and forn € NT and 0 < j < ¢ — 1 that Eg'“j = d”.Eé,
F =y FJ and B = en B

a,b,c a,b,c’
Moreover, Eﬁ bzc ~ Fy, for 0 < i < ¢, where ~ means both matrices induce the same
permutation of the one-dimensional subspaces.
Re-write the element u as a finite sum of the form

-1
(13) >y Fr u_z+z > Era,
J=0 ze(j+L.N1) J=0 z€(j+£.N)

where u, € Ugp.
First we examine the representation ©,,,,. As we already noted, we have, for m € Nt
and 0 < j < ¢ — 1, that Opm (B ) = EJY = d! B and Oy, (FIH4) = 0if ¢ # 0.

Let u € U, — {0} and calculate O, ,,(u). Tt is of the form:

V—Z—l—l-én,m(Fg_l)‘{" ~‘F‘/flén,m(-F)“‘(VYO‘}"/Zdn‘l‘ : +WZd;L)+én,m(E)(‘/1+‘{1+€dn+
A+ Vigipdh) 4 A0 (BT (Viea 4 Vi peedn+- - -+ Vi1 4ig.dy), where V, = Oy 1 (u)
(see (13)).

Either there is t € N such that the t** component u; is nonzero and so in order to show
that (:)nm(u) # 0, it suffices to examine the lower triangular part of the matrix. So, it
suffices to show that (Vo + Vp.dy + - -+ Vpi.d?) + énm(E)(Vl +Vigedy +- -+ Vigipd) +

R (:)mm(Ef_l).(Vg_l + Viryodp + -+ Vi_1440.d.) # 0. Then by the same reasoning
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as for Uy, we get that in the above expression the coefficients of the polynomial in d,, are
non zero for cofinitely many values of f,;, and for such coefficients, the polynomial in d,, is
nonzero for cofinitely many values of d,,.

Or, all the positive components of u are zero and there is one negative component u_; # 0
with 1 <t </ — 1. Otherwise, if t > ¢, we have (:)nm(u) =0.

So we will only consider the case of u € Uy >0 = ®m>0Uqym. Let W be as in Notation
6.1.

Proposition 6.2. For any u € Uy >0 — {0}, there exists Wy, € W such that for all (n,m) €

W, we have Oy (u) # 0. So, the map [Onmlw : Ug>0 = [y Me(C) is injective. O

Then, we examine the other representation Oy, », := Oq,, b, ., With (m,n) € w?. In that
case, we get an analogous result, but for the whole algebra Uj,.

Proposition 6.3. Let ©,, ,,, and W be as above. For anyu € U;—{0}, there exists W, € W
such that for all (n,m) € W, we have Oy, ;,(u) # 0. So, the map Oy mlw : Uy — [,y Mi(C)
1S injective.

Proof:

We decompose u € Uy as in (13). Note that for t € w and 0 < j < £ — 1, O (EITH) =
e n Bl ) O (FITE) = FJP = bl Fand O (BITEY) ~ Oy, (FEIHEY) for
0<j</tt,t ew.

Denote O (ut) := K2 *.pt(Cyam bmicns Ken) BY Vimm € Diage(C).

Now, calculate O, ,,(u). It is of the form: (O, o (F 1) 4+0pmn(E)).[(Vie1.mnt+Ve—1+emn-bnt
et Vﬁ—l-i-i.ﬁ,m,n'b%) + (Vl,m,n + Vl-i—(,m,n-em,n + -+ Vl-i—i.@,m,n'ein,n)] + o+ (@m,n(F) +
Omn (E1).(Vi+Vigrbnt -+ Vititmn-b5)+ (Ve mn+ Vic1+tmm-€mnt - +Vici4itmmn )]+
(Vo7m7n +V_tmmnbp + -+ Vf[@m’n.b% +Vemm-€mn + -+ Vg,@mm.einm),

Let us show that if u # 0, then there exists an element W,, of W such that if (n, m) € W,,,
then ©,, ,(u) # 0.

Either ug; # 0 for some t € w, so first for all but finitely many ¢, O(ugs) # 0, then
we fix such a ¢, we get a bound on the norm of the matrix Vp , p.€mp + -+ + Vg,i,m,n.ein’n
and then for all but finitely b, of modulus bigger than 1, we get a non zero sum V. +
Vfﬂ,m,n-bn +--- 4+ Vfé.i,m,n-bz + (w,m,n-em,n +--- w.i,m,n~€%ﬁb7n)~

Or ugy = 0 for all t € Z, and for some z < 0, z ¢ £.Z and u, # 0 and the reasoning is
similar, or for all z < 0, u, = 0, but for some z > 0, z ¢ {.Z and u, # 0 and so we choose
am of modulus strictly bigger than 1 and we apply the above reasoning with a,, playing
the role of b,,,. O

Choose an ultrafilter W on w? as in Notation 6.1. First, we define a map Exp from

[y Me(C) to [,y GLe(C), simply as Exp([Ailw) = [exp(A;)lw, where A; € M;y(C),
i € w? Note that [], M(C) = M, (C¥* /W) (respectively [Ty GLe(C) = GL(C¥* /W),
so Exp also defines a map from M;(C¥* /W) to GLy(C* /W).

Note that if the norm I|.]le of (A;);cw? is bounded on an element of W, then Exp([4;]) =

lexp(A:)] = Doty f:;, | can be viewed as a limit up to an infinitesimal element of M;(C) of

the sequence (3" [%}n)m@.
Indeed, the sequence in M;(C” /W) of matrices (>, %])mew is bounded and Cauchy.

Indeed, the norm || > " A < >m, H’i# < el and for any € € R*, there exists

n=0 n! n=
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mi1—1 [Ai}"

m € Nt such that for any m; > mg > m, || >, n,] - n20 n, Ll < Dol S <
[Adm2*t ljas < A [
ma ) 64" Y A Ayt
Finally [I[X7 51— leop(An]ll = (| Zio Sr—exp(An)] = [ 2o s 5] < e el4i0).

Let A; € My(C). Following the discussion of [9] Theorem 3.1, we calculate exp(A;)
(for the reader convenience, we reproduce it below). We use the Jordan form of A;,
A; can be written uniquely as a sum B; 4+ C;, where B; is diagonalizable and C; is

nilpotent of class < ¢ — 1 and B; commutes with C;. So, we can explicitely calculate
exp(A;) = exp(B;).exp(C;) = exp(B;).(I +C; + -+ + %) Since B; is diagonalizable,
there exists an invertible matrix D); such that D, .Bi.Di = (b1, -+ ,biy), where bi; € C,
1 < j < ¢, are the eigenvalues of B;. So, exp(B; ) D;.(ebn, -+ ebie). D7t Now, [exp(A;)] =

[Dy].(elbr] - elbie) [Dy] =1 (T+[Cy]+- - Hlal ) In partlcular (My(C¥* )W), Exp, GLy(C¥* /W)

(=1t
is interpretable in the structure ((C“ /W, e*r).

As previously, we define EX P from U, to [[,,, GL/(C)) by
EXP(u) = [exp o Oqp,c(u)lw

and similarly by
EXP(u) := [exp o Og, r(u)w

Then (Uy, EXP, GLy(C¥* JW)) (respectively (U,, EXP, GLy(C¥* /W))) is an exponential
C-algebra and as such embeds in (My(C* /W), Exp, GLy(C¥* /W)).

On the image of U, in M@(C"JQ/W, we can say the following. Note that the trace of
K, (respectively K;) is equal to c.(1 + ¢~ 2 +--- + ¢ 2+2) = c. 117_‘1;,25

fA+@+ -+ =+ 1{};; = 0) and so the image of K by exp o O, . (respectively

exp o Og ¢) will belong to SL(C), as well as the images of E*, F7, for i, j € Z — (.Z.

= 0 (respectively

7. APPROXIMATION

In this section, using ultraproducts and the representations of U,, we will relate U and
the quantum algebras Uy, for ¢ a root of unity.

One known way to view U as a limit of the U;’s is to use another presentation of U, by
adding one more generator, which will allow us to set ¢ = 1. Let ﬁq be this new isomorphic
presentation of U, and then one gets U as a quotient of Ui/ < K —1 > (see [7] page 58
and [6] chapter VI.2.2).

For k = C, a heuristic way to see U as the limit of U, for ¢ — 1, is to proceed as follows
([7] pages 6, 57). Recall that U as an associative C-algebra is generated by X,Y, H and
defining relations [H, X| = 2X, [H,Y] = -2Y, [X,Y] = H.

Formally write ¢ = e? with § € C, make the change of variables K := " with H a
new variable. Consider the limit § — 0. First, differentiate with respect to 6 the relation
[K,E]= K.E-EK = (K.EK'—FE)K = (¢*>—-1).E.K. We get 2.¢’.E.e/"H  (¢*
1).E.H.e’H and take the value at # = 0. We obtain 2.E on one hand; on the hand this is
also equal to [H, E] since H is equal to the derivative of K with respect to 6, evaluated at
6 = 0. The calculation is similar for [H, F] = —2F. Then, if we take the value at § = 0 of
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the relation [E, F| = [;:TK‘?’ using L’Hospital rule, we get the relation [E, F| = H. These
are the relations of U.

Let us consider ¢y = e, where 6, = % and a non-principal ultraproduct of Uy,, ¢ € w,
over a non principal ultrafilter ¢ over w. Denote the generators of U,, by Ey, Fy and K.
Consider the C-algebra homomorphism 7, from U to Uy, sending X to Ey, Y to Fy (and so

-

1
H to %). Define the map 7 := [7]y from U to [];, Uy,
=4

Proposition 7.1. The map 7 : U — [],, Uy, is injective.

Proof: 1t is useful to remind that U, as a Z-graded algebra, can be written as a infinite
sum of m-homogenous components, m € Z, namely U = Uy,; furthermore note that
if m is positive U,, = X™.Up, if m is negative U,, = Y".Up, and the 0-component Uy
coincides with the ring of polynomials C[C, H] where C' is the (classical) Casimir element
C =2XY +2Y X + H? (which generates the center of U).

Recall that we defined, for each root of unity gy, representations maps G, . from U, to
M, (C), where ¢ is the order of q.

We will compose the map 7 with the representation maps [y from [[,, U, to
[1;; M¢(C) and we will show that we can choose a,b,c € C such that this composition
is injective on U.

First, we will assume that u € Uj.

Let uw = p(C, H) be a nonzero element of Uy, where p(xi,x2) € Clx1,z2] — {0}. Write
p(x1,22) = Z?:o s;j(z1).x3, where s; € C[z1]. So the image 7(p(C, H)) = p(r(C),7(H)) =
Z;‘l:o s;(1(C)).7(H)’ in the ultraproduct is a polynomial in the image of H and its co-
efficients are polynomials in the image of C. We evaluate the polynomials s;j(x1) at

12
2EFy+2F,E; + (KZ_KQ ) Ju on one hand and the polynomial Z?:O si([2EcFy +2F,Ep +

QU—9q,
—12 . 1
[Zi?l Jur).75 at [IZ*;{G Jue on the other hand.
s -
Now, let us show that if p(C, H) # 0, then [Op,clu(p([r(C)us: [(H)k) # 0. So, we
will have that 7(p(C, H)) = p([7(C)]u, [*(H)]y) # 0.

Let [Oap.cJu(T(p(C, H)))=

= [Ga,b,c(Té(p(C’ H)))]Z/{ =

Ki—K'Hh K,— K;*
Oupe <P <2E6.Fe+2Fe-Ez+( e K ) , = L ))] 0
u

(@—a")? a—gq

= [P (2@a,b,c(EZ)-@a,b,c(FZ) +204p.c(Fr).Oap.c(Er) +

(Oupe(Ke — K;1))? Oup oKy — Kb
(@—q/ )2 a@—q " u

_l’_

Now if we fix ¢, the entries of the diagonal matrix O (7¢(p(C, H))) are of the form

2
2 ~1.2 -2 1.2
cq, ° —c¢ qﬁ) cq, ° —cqp’
)

p 2(€s+1 + 65) + 1 1
qe—qy de — 4y
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d —2s —-1,2s 2 —2s —1,2s J

S o (2len e+ (M) | <M> |

j=0 qe — 4y Qe —q,
with 0 < s < ¢ — 1, setting that eg = e, = a.b. In order to ensure that for cofinitely many
values of ¢, the entries of this matrix is non-zero, we will choose a, b, ¢ in a certain way.

First assume that p(z1,x2) and its complex conjugate p have no irreducible factors in

common. Then, as the proof of Proposition 6.1, in order to get a contradiction, it suffices
to show that p and p have infinitely many common distinct roots. We will use the fact that
if ¢c € i.R, then ¢ = —c. If s = 0, then the first diagonal entry of the matrix is of the form
p(2.(e1 + ab) + (qc;(;;ll)z’ qi:(;;ll) and e = ab + qce_lq;_cl (since [1] = 1). So qc;—Cq;I € R and
2.(eq + ab) + (ﬁ)2 belongs to R, whenever ab € R. So we have a common root of p

and p. Varying gy over a set of primitive roots of unity with distinct imaginary parts and
assuming that ¢ € iR and (¢7! —¢)~! ¢ {q 0y # {3}, we get infinitely

1 .
0 —dp, * a,—q;,
many distinct common roots.

Now suppose that p(x1,x2) and its complex conjugate p have an irreducible factor in
common. So, they have a common factor with real coefficients.

Assume that p(z1, z2) has real coefficients. We write it now as a polynomial in x; with
as coefficients polynomials in z9. So if we choose ¢ € iR, its coefficients belong to R. Set

= 2.;71;01 + (qc_cq:ll )? (note that r € R) and if we choose a.b such that (r + 4a.b)? ¢ R
t—dy L4y

(equivalently r.ab + 2.(ab)? ¢ R), we arrive to a contradiction. Again, we get that a.b has
to avoid a certain subset depending on ¢p; for instance, we can choose ab € iR.

Suppose now that u ¢ Uy. So there exists m # 0 such that u,, # 0. Let m be maximal in
absolute value such that w,, # 0. If m > 0, write u,, = X"™.p,,,(C, H) and if m < 0, write
U = Ym.pm(c, H), with pm(C, H) S UQ—{O}. Set @a,b,C(FZ) = Fp and G)a,b,c(EE) = Ea,b,c)‘
Then for £ > 2m, we have that F}" and Eg?b, . have no entries in common.

If u has a non-zero components u,, with m > 0 (respectively m < 0), then we consider
the product of the two matrices E}Y . and pm(©q,p,c(C), Oqp,c(H)) (respectively Fj" and

Pm(©apc(C), Onpc(H))). The non-zeroes entries of the corresponding permutation ma-
1

—2s__ . —1,2s —2s__ ,—1,2s
trix are of the form e;. - - .€sym.p(2(esi1 + es) + (22 qrqchl )2, = qﬁ;}lqz ) (respectively
—2s5__ —1,2s —2s__ —1,2s
bp(2(ess1 + e5) + (Fro— )%, F— ) with pp(z1,22) € Clag, @] and 1 < s </

- -
qe—q, qe—q,

with the convention that £ + s is calculated modulo £. So, it suffices to evaluate the coeffi-

cient corresponding to the case when s =¢. O

Note that by composing the map 7 with the exponential maps on Uy, we get possibly
new exponential maps on U.
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