FIELDS WITH A DENSE-CODENSE LINEARLY INDEPENDENT
MULTIPLICATIVE SUBGROUP

ALEXANDER BERENSTEIN AND EVGUENI VASSILIEV

ABsTrRACT. We study expansions of an algebraically closed field K or a real
closed field R with a linearly independent subgroup G of the multiplicative
group of the field or the unit circle group S(R), satisfying a density/codensity
condition (in the sense of geometric theories). Since the set G is neither al-
gebraically closed nor algebraically independent, the expansion can be viewed
as "intermediate" between the two other types of dense/codense expansions
of geometric theories: lovely pairs and H-structures. We show that in both
the ACF and RCF cases, the resulting theory is near model complete and the
expansion preserves many nice model theoretic conditions related to the com-
plexity of definable sets such as stability and NIP. We also analyze the groups
definable in the expansion.

1. INTRODUCTION

This paper brings together the expansions of geometric structures with dense-
codense independent subsets introduced in [10] (in the o-minimal setting) and [6]
(in the geometric case) and the study of algebraically closed and real closed fields
with a multiplicative subgroup satisfying the Mann property [12], [14], [1]. Our
main motivation has been to further explore the general notion of a dense-codense
expansion to find, in some sense, a "middle ground" between the lovely pair con-
struction [4] and the expansion with a dense-codense independent subset.

Recall that a (complete) theory is called geometric if in all of its models acl
satisfies the exchange property (thus inducing a pregeometry) and the theory elim-
inates the 3°° quantifier. Models of such theories are called geometric structures.
We call a subset P(M) of a geometric structure M dense-codense if any infinite
subset of M definable over a set A has a non-empty intersection with P(M) and
acl(AU P(M)) = scl(A) (the small closure of A).

If one further imposes the requirement that P(M) is an algebraically closed, we
get a lovely pair of models [4], a common generalization of the notion of a beau-
tiful pair in the strongly minimal case [19] and dense pair in the o-minimal case
[11]. A somewhat opposite requirement we can impose would be for the set P(M)
to be algebraically independent. In this case we get the notion of an H -structure
(using symbol H for the predicate), originally introduced in the o-minimal con-
text by Dolich, Miller and Steinhorn [10], and then generalized to the geometric
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setting in [6]. Both lovely pair and H-structure expansions allow a good descrip-
tion of definable sets (they are near model complete) and preserve many important
stability /simplicity-theoretic and combinatorial conditions (e.g. superstability, su-
persimplicity, NIP), and in the SU-rank 1 case, one gets a reasonable description
of forking in the expanded language. In the case of H-structure expansion of an
SU-rank 1 theory, one also gets a clear description of canonical bases in terms of
those in the old language (and as a consequence, geometric elimination of imagi-
naries down to old ones) [6]. The situation is much less clear in the lovely pairs
case, and in fact, one always gets new imaginaries in the expansion provided there
is a definable group (the converse is also true in the stable case, see [18]). A major
tool that enabled us to describe canonical bases in H-structure was the existence
of a "projection" of a tuple @ over the predicate H, namely a unique minimal tuple
h in H(M) such that is @ is independent from H (M) U B over i U B. Such a tool
is not available in the case of lovely pairs.

To summarize, both constructions allow one to control the new definable sets,
but the control is much tighter in the case of H-structures due to independence of
H(M) (and, as a consequence, triviality of its geometry). The two expansions are
related in a strong way, taking the algebraic closure of H(M) in an H-structure,
one gets a lovely pair.

When working in the context of a "geometric field" K (e.g. a model of ACFy or
RCF), a reasonable trade-off between algebraic independence of the subset and it
being algebraically closed is to consider a multiplicative subgroup G(K) generated
by H(K). The result is a dense-codense subset of K "intermediate" between H (K)
and P(K) = acl(H(K)). Thus, we expect the expanded structure (K,G(K)), a
so-called G-structure, to behave in a way that resembles both lovely pairs and H-
structures. On the other hand, an immediate consequence of this construction is
the linear independence of G(K), and as a result, the fact that it satisfies the Mann
property. This brings us in the context of [12] (in the cases of ACF, and RCF)
and [14] (in the case of ACFy). The multiplicative subgroup generated by H(K)
has infinite rank, as opposed to the cases considered in [12], [1] where the groups
have finite rank.

The main goal of this paper is to study this intermediate expansion, show that
the theory obtained is near model complete and characterize the definable sets in
the expansion. As with the other expansions, we show these new pairs preserve nice
combinatorial conditions related to the complexity of definable sets such a stability
and NIP. This paper is organized as follows:

In section 2 we introduce G-structures and prove some basic properties.

In section 3 we deal with the case where the base field is algebraically closed.
We introduce the notion of G-bases which plays a role similar to the one that H-
bases did for H-structures. We prove the resulting expansion is strictly stable and
we use the notion of G-bases to characterize forking in the expansion. Forking in
expansions by Mann groups was also studied by Géral in his Ph.D. thesis (see [14]).

In section 4 we study expansions of a real closed field together with the group
generated by a dense independent subset of RY. In section 5 we study the pair
coming from a model of RC'F' together with the group generated by a dense inde-
pendent subset of the unit circle S(R) in R. In section 6 we show these two resulting
theories are NIP and that the structure induced in G is weakly 1-based.



In section 7 we start an analysis of definable groups in pairs (R, G), where R is a
real closed field and G has the Mann property and is either a subgroup of R>° or a
subgroup of S(R). We consider the case where G is of finite rank and also the case
where it is generated by a collection of independent dense-codense elements. Our
results deal mostly with subgroups definable in the pair of 1-dimensional groups
definable in the pure field language. We show, under this 1-dimensional assumption,
that such groups are either small or definable in the pure field language. We also
consider the group G seen as a definable subset of the pair (R, G). We prove that
the definable subgroups of G in the pair can be defined directly in G and we describe
G. In each of the expansions under consideration, we identify the compact group
arising as a quotient G/G% and construct explicitly a strong f-generic type for G.

2. G-STRUCTURES: DEFINITION AND FIRST PROPERTIES

Let (K, +,-,0,1, H) be a sufficiently saturated H-structure of ACF or RCF (see
[6]). We can also add symbols for multiplicative inverse and order (in the case of
RCF). Let G(K) be the subgroup of (K*,-) generated by H(K).

Let T¢ = Th(K,+,-,0,1,G), where G is the new unary predicate symbol inter-
preted by G(K).

Lemma 2.1. G(K) is linearly independent over Q.

Proof. Suppose
Sy Rk =,

where o; € Q, hj € H(K), k; ; € Z, hj are distinct, and

(ki,lv ey kz,m) 7£ (kl,h ey kl,m)

for ¢ # [. Multiplying by a product of positive powers of h; if needed, we may
assume that all k; ; > 0 for all ¢, j. Since h; are algebraically independent, we have
«; = 0 for all <.

|

Lemma 2.2. G(K) is dense-codense in (K,+,-,0,1) (in the sense of geometric
structures).

Proof. Follows from H(K) C G(K) C acl(H(K)). O

Note that (G(K),-) is a free abelian group. We will now look at the algebraic
closure restricted to G.

Lemma 2.3. Suppose a,q1,...,9r € G(K) and a € acl(g,...,gk), witnessed by a
polynomial equation

P, y1,- - yk) =0
with integer coefficients, of degree n > 1 in variable x. Let m be the mazimal degree
in which any of y; appears in the polynomial p. Then for some 0 < r < n, and
S1y..., 8k € Z such that |s;| < 2m, we have

a" =gt ... gp".
Proof. Suppose
pla, g1, -, 9k) = Bio(@iwin + ... g wig,)a’ = Z Zqz}j“’i,jal

i=0 j=0
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where ¢; ; € Z and w; ; is a product of gq,...,gx each raised to a (nonnegative)
integer power. Since G(K) is linearly independent and n > 1, at least two of the
terms wi,jai must cancel each other. We may assume that for each fixed 4, all the
w;,; are distinct. Thus, for some 0 <4y < iz < n and some j; <;, and ja» <, we
have w;, j,a" — w;, j,a’ = 0. Then a2~ = wy, ;, (w;, ;,) "', and the statement
follows.

O

Lemma 2.4. Let (K*,+,-,0,1,G) be a sufficiently saturated model of the theory
T¢ = Th(K,+,-,0,1,G). Then
(1) G(K*) is dense-codense and linearly independent
(2) ifa,g1,...,9x € G(K*) and a € acl(g,...,gx), then for some r > 1, and
81,...,8k € Z we have a” = g7' ... g.".

Proof. (1) Clear.
(2) By Lemma 2.3, the statement holds in (K, +,-,0,1,G), and is first-order ax-
iomatizable. O

We denote by tps the type in the G-structure (K, +,-,0,1,G) (similarly for
aclg). For a tuple g of elements of G, let tp,,.(§) be the type of § in the sense of
the theory 179" of free abelian groups with infinite basis. Similarly, aclg, refers to
algebraic closure in 79" and dcly, refers to definable closure in 79".

Lemma 2.5. Let (K,G) be a model of T, and n > 1. Then any element g # 1
in G(K) has no more than one nth root.

Proof. If a™ = b", and a,b € G(K), then (ab~!)" = 1. Since free abelian groups are
torsion free, and this is a first order property, we conclude that ab~! = 1, hence,
a="b. (]

Remark 2.6. Note that by Lemma 2.4, in any model of T, acl restricted to G is
obtained by first closing under multiplication and inverses, and then applying the
nth roots (when they exist). By Lemma 2.5, it also follows that acl(§)NG C dcly,(§)
for any g € G.

On the other hand, the algebraic (equivalently, definable) closure operator in any
model of the theory of free abelian groups (T9") is given by closing under multipli-
cation, inverses and nth roots (when they exist). Thus, acl restricted to G coincides
with acly, = dclg,.

Next, we show that in our construction, G has the Mann Property.

Lemma 2.7. The subgroup G = G(K) of K* has the Mann Property. Same is
true in any model of T .

Proof. Let aq,...,a, € Q be nonzero, n > 2. Let g1,...,g, € G be such that
a1g1 + ...+ angp =1,

and X;cra;g9; # 0 for any nonempty subset I of {1,...,n}. Since elements of G are
linearly independent (over Q), and 1 € G, we must have

g1=g2=...=gn=1
Thus, each equation as above, either has a unique solution (when a; +...+a, = 1),

or no solution at all. Same is true in any model of T“, since linear independence
of G is a first order property. O



Definition 2.8. Let X C K". We say that X is large if for some m > 1 and a
field definable function f: K™ — K, f(X™) = K.

Remark 2.9. Note that codensity condition (extension property) implies that G is
small in all models of TC.

Let G denote the subgroup of G = G(K) consisting of nth powers of elements
of G.

Lemma 2.10. For each n, G has an infinite index in G. Same is true in any
model of TC.

Proof. Let m,n > 2, and let aq,...,a, be distinct elements of H(K). Then
ai,...,am € G, and we claim that a;G[" # ajG["] for i # j. Otherwise, a,-aj_l €
G"l, and thus,

-1 _ 1kin kin
aa; - =hyt" et

for some distinct hy,...,h € H(K),and k1, ...,k € Z. Since H(K) is algebraically
independent, both a; and a; must be among hi,...,h. We may assume that
hi = ai, ho = a;. It follows that k;n = 1 and ken = —1, a contradiction since
n > 2 and kq, ko € Z. Thus, aq,...,an are in different G[™-cosets. Since m was

arbitrary, the statement follows. Clearly, same is true in any model of TC.
O

3. THE cASE oF ACF

We start by recalling the notions of Mann axioms and I'-family from [12]. We
assume that G is a multiplicative subgroup of K* satisfying the Mann property.
Let T be a subgroup of G = G(K). We say that (K, G) satisfies Mann axioms
of I, if for any
ai,...,a, € Q*
and n > 2, the equation
a1+ ...+ angn =1

has a finite number of nondegenarate solutions in G (meaning ;¢ a;9; # 0 for all
nonempty I C {1,...,n}), all of which are in I and we list them as:

Y1 = (7117"’7’71774)7"’7’7/6 = (’yklwnv’ykn)'

The corresponding first order sentence in the language Lg (41, of K expanded
with unary predicate G(—) and constants for elements of I" is called a Mann aziom
of I.

In the case when G is the group generated by an independent dense codense
subset H, we can take I' = {1}, since (1, 1,...,1) is the only possible nondegenerate
solution of the above equation.

Suppose now that K is an algebraically closed field. The theory ACF(I") of a
I-family [12] is axiomatized by the sentences expressing the following properties in
the language Lg, (41

~yer*

(1) K is an algebraically closed field (of a fixed characteristic);
(2) G is subgroup of K*;

3) vy =~ : T — @ is a group homomorphism;

(4) (K,G, (7 )~er) satisfies the Mann axioms of T'.
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Fact 3.1. ([12], Theorem 6.8) Let (K, G, (7)) and (K',G’,(Y)) be two models of
ACF(T). Then

(K,G, (7)) = (K',G", (7)) <= (G,(v) =(G", (7)),

as groups with distinguished elements.

Since, in the case when G is generated by a dense-codense independent set H,
I' =1, T¢ is axiomatized by saying :
(1) K is an algebraically closed field (of fixed characteristic);
(2) G is a multiplicative subgroup of K;
(3) G is linearly independent and satisfies the theory of free abelian groups.

Note that the axioms imply that G is dense in K (infinite dimensional) since it
satisfies the axioms of free abelian groups and codense in K (infinite codimension)
when the model is saturated since G is linearly independent.

Lemma 3.2. Let (K,G) and (K',G’) be sufficiently saturated models of T¢ and
let g1,...,9n € G, g1,...,4,, € G" be such that (G, g) = (G',§") (i.e. § and § have
the same type in the theory of free abelian groups). Then tps(§) = tpa(g').

Proof. Let T and T be subgroups of G and G’ generated by ¢ and §’, respectively.
The rest follows by Fact 3.1. O

Thus, there is no new structure induced on G in T (by formulas over §)).

Note that by Corollary 6.2 of [12], T'¢ is stable. Since the theory of free abelian
groups is not superstable, neither is 7¢. One can see this directly, since the chain
of groups {G[Qn] : n € N} is strictly descending. By contrast, both the theory of
lovely (beautiful) pairs and the theory of H-structures of T are w-stable of U-rank
w.

We expand the language of G-structures with new unary operational symbols
{fu(=) : n > 2}, interpreted as follows: if a € G(K)™ then f,(a) = b € G(K)
where b is such that b = a (such b is unique by Lemma 2.5). Otherwise, f,(a) = 1.
Let T¢* be the resulting expansion of T¢. We will denote by tpg, and ¢ ftpc the
complete type and the quantifier free type, respectively, in the expanded language.

Note that for any subset A of G(K), closing A under products and inverses,
and then under single applications of the functions {f,(—) : n > 2}, results in a
subgroup of G(K) closed under operations f,,(—), n > 2. Indeed, if a € G(K)™
and b € G(K)™| then f,,(a)fn(b) = frn(a™d™). Also, note that by Lemma 2.4,
this closure operator coincides with (field theoretic) acl restricted to G(K). By
Remark 2.6, it also coincides with dclg, (equivalently, acly,). By and the fact that
T9" has q.e. relative to pp-formulas, 79" has g.e. in the group language expanded
by operations f,.

Proposition 3.3. Let (K,G)" and (K',G)*" be two sufficiently saturated models
of TST and let @ € K, @ € K' be G-independent tuples, such that

aftpc+(@) = aftp+(a).
Then tpg (@) = tpgy (@).
Proof. Let ¢ € K be any element. We need to find b € K, ¥’ € K’ and ¢ € K’ such
that dbc and a@’'b’'¢’ are both G-independent, and ¢ ftpg+ (dbc) = qftpay (@' c"). We

proceed by cases:
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Case 1: ¢ & acl(dG(K)). Take any ¢’ € K’ such that ¢’ ¢ acl(@’G(K’)). Then
clearly both dc and a’c’ are G-independent. We also claim that ¢ftpgy(dc) =
qftpa+(d@’c’). To show this, it suffices to note that if d € acl(dc)\ acl(@), then
d ¢ G(K), and the same is true for any d’ € acl(a’'c’)\ acl(a’).

Case 2: ¢ € G(K)\acl(@). Then c¢ is non-algebraic over G(a@) in the sense of
79" and G(a@) and G(@') have the same type in the sense of 79" (group type). Let
¢ € G(K') be such G(@)c and G(@')c¢’ have the same group type. Since ¢ € G(K)
and ¢ ¢ acl(G(@)), from a’ J-/G([i’) d, we get ¢ & acl(@). Then dc and d@’'c¢’ have
the same field-theoretic type. Also, whenever d € acl(dc)\ acl(G(a@)c), we have
d ¢ G(K), and same is true for @, ¢’ and d’. This shows that ¢ftpgy(dc) =
qftpcy(@c). Clearly, dc and @'¢ are G-independent.

Case 3: ¢ € acl(@). Note that G(acl(@)) = acl(G(d@)) N G(K), and the same
is true of @. Thus, by Lemma 2.4, G(acl(a@)) is obtained by closing G(&@) under
multiplication and operations f,, (and same is true of @'). Then since qftpg (@) =
qftpc+ (@), we can extend a partial field isomorphism from @ to a@’, to a partial
field isomorphism from @G (acl(@)) to dG(acl(d’)), and then to one from acl(a@) to
acl(a’), as needed. Also, clearly, acl(@) and acl(@’) are both G-independent.

g

Corollary 3.4. The theory T is near model complete. That is, if (K,G) = T,
every Lg-formula () is equivalent to a boolean combinations of formulas of the
form Jxy € G ... 3z, € GH(Z,§), where ¢ is an L-formula.

Proof. Given a sufficiently saturated model (K, G) of T¢ and two tuples @; and @
in K satisfying the same formulas of the form Jz; € G... 3z, € Go(Z,7), where ¢
is an L-formula (call such formulas G-ezistential), we can extend both tuples to @}
and @, which are G-independent and still satisfy the same G-existential formulas.
Then qftpc+ (@) = qftpcy(d,). The rest follows by Proposition 3.3.

(I

In the setting of H-structures one of the main tools is the existence of an H-basis.
We will now see that a similar construction works for our setting.

Proposition 3.5. Let (K*,+,-,0,1,G) be a sufficiently saturated model of the
theory T¢ = Th(K,+,-,0,1,G) and let @ = (ay,...,a,), b = (by,...,by) € G.

Then as elements in the field (K,+,-,0,1), we have &’J/dcl (@ndel, . (5) b.

Proof. Assume there is an ¢ < m such that b; € acl(ay,...,an,b1,...,b;i—1). Then
by Lemma 2.4 there exists integers s1, ..., Sk, r1,...,7; with r; # 0 such that b]' =
ajtooealn b e b Let d=aft---aln = b7 b, 7 B then d € dcly, (@) N
dclgr(l;) and b; € acl(d,by,...,b;—1) as we wanted. O

In particular, if C C G and d,b € G, we get d@ J/dclgr(Cd)ﬂddgr(cg) bC
The elements in G need not have all positive roots, but the behave similar to
modules over QQ, in the sense that we can assign to them a good notion of dimension:

Lemma 3.6. Let (K*,+,-,0,1,G) be a model of the theory T% = Th(K,+,-,0,1,G)
and let a1,...,a, € G, C C G be such that C = dcly,(C). Then whenever
bi,...,bnt1 € dclgr(as, ..., an,C) (so for each i, b; € G), we have that for some
1 S ) S n —+ 1, bz S dCl(bl, NN >bi—1;bi+1; ‘e ,bn+1C).
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Proof. By Lemma 2.4 for each j there exists c¢; € C integers s}, ey 87Ty with ry #

1 n
0 such that ¢;b)/ = ay --ay, We call 4 = (s/rj,...,s7/r;) a set of coordinates
of b; with respect to the set {ai,...,a,} over C. Then the set of coordinates
U1, ...,Unt1 18 a linearly dependent set of vectors in the vector space Q™ and thus

we can write one of them as a linear combination in terms of the other ones. Assume
that

17n+1 = (Pl/(I1)171 +... 3 +(pn/Qn)q7n
which can be rewritten as

(QI T Qn)<5711+1a ey SZJrl) =
(p17"7z+1CI21' o Qn)(s%/rla sy 3?/7"1) +---+ DPnTn+141 * - Qn—l(S}l/Tna sy SZ/TH) and
finally (a;"*" - an* ety ) 0 = b1 € del(by, . .., by, O). 0

Observation 3.7. Let (K*,+,-,0,1,G) be a model of the theory T¢ = Th(K,+,-,0,1,G),
let g1,...,9n € G and C C G be such that C = acly,.(C). Then whenever
B < dclgr(g1,.-.,90,C), C C B, is a definably closed subset, then there is a
finite set {b1,...,br} C B of size < n that generates B over C. Furthermore, if the
minimal size of a set of generators for B over C isn, then B = dcly, (b1, ..., by, C).

Proof. The proof is very similar to the one of Lemma 3.6. Assume first that the
elements in {gi,...,9,} are independent in the group sense over C. For each
b € B there exists integers s, ..., sy, r, with 7, # 0 and ¢, € C such that b"c, =

gfll’ . ~gflg and write @, = (s} /Tb,. .., sy /rp) for a set of coordinates of b with respect
to the set (g1, ..., gn) over C. The family {#} : b € B} generates a finite dimensional
subspace of Q™ and thus it has a finite basis. As before, from the basis it is easy
to extract the desired set {by,...,bx} C B of size < n that generates B.

For the furthermore part, if the minimal set of generators is of size n, then the
space generated by the family {#, : b € B} over C coincides with Q™ and thus
B =dclyr (91, ---,9n,C). O

Proposition 3.8. Let (K*,+,-,0,1,G) be a sufficiently saturated model of the
theory T¢ = Th(K,+,-,0,1,G), let @ € K and C C K be G-independent. Let
g, h € G(K) be tuples of minimal length such that &’chG(K) and @ | . G(K).

Then dcly, (§ G(C)) = dely, (b G(C)).

Proof. Let n be the length of the tuples g and h.

Write @ = dpd; where d@p is a tuple acl-independent over G(K)C and @; €
acl(dpGC). If d; = O there is nothing to prove, so we may assume that @; # (.

By Lemma 3.5

7 L h
dely, (FG(C))Ndclyr (RG(C))

Let k be a basis (with respect to dclgy) of delgr (§G(C)) N dclgr(l_iG(C)) over
G(C). By Observation 3.7, |k| < |g].

Case 1. Assume |k| = |§|. By Observation 3.7 we get that delgr (7 G(C)) =
del,, (KG(C)) = dely, (RG(C)) as we wanted.

Case 2. Assume that |k| < |§]. By the definition of k we get §J/ddg7‘(gc(c)) h.

Since C' is G-independent we get § | h. Since dp is acl-independent

C dcly,. (EG(C))
8



over G(K) h. Since @ € acl(@pgC) and @ € acl(@ghC) we

¢, g J/dngclgr(EG(C))
get @y € acl(dpkC'), contradicting the minimality of |g].
O

Definition 3.9. Let (K*,+,-,0,1,G) be a sufficiently saturated model of the the-
ory T = Th(K,+,-,0,1,G), let @ € K and let C C G be G-independent. Let
g € G be a tuple of minimal length such that @ J/ac G. Then we call the tuple
G a G-basis of @ with respect to C. By Proposition 3.8 all such possible choices
for subtuples are interdefinable over G(C). We will use the notation GB(ad/C') for
dclg,(gC), and will often view it as an infinite tuple (so that we can talk about its
type). For an arbitrary set A, we let GB(A/C) be the union of GB(@/C) for all
finite tuples @ of elements of A. When we take C' = 0 (so acly,(G(C)) = {1}) we
simply write GB(a).

Remark 3.10. Let C C K. Then aclg(C) = acl(C U GB(()).

We are now ready to describe (non-)forking in 7¢+. We will denote by J/G
independence in the sense of T¢ (or T%). We use | for independence in the
sense of ACF and | 9" for independence in the sense of T9".

Lemma 3.11. (working in a sufficiently saturated model (K,G)* of T¢T)
Suppose C C B C K and EiJ/gB. Then
i@ | BG(K)
C G(K)
and o
GB(dC) | GB(B).
GB(0)

Proof. Suppose first that Eij/c a(K) B G(K). We may assume that @ = aod,

C=¢ B= 55, where each of @ and & is a tuple independent over G(K), and
ap € acl(@béG(K)) and ag ¢ acl(@'@G(K)). Take an independent sequence I = (b; :
i € w) in K, where bo = b, b; have the same length as l;, and UI;z is independent
over G(K)@'e. Then, by Proposition 3.2, I is indiscernible (in the sense of T¢F)
over €. Let p(#,§7) = tpg, (d, bé). Then |Jp(Z, b;é) is inconsistent, a contradiction
with @ \L? b.

Now, suppose GB(aC) ‘gB(C) GB(B). Let B = GB(B), A’ = GB(a0),
C' = GB(C). Let (B! : i € k) be a sufficiently long indiscernible sequence in
tp,,.(B'/C’) such that there is no A” such that tp,,.(A"”, B},C") = tp,,.(A’, B',C")
for all i. Note that C' |, G(K), and (B; : i € k) is indiscernible over C’ in the
sense of T'. Then there exists C* C K such that tp(C*, B;,C") = tp(C, B’,C") for
all 7. Taking conjugates over C’, we may assume that C* = C. By Erdos-Rado,
we get a sequence (B} : i € w) in G(K), indiscernible over C in the sense of T" and
indiscernible over C” in the sense of 79", with tp(B}, C) = tp(B’, C), tp,,. (B}, C") =
tp,,(B’,C') such that there is no A” such that tp,,.(A"”, B},C") = tp,,.(A", B',C’)
for all . Note that (B! : i € w) is indiscernible over C' in the sense of T¢, and
there is no A” such that tpg(A”, Bi,C") = tpa(A’, B',C") for all i. This shows
that A’ J/Jg B’. Since A’ C delg(aC) and B’ C dcl(B), this contradicts &'\Lg B.
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Lemma 3.12. Let B,C C K. Then GB(BC) = GB(B) UGB(C/ aclg(B))

Proof. First see the G-basis as tuples and write go = GB(C/aclg(B)), g =
GB(B). Then we have by definition B\LgB G and C’J/iCIG(B)gc G. By Re-

mark 3.10 we get that aclg(B) = acl(B U gp), so C \J/nggc G. By transitivity
BC J/ngc G and thus GB(BC) C GB(B) U GB(C/ aclg(B)).

Now let §gc = GB(BC) seen as a tuple. Then we have by definition BC *I/g”Bc G
and we get BLﬁBc G, so GB(B) C dcl(gpc). We also get C’\LchBG and
thus C \LchgBB G and thus by Lemma 3.10 we obtain C' | G and so

. EBC aclc (B)
GB(C/ada(B)) C gac-
(]

Lemma 3.13. (working in a sufficiently saturated model (K,G)* of T¢*)

Let C ¢ D C K be such that C, D are G-independent. IfEiJ/C G(K) D G(K)
and GB(aC) | & ) GB(D) then LéB.

Proof. We may write @ = (d1,d2) € K so that d@; is an independent tuple over
CG(K), and ds € acl(G(K)Cdy). Since @ | D G(K), @, is an independent
tuple over DG(K).

Claim tpg(a/D) does not divide over C'.

Let p(&, D) = tp(ay, D). Let {D; : i € w} be an Lg-indiscernible sequence over
C, with Dy = D. Since @; is independent over D, tp(dy, D) does not divide over C'
and U;e,,p(Z, D;) is consistent. We can find @} | U;e,p(Z, D;) such that {@} D; : i €
w} is indiscernible and @) is independent over U;¢,, D;. By the generalized extension
property, we may assume that @) is independent over U;e,, D;G(K). Note that d; D
is G-independent and @’ D; is also G-independent for any i € w. So by Proposition
3.3 tpg(@1D) = tpe(d@)D;) for any i € w.

Now let § = GB(d/C) (viewed as a tuple) and let ¢(¥, G(D)) = tpyr(g, G(D)).
Note that ¢ is an independent tuple over d; D (as well as an independent tuple over
@, C). Since {G(D;) : i € w} is an Lg-indiscernible sequence, then {G(D;) : i € w}

is also an L4 -indiscernible sequence. By GB(aC) gB(C) GB(D) and Lemma

3.12 we get GB(@/C) gB(C) GB(D) so there is § = Uicwq(y, G(D;)). In partic-

ular, for each 4, ¢’ is an L-independent tuple over G(D;). Since D; J/G(D) G(K),

C G(K)

the tuple ¢ is L-independent tuple over D;.

Since @) is an independent tuple over GD; for each i, we get that @, | G(K)D;,
so J/g/ D; and thus @) ¢ is an independent tuple over D,. In particular, for each
1 we get

tp(@1g' D;) = tp(@1gD)

Since D; is G-independent, we have D; LG(D‘) G(K), so

D; | G(K)
g'G(D;)

and



On the other hand @} | G(K)D; implies a}D;g J/ng(Di) G(K). Thus @\ D;g is
G-independent for each i € w and

tpy, (§'G(Di)) = tp,, (G (D))

This last equation together with tp(g,ai, D) = tp(¢’,d;, D;) and Proposition 3.3
imply that tp (g, d1, D) = tpe(§', @y, D;) for each i € w. This shows that tp(d1, g/ D)
does not divide over C' and since @ € acl(dy, GC') we get that tp(ad/D) does not divide
over C. ]

Puting all the results together we get:

Theorem 3.14. Let C C D C K be such that C, D are G-independent and a € K™.

Then @ & D if and only if @ |, a) D G(K) and GB(aC) | &y . GB(D).

Corollary 3.15. The definable subset G(K) is 1-based. One can see this using the
fact that forking independence restricted to G is modular (see Proposition 3.5 and
Theorem 3.14). We can also see this directly, by Lemma 3.2 the definable subsets
of G are definable directly from the group structure.

Finally, we compare our characterization of independence with the one obtained
by Goral in [14]. The setting used in [14] includes a larger class of examples than
the ones studied in this paper. For example, some of the Mann groups studied in
[14] are not linearly independent.

Corollary 3.16. (Theorem 2.12 [14]) Let A,B,C be such that A = aclg(A),
B = aclg(B), C = aclg(C) and AN B = C. Then AJ/gB if and only if
AG(K) |, GK) BG(K).

Proof. Let A, B,C be as in the statement. By Theorem 3.14, if A J/gB, then

AG(K) L, G(K) BG(K). Assume then that AG(K) |, G(K) BG(K). It remains
to show:
. gr
Claim GB(A) GB(C) GB(B).
We know from Proposition 3.5 that GB(A) | 9" GB(B).

delyr(GB(A))Ndely(GB(B))
Since A = aclg(A), GB(A) is interdefinable with G(A). Similarly GB(B) is in-
terdefinable with G(B), so dcly(GB(A)) N dely,(GB(B)) is interdefinable with
G(A)NG(B). We get then that GB(A) 'Z;(A)QG(B) GB(B).
On the other hand, ANB = C, so G(C) C G(A)NG(B). And ifd € G(A)NG(B),
thend € ANB =C, sode G(C). We get then G(A) N G(B) = G(C). Note that
as before, GB(C) is interdefinable with G(C). Thus GB(A) J/‘g(c) GB(B) and

GB(4) | %5 ) GB(B).

O

As opposed to the work of Goral, our approach puts an emphasis on G-bases
and independence at the level of G, this part is absent in the description above
since G is 1-based. The notion of G-bases is a natural generalization of the H-bases
that appear in [6] and our description of forking can also be seen as a natural
generalization of the characterizations that work for H-structures and lovely pairs.

Finally, we would like to point out that Goral also includes a description of
definable groups in this expansion.
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4. THE CASE OoF RCF

Here K is assumed to be an RCF, and we may also assume that H C K>° (so
H is dense in K~% only). Then also G C K>Y. As before, G satisfies the Mann
axioms for I' = {1}. As in [12], if T is any subgroup of K> satisfying the Mann
property, we can define RCF(T) to be the theory axiomatized by the sentences
expressing the following properties in the language L (),
(1) K is a real closed ordered field and G is a dense subgroup of K>;

(2) vy =+ : T = G is a group homomorphism;
(3) (K, (7')yer) satisfies the ordering axioms of I, i.e. the inequalities of the
form

kivi+ ...+ kv >0
or
kivi+ ...+ kpyn <0

that hold in K (where k; € Z and ; € T');
(4) (K,G,(7')~er) satisfies the Mann axioms of T'.

Note that since in our case I' = {1}, (2) and (3) are trivial, and (4) follows from
G being linearly independent over Q.

Fact 4.1. ([12], Theorem 7.1) Let (K, G, (7)) and (K',G’,(v)) be two models of
RCF (). Then (K,G, (7)) = (K',G', (7)) if and only if [p]|G = [p]|G’ (indezes of
subgroups of p-powers) for every prime number p, and for each v € T' and each
n >0,

ye@lM — ~yeqal,

Thus, in our case, T¢ (with the restriction of G' to K>9) is axiomatized by
saying:
(1) K is a real closed field;
(2) G is a multiplicative subgroup of K>9;
(3) G is dense in K;
(4) for any n > 1, GI"l has infinite index in G;
(5) G is linearly independent.

Note that codensity (extension property) is not an explicit part of this axiom-
atization. However, by Lemma 2.4, any saturated model of T¢ will satisfy the
codensity property.

We will now extract some more information from the proof of [12] to show that
G-independent types are easy to characterize. We will need, the following fact:
since G is dense in R”Y, so is G = {g" : g € G} so G as an ordered group is
reqularly dense ordered abelian group. A discussion of these groups is carried in
Section 7 of [12]. In particular, we will need:

Fact 4.2. Let (G, -, <) be a regularly dense ordered abelian group and let (g1, ..., gx),
(91, 9) € G. Write tp,,(g1,...,9x) for the type in the language of ordered

groups. Then tpy,. (g1, .-, gr) = tpy,(91,- - -, 9;) if and only if

(1) gt*---gp* < 1if and only if gi"* -+~ g,"* < 1 for all nq,...,ng € Z.
(2) gt -+ gpt € G™ if and only if g"* -+ g € G™ for all na,...,ny € Z,
m > 2.

12



Theorem 4.3. (see [12], Theorem 7.1) Let (K,G) and (K',G") be two models of
TC. Then whenever @ = Eg‘ eK,d = g’ﬁ’ € G’ are two G-independent tuples such
that § = G(a), ¢ = G(d’), and

(1) (G,9) =(G',7) (the types of § and §' agree in the sense of ordered groups)

=/

(2) tprerp(@) = tprerp(@) (their types agree in the sense of real closed fields)
Then tpg (@) = tpa(@).

Proof. We may assume that both structures are X-saturated. We will build a back
and forth system between the two structures, i.e. we will prove that if ¢ € K
then there is ¢ € K’ and d € G, d e G', such that @de and @'dc are again
G-independent, ¢ € G if and only if ¢/ € G’, and (1,2) above hold for these new
tuples.

Case 1: ¢ ¢ dclger(d@G). By the extension (codensity) property, we can find
¢ € K’ such that ¢ ¢ dclger(@’'G" and tprep(c/d) = tprep(c/d’) (ie. ¢ and ¢
realize the corresponding cuts over dclror(@) and dclgep(a’), respectively). Then
clearly both dc and @'c’ are G-independent, and (1,2) hold for the new tuples. In

this case, d and d are both empty tuples.

Case 2: ¢ € dclgep(@). Take ¢ € K’ such that tprep(c,d) = tprep(c,@). If
¢ € G, then ¢ € dclrer(§), hence also ¢ € dcly,(g) (in the sense of the group G).
Let ¢(x, §) be a formula in the language of ordered groups witnessing it (essentially,
it says that x is the (positive) nth root of a product of elements of i and/or their
inverses). The same formula, viewed as a formula in the language of rings, is also
witnessing x € dclgor(7). Then clearly, ¢ € G, since ¢ is the unique element of
K’ satisfying ¢(x,g’) in K', and ¢ (z,§") does have a solution in G’. Similarly, if
¢ € G, then ¢ € G. Clearly, both dc and @'¢ are G-independent, and (1,2) hold
for the new tuples. In this case again, d and d are both empty tuples.

Case 3: ¢ € G\ dclgcr(@).

We need to find ¢’ € G’ such that tprcp(c'/d’') = tprep(c/d) and tp,,.(¢'/§) =
9y, (¢/3).

First, by Nj-saturation of G’, we can find ¢’ € G’ be such that tp,,(c"/g") =
tpy-(¢/g). Next, as in [12] we need to refine the way we choose g{ in order to make
it compatible with the field structure.

Let h : dclger(@) — delgreor (@) be a partial ordered field isomorphism specified
by h(ad) =da'.

Let

p(z,dclrer (@) = Mtpror(c/ delror(@))).
Then, by o-minimality, p(x,dclrcr(d’)) is determined by a cut together with the
fact that x is transcendental over @. By saturation we can find an interval (q,r)
inside this cut and by using the density of G’ we may assume the interval has
endpoints in G’.

Recall that both G and G’ are regularly dense. Furthermore, since the structures
are saturated, the set of divisible elements in G is also dense in K and the set of
divisible elements in G’ is also dense in K’. By choosing t € G’ divisible such that
t € (g/c”,r/c") then tc” € (q,r), and therefore, tppop(c, @) = tprop(tc’,d'))

Claim tp,,.(c”,§") = tp,,.(tc’,§') in the sense of regularly dense ordered abelian
groups.

Here we use Fact 4.2. We know that for any element z € dcly(§'), z¢” has
an n-th root in G’ if and only if z¢”’t has an n-th root in G’ and that the cut
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determined by dcly,(§') in the sense of ordered groups is determined by the cut
defined by dclgcpr(a@’) in the sense of ordered fields. The claim follows easily from
these observations.

Since, tpgr(c7 9) = tpgT(C”, gl)v we get tpgr(cﬂ g) = tpgr(tcllvgl))'

Thus, we can take ¢/ = ¢’t. The new tuples are still G-independent (since we
are adding elements of G(K) or G(K')) and (1,2) hold as well. Here again d and
d are empty.

Case 4: ¢ € dclrer(dG). Let d € G be such that ¢ € dclRCF(&'d_i We may
assume that d is a minimal such tuple. By iterating case 3, we can find ded
such that tppeop(@d) = tppop(@d) and tpgr(g'ci) = tpgr(g"c?). Now, apply case 2
to find the required ¢'.

O

As in the previous section, we derive near model completeness of T¢ from the
above proposition.

Corollary 4.4. The theory T is near model complete. That is, if (R,G) = T,
every La-formula is equivalent to a boolean combinations of G-existential formulas.

Proof. Given a sufficiently saturated model (R, G) of T and two tuples @; and @
in R satisfying the same G-existential formulas, we can extend both tuples to @)
and @, which are G-independent and still satisfy the same G-existential formulas.
By Fact 4.2, equality of group types of G(@)) and G(d}) follows from equality of
their G-existential types. The rest follows by Proposition 4.3.

|

Lemma 4.5. Let (K,G) and (K',G") be sufficiently saturated models of T and
let g1,...,90 € G, g1,...,9.,, € G" be such that:
(1) gt*-...-gp* € G™ if and only if g\"* ... g,** € G™ for allny,...,n, € Z,
m > 2.
(2) For any semialgebraic set V definable over O, G € V if and only if § € V.

Then tpa(g) = tpe (). Moreover, zfg € K is such that 55, g’E are G-independent,

G(gb) = g, G(gb) = ¢ and for any semialgebraic set V definable over b, § € V if

and only if § € V then tpe(G/b) = tpa(g'/b).

Proof. Note that gi'* -...- g,* =1 can be expressed as g1, ..., g, belonging to an

algebraic set definable over (). The result follows from Fact 4.2 and Theorem 4.3.
O

This shows that the only new structure induced on G without parameters is
given by polynomial (in fact, linear) inequalities with integer coefficients. With
outside parameters, the induced new structure is given by traces of semialgebraic
sets.

Finally, we prove a technical result relating Lg-definable sets in one variable
to Lg-definable sets up to small sets. An analogous result appears as Proposition
3.12 in [6] and was used as an essential ingredient to understand imaginaries and
to study the preservation of NT P, and NTP; [3] in dense-codense expansions of
geometric structures.

Proposition 4.6. Let (R,G) be a G-structure and let Y C R be Lg-definable.
Then there is X C M L-definable such that Y AX is small.
14



Proof. If Y is small or cosmall, the result is clear, so we may assume that both
Y and M \ 'Y are large. Assume that Y is definable over d@ and that a is G-
independent. Let b € Y be such that b & scl(@) and let ¢ € M \ 'Y be such that
¢ & scl(@). Then bd, cd are G-independent, while tp,(b@) # tpg(cd). Then by
Lemma 4.3, tppop(b@) # tprop(cd), so there is Xp. a semialgebraic set such that
b€ Xy and ¢ € Xp.. By compactness, we may first assume that X;. only depends
on tprop(b/@) and applying compactness again we may assume that X3, does not
depend on tppop(b/@) and we will call it simply X. Thus for b’ € Y and ¢/ € M\Y
not in the small closure of @, we have b € X and ¢ € M \ X. This shows that
YAX is small. (]

Since definable subsets of R in o-minimal theories are finite unions of points and
intervals, we get:

Corollary 4.7. Let Y C R be definable in Lg. Then there is a finite partition
—0 =aqp < a1 < -+ < Gy = 0 of R such that Y is either small or cosmall
in (a;—1,a;) fori =1,...,m. Furthermore, if Y is definable from cZ: where d is
G-independent, so is the partition —oo = ag < a1 < +++ < Ay = 0.

Since 1-dimensional cells are definably homeomorphic to an open interval, we
also get:

Corollary 4.8. Let X C R"™ be L-definable and 1-dimensional and let Y C X be
Lg-definable. Then there is a finite partition of X into cells {C; : i < m} such that
each C; is either a point or a 1-dimensional cell and C; N'Y is small or cosmall
in C;NX fori=1,...,m. Furthermore, if Y is definable from J: where d is
G-independent, so is the partition {C; : i < m}.

5. ADDING A SUBGROUP OF S

In this section we consider a version of our construction of a G-structure, where
we add a subgroup G of the unit circle S, generated by an algebraically independent
dense set. Here S is viewed as a definable subgroup of the multiplicative group
(C*,-). The resulting theory has a lot in common with the expansion studied by
Belegradek and Zil’ber in [1]. The difference in our setting is that the resulting
group is of infinite rank, is torsion free and linearly independent.

The field of complex numbers is defined in the usual way in (R, +, x,0,1). Thus,
C = R?, with operations

(@) + @) =(@+2"y+y), (z.9) (@y) = (x2' -y, 2y +2'y).
For ACClet Ay ={z: (x,y) € A for some y}.

Similarly, for any real closed field K define C(K) = K? with the corresponding
addition and multiplication. Define S(K) = {(z,y)|r,y € K,2?> + y* = 1} as
a subgroup of the multiplicative group C(K)*. As noted in [1], for z = (z,y)
in S(K), we have 22 — 2z +1 = 0 and (2 — )% + y?> = 0. This implies that
when restricted to S(K), algebraic closure in the sense of C(K) coincides with the
algebraic closure in the sense of K.

Choose an algebraically independent countable dense subset Hy of the interval

(—1,1) of R. Then let
H={(h,v/1—h2):he Hy}.
Note that H C S (in fact, just the upper semicircle) and H,. = Hy.
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Lemma 5.1. H is an algebraically independent subset of the field of complex num-
ber C.

Proof. Since for any z = z + yi € S we have z + % = 2z (in C), z and (z,0)
are interalgebraic in C. Since H,.. is algebraically independent (in R), so is H (in
0). O

Let G be the multiplicative subgroup of S generated by H. Note that G is a free
abelian group (hence, torsion free).

Lemma 5.2. G is linearly independent in C over Q.
Proof. The proof is identical to that of Lemma 2.1. O

Next lemma shows that there is no new structure imposed by algebraic equations
(in the sense of C) on G.

Lemma 5.3. For any polynomial f(z1,...,zn) with integer coefficients there is a
quantifier free formula 0;(Z) in the multiplicative group language such that for any
g € G we have f(§) =0 if and only if (G,-) = 607(7).

Proof. Let f(2) = BN k2" ... 27 where all k; # 0 and all the monomials are
distinct. Since G is linearly independent, for any § € G, if f(g) = 0, then there is
a partition of the set {1,2,...,n} into disjoint subsets Iy, ..., I, such that for any
[ < m we have

Ziehki =0
and
71,1 Tryi . T1,] T ]
g1 90" =917 Gy

for all 7,5 € I;. Taking disjunction over all such partitions we get the desired
quantifier free formula.
O

Note that the formula 6; does not need parameters from G.

Lemma 5.4. (1) For any n, G is dense in'S in the following sense: for any
~1<a<b<0or0<a<b<1 there exist (g1, g2), (g}, 95) € G" such
that a < g1, g, < b, g2 is between v/1 — a2 and /1 — b2, and g}, is between
—V1—a? and —/1 — b2,

(2) For any (g1, g2) € G, the coset (g1, g2)G™ is dense in'S and ((gl,gg)G["])
is dense in [—1,1].

re

Proof. (1) First, note that since GI" is closed under complex conjugation (in S, % =
%), it suffices to show only the existence of (g1, g2). We can write (a, 1 — a?) = e
and (b,v/1 —a?) = €% where 0 < §; < m. Choose h = cosfy € Hy such that
e—nl < b < % (it exists by the density of Hy in (—1,1)). Then (g1, g2) = €% is
the required element of GI".

(2) By (1), {6]e?® € GI"} is dense in [0,27]. Clearly, for any 6’ € [0,27], so is
{04 0'1e? € G 0 +0 <271} U{0+ 60 —2r]e?? € G 0+ 60" > 2n}. Tt follows
that for any e € G the coset ¢’ GI™ is dense in S. The rest is clear.

(I

Note also that the analogue of Lemma 2.3 holds in present setting as well. More-
over, we also have:
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Lemma 5.5. Let (K,+,-,0,1,G) be a sufficiently saturated model of the theory
¢ =Th(R,+,-,0,1,G). Then
(1) G(K) is linearly independent
(2) ifa,g1,...,9xr € G(K) and a € acl(g1, ..., gx) (in the sense of K or C(K)),
then for some r > 1, and s1,...,s, € Z we have a” = g7* ... g;".

Proof. The proof of (1) and (2) is identical to that of Lemma 2.4. O

If we want to emphasize that G is the subgroup of C generated by H as defined
above, we will use the notation G = G(R).

We will now introduce a variant of the axioms (0-7) from Proposition 3.1 of
[1], formulated for a structure K in the language of ordered rings, with a binary
predicate G.

(1) K is a real closed field;

) G(K) is a subgroup of S(K);

) G(K) is elementarily equivalent to G(R) (as an abelian group);

) For any g € G(K) and any n > 1, the coset gG(K)[™ is dense in S(K);
5) For any g € G(K) and any n > 1, the set (gG(K)["])m is dense in [—1,1];
6) For any finite set of polynomials over Z

(2
(3
(4
(
(

{fi(x7y17y17'"7yn7ynazl7"'7z7n)|i S k}

of positive degree, and for any ¢ € K™, the intersection F; N...N Fj is dense in
K, where

F;={a € K|fi(a,b,&) # 0 for allbe G(K)", such that for somed e K fi(d,b,c) # 0}.

(7) For every polynomial f(2) over Z, for any tuple Zin G(K) f(Z) = 0 holds in
C(K) exactly when 6;(Z) holds in the group G(K).

Lemma 5.6. The axzioms (1-7) hold in (R,+,-,0,1,G).

Proof. Axioms (1-3) hold trivially.
Axioms (4,5) follow by Lemma 5.5. Axiom (6) holds since any interval in R is
uncountable. Axiom (7) holds by Lemma 5.3. O

Note that (7) implies that G(K) is linearly independent over Q. Note also that
(4) and (5) can easily be shown to be equivalent for any subgroup of S. We include
both of them for convenience.

Note that G, is a subset of the interval (—1, 1]. Since G is closed under complex
conjugates (complex reciprocals), for each a € G,. both a™ = (a,v/1 — a?) and
a” = (a,—V1—a?) belong to G. For a tuple € = (eq,...,e,) of elements of G,
let et = (ei", ...,e}) be the corresponding tuple of elements of G. We will also use
the notation a,. for the first coordinate of any a € S(K'). Given a structure (K, G)
as above, for any set A C K, we say that A is G .-independent if A is independent
from Gy, over AN G,.. Clearly, dcl(G,.) = dcl(G) in K (in the ring language).

The next result is a modification of Theorem 4.3 for the new setting.

Theorem 5.7. Let (K,G) and (K',G) be two models of axioms (1-6). Then
whenever d = 5{7’ e K,d = 5’5’ € K’ are two Gr.-independent tuples such that
§ = Gre(@), § = Gre(@'), and (writing G for G(K) and G’ for G'(K))
(1) (G,g") = (G',g) (the types of gt and §* agree in the sense of multi-
plicative groups)
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(2) tPprep(@) = tprep(@) (their types agree in the sense of real closed fields)
Then tpg (@) = tpg ().

Proof. We may assume that both structures are N;-saturated. We will build a back
and forth system between the two structures, i.e. we will prove that if ¢ € K then
there is ¢ € K’ and d € Gre, d e G!., such that @dc and @'dc’ are again G-
independent, ¢ € G, if and only if ¢ € G..,, and properties (1) and (2) above hold
for these new tuples.

Case 1: ¢ € dclger(dG). By axiom (6) and saturation, we can find ¢ € K’
such that ¢ € dclper(@’G’) and tprep(c/@) = tprep(d/d’) (ie. ¢ and ¢ realize
the corresponding cuts over dclgor(@) and delgor(d’), respectively). Then clearly
both dc and @'¢ are G-independent, and properties (1) and (2) hold for the new
tuples. In this case, d and d are both empty tuples.

Case 2: ¢ € dclgep(@). Take ¢ € K’ such that tpgpop(c/,@) = tpreor(c, @).
If ¢ € Gy, then ¢* belongs to G Ndclgcr(g). By Lemma 5.5 part (2), there is
a formula ¢ (z,9) in the language of groups witnessing ¢t € dcl,,(§) which says
that x is the (positive) nth root of a product of elements of i and/or their inverses.
The same formula, viewed as a formula in the language of rings, is also witnessing
(z,v/1 —22) € dclger (7). Then clearly, ¢ € G’, since ¢’T is the unique element
of K’ satisfying ¢ (x, g/+) in K’, and +(z,§ ") does have a solution in G’. Then
¢ € @G,,. Similarly, if ¢ € G, then ¢ € Gye. Clearly, both dc and @'c’ are Ghre-
independent, and (1,2) hold for the new tuples. In this case again, d and d are
both empty tuples.

Case 3: ¢ € G\ dclgor(a).

We need to find ¢’ € G, such that tppop(c’/d@’) = tprop(c/d@) and tp,,. (¢ /g") =
tpg(c*/G7).

First, by Nj-saturation of G’, we can find d € G’ be such that tpgr(d/ﬂ”r) =
tp,,(c +/g ). Next, as in [12] we need to refine the way we choose d in order to
make it compatible with the field structure.

Let h : dcl rer(@) = delgrer(a@’) be a partial ordered field isomorphism specified
by h(ad) =

Let

e’

p(,delrer (@) = h(tpgror(c/ dcdrer(@)).
Then, by o-minimality, p(z,dclgrer(a@’)) is determined by a cut (inside [—1,1])
together with the fact that x is transcendental over @. By saturation we can find
an interval (g, r) inside this cut and by using the density of G, in [-1, 1] (special
case of axiom (5)) we may assume ¢, € G.,.

Note that by saturation and axiom (5), for any h € G’, the set (h(G')di”)re is
dense in [—1, 1]. Thus, we can find ¢ € G’ divisible, such that (td),. € (¢,7) and td
belongs to the upper semicircle.

Thus, tprep(c, @) = tprep((td)re, d’))

Claim tp,,.(d, §") = tp,,.(td, §*) in the sense of free abelian groups.

We know that for any element z € dclg, ("), 2d has an n-th root in G’ if and
only if zdt has an n-th root in G’ . The claim follows easily from this observation.

Since, tp,, (™, §%) = tpy,(d, §), we get tpy, (c*, §7) = tpy,(td, §)).

Thus, we can take ¢’ = (td),.. The new tuples are still G-independent (since we
are adding elements of G(K) or G(K')) and properties (1) and (2) hold as well.
Here again d and d are empty.
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Case 4: ¢ € dclpep(@Gre). Let d € Gye be such that ¢ € delgep(@d). We may
assume that d is a minimal such tuple. By iterating case 3, we can find ded
such that tppep(@d) = tprep(@d) and tpgr(§+J+) = tpgr(§’+cz7+). Now, apply
case 2 to find the required ¢'. O

Corollary 5.8. The theory TS = Th(R,+,-,0,1,G) is aziomatized by (1-6).

Remark 5.9. Using the approach of Gunaydin from [15], Section 8.2 (with the
corresponding notion of density for oriented abelian groups and the fact that in our
setting T' = {1}) one can give an alternative axiomatization of TEC :

(1) K is a real closed ordered field;

(2) G is a dense subgroup of S(K);

(3) G is linearly independent in C(K);

(4) G is torsion free;

(5) for any n > 1, GI" has infinite index in G.

Corollary 5.10. The theory TS is near model complete in the following sense: if
(K,G) = T, every Lg-formula is equivalent to a boolean combinations of G-
existential formulas over the language L expanded with the unary operation symbol

for the positive square root function f(x) = /max(z,0).

Proof. Given a sufficiently saturated model (K,G) of T¢® and two tuples @; and
ds in R satisfying the same G,..-existential formulas, we can extend both tuples
to dy and @5 which are G, e-independent and still satisfy the same G,..-existential
formulas. Since G(R) is a model of the theory of free abelian groups, equality of
group types of Gy.(@})" and G,.(a5)" follows from equality of their G-existential
types. Since for any g € G,.. we have g™ = (g, /1 — ¢2), any quantifier free formula
in the group language involving §* (where § is a tuple in G,..) can be replaced with
a Ge-existential formula over the language £ expanded with f(z) = y/max(z,0).
The rest follows by Proposition 5.7.

O

Finally we obtain a description of definable sets up to small sets that will be
useful to describe definable groups.

Proposition 5.11. Let (K,G) be a models of axioms (1-6). Y C K be Lg-
definable. Then there is X C K L-definable such that Y AX is small.

Proof. If'Y is small or cosmall, the result is clear, so we may assume that both Y and
K\ Y are large. Assume that Y is definable over @ and that @ is G-independent.
Let b € Y be such that b ¢ scl(@) and let ¢ € K \ 'Y be such that ¢ & scl(a).
Then ba, cd are G-independent, while tp(bd) # tps(cd). Then by Theorem 5.7,
tPrep (@) # tpprop(cd), so there is X, a semialgebraic set such that b € X, and
¢ & Xp.. Now proceed by compactness just as in Proposition 4.6 to obtain the
desired X. (]

Since definable subsets of R in o-minimal theories are finite unions of points and
intervals, we get:

Corollary 5.12. Let Y C K be definable in Lg. Then there is a finite partition
—0 =qp < a1 < -+ < Gy = 0 of R such that Y is either small or cosmall
in (a;—1,a;) fori =1,...,m. Furthermore, if Y is definable from ci; where d is
G-independent, so is the partition —oo = apg < a1 < -+ < Ay = 0.
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Since 1-dimensional cells are definably homeomorphic to an open interval, we
also get:

Corollary 5.13. Let X C K™ be L-definable and 1-dimensional and let Y C X be
Lg-definable. Then there is a finite partition of X into cells {C; : i < m} such that
each C; is either a point or a 1-dimensional cell and C; N'Y is small or cosmall
i C;NX fori =1,...,m. Furthermore, if Y is definable over J: where d is
G-independent, so is the partition {C; : i < m}.

6. NIP AND WEAK 1-BASEDNESS OF (&

In this section we will study the expansions of R that were introduced in sections
4 and 5; in particular we will show that in both cases, Th(R, G) has NIP. We will
also show, under both frameworks, that G with the induced structure is geometric
and weakly 1-based (linear in the sense of geometric structures).

6.1. NIP. There are several results about the preservation of NIP in expansions
of geometric theories, among them in lovely pairs, H-structures [6, 2, 7] and tame
expansions of real closed fields [16, 7]. More importantly to us, Giinaydin and
Hieronymi showed in [16] that NIP holds in expansions of real closed fields with a
dense group with the Mann property whose n-th powers have finite index in the
group [16]. All these results fall into the more general framework of Chernikov and
Simon on adding predicates to an NIP theory [§].

The proof presented in [16] uses the fact that every definable subset of G™ is
a boolean combination of the trace of a semialgebraic set in G™ with cosets of
subgroups of G". We will use this same idea in our setting. On the other hand,
the subgroups considered in [16] had finite index in G and once G is added to
the language, the cosets of those groups are definable over (). This last part does
not hold in our setting, for example, for the expansion considered in section 4, the
subgroups GI" = {g € G : Ih € G g = K™} have infinite index in G for m > 1, they
have unboundedly many cosets in G and those cosets in general are not definable
over (). Instead we will combine the description of definable sets from [16] and then
use the criterion from [8].

We will start by considering the expansion Th(K,G), where G is a dense sub-
group of K> as introduced in section 4, later we will describe the changes we need
to apply to our arguments to include the case of a subgroup of S studied in section
5. We start with some definitions.

Definition 6.1. For m > 1,let G = {g € G:3h € G g=h™}.

Let k = (ki,...,ky,) € Z™ and for each m > 1 define G, i =191, 9n) €G":
g’fl ... gk € GI™} and Gr:={(91,.,9n) €G" :giCl gk =13

For each n > 1, let D(n) be the collection of finite intersections of the groups

G, ; and Gj where ke zn.
Theorem 6.2. Th(K,G) has NIP.

Proof. We apply the criterion from [8, Thm 2.4].

We begin by showing that every Lg-formula ¢(Z, ) has NIP over G(Z). Assume
otherwise, so there is an Lg-formula ¢(Z,7), I = (b; : i € w) an indiscernible
sequence of elements in G(K) and a G-independent tuple @ € K such that gb(l;i, a)
holds iff 7 is even. Then by Lemma 4.5 we have that there is a finite collection of
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¢(Z,@) A G(Z) holds if and only if [V;h;(Z,d) A 0;(Z,&)] A G(Z) holds. Then one
of the conjuctions ;(Z, (f) A 0;(Z, ) has the IP. To simplify the notiation we will
remove the subindex ¢ from the formulas.

Thus either the L-formula ¥(Z, ) has the IP or 6(Z,w) has IP. Since 9(Z, %)
defines a semialgebraic set, it is NIP. On the other hand, consider the subgroup
H € D(n) which is definable over (), where n = |Z|. If all elements in I = (b; : i € w)
are in the same coset of H, then any formula defining a boolean combination of
cosets of H that holds for l_;o holds for the whole sequence. On the other hand,
assume the elements in I = (l_)'l 4 € w) are in different cosets of H. Then any
formula defining a single coset of H holds for at most one element in the sequence
and a formula defining the complement of a single coset of H holds for cofinitely
many elements in the sequence. Thus the formula 6(Z, ¢) does not have the IP.

Finally, by Theorem 4.3 every formula in (K, G) is equivalent to a boolean com-
bination of existential formulas over G. This fact together with Theorem 2.4 (8]
shows that Th(M,G) also has NIP. O

Proposition 6.3. The theory Th(K,G) is not strongly dependent.

L-formulas (%, 2) and Lg-formulas 6,(Z,w) and a pair of tuples d, & such that
d

Proof. We will use cosets of the subgroups GIP!, where p is a prime, to witness the
failure of strong dependence. Let {h;; : 4,5 € w} be different elements in the set
of generators of G. Consider the formula ¢;(z,h; ;) =z € hi’jG[pi] where p; is the
i — th prime and construct the array {¢;(x, h; ;) :4,j € w}.

Note that whenever j,k are different, h; ;/h;x & GP:l, so the cosets h; ;G
h; xGP! are disjoint and thus the formulas {p;(x,b; ;) : j < w} are 2-inconsistent.
This proves that the formulas in each row of the array are 2-inconsistent.

On the other hand, fix different primes py,...,ps and consider the intersection
C = hl’lG[m] N hg’lG[pQ] N--N hs’lG[pS]. We want to show that the intersection
is non-empty. Assume that g = hi’;h5? ... hg%. Then if g € C, we must have that

1y =1 mod p1, 1 =0 mod ps,...,x1 = 0 mod pg, similarly, o = 0 mod p,
9 =1 mod ps,...,z2 =0 mod ps, etc. Now apply the Chinese remainder theorem
to get the desired exponents 1, ..., xs. This shows that C is non-empty (in fact it

has infinitely many solutions). This proves that the paths down on the array are
consistent.

O

Theorem 6.4. Assume G < S is a dense subgroup of S as studied in section 5.
Then Th(K,G) has NIP.

Proof. By Theorem 5.7 the description of definable sets is the same as in the pre-
vious case, so the same proof will work. ([

It is shown in [5] that when G is divisible, then G with the induced structure
from R is weakly 1-based. We will now show that the same result holds when G
is the group generated by a collection of dense-codense algebraically independent
elements.

Let (Ro,Go) be a model of T¢ and let (R, G) = (Ro, Go) be |Ro|*-saturated.

Let T* be the theory of the ordered multiplicative group G expanded with the
traces of semialgebraic sets over Ry. We will denote the expanded structure by G*.
Let acl™ denote the algebraic closure operator in G*. Note that T* is a reduct of
the expansion of T with constants from Rj.
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Proposition 6.5. The theory T* of the group G with the induced structure from
Ry is geometric. Moreover, acl®(—) = dcly(— U Go).

Proof. First, we will show that T eliminates 3°°. Consider a formula ¢(x,¥) in
the language of T™*. Tt suffices to show that the property "¢(z, @) has finitely many
solutions" (in G) is definable in T*. We may assume that ¢(z,¥) is a disjunction of
the formulas of the form G (z§) Av(x, ¥, 7o) AO(z, ¥, §o), where ¢ (x, ¥, 7o) is a formula
in the language of real closed fields and 6(z, ¥, §o) is a formula in the language of
multiplicative groups defining a boolean combination of cosets of groups in D(n+1)
(where n is the length of §) and go are parameters from Gj. Clearly, it suffices to
assume that ¢(z,7) is a single such conjunction, and that 6(x, ¥, go) represents a
single coset of a group in D(n+1) or its complement.Then for any @ € G, 0(G, d, o)
is either a coset of a group in D(1) or its complement, hence either a singleton, or
an empty set or an infinite dense set. Thus to say that ¢(z, @) has finitely many
solutions, we need to express that ¢(R, ¥, 7o) has no interior (in R) or 6(G, ¥, go)
has no more than one element. The former can be expressed in R by

X(#,70) = Vr1Vaa(xy < w2 = 32(x1 < 2 Az <22 AY(2,7,70))),

which, when restricted to G, becomes a formula in 7%, and saying that 6(G, ¥, go)
has no more than one element is also a formula in T%.

Now, suppose a, be G, and a € acl*(g). Then for some formulas ¢ (z, ¥, 7) and
0(x, Y, go) as above, a satisfies ¢(x, b, 7o) A O(x, b, Jo), and this formula has finitely
many solutions (in G).

Case 1: The formula 1(z, b, 7) defines a finite set (in R). Then a € dclgep(b7).
Since Ry is G-independent, we have a € dclRCF(gGO), and thus, a € dclgr(gGo)
(since dclgop restricted to G is dclg,).

Case 2. The formula ¢(z, b, 7o) defines an infinite set so it must have interior.
Then 6(z, b, §y) must define a finite set and so a belongs to dclg,.(gg'o).

This shows that acl® = dcly,.(—UG)). Since dcl,, satisfies the exchange property,
so does acl”.

O

Proposition 6.6. The theory T is weakly one-based. Moreover, the pregeometry
induced by acl® is modular, and its associated geometry is a projective geometry
over Q.

Proof. To show weak one-basedness it suffices to show modularity (projectivity) of
acl®. Thus, suppose a, b, c1,...,¢, € G and a € acl*(bc). By the description of acl®,
for some integer 1, s,t1,...,t, we have
a” =belt .. chrd,

where d € Go. Let co = ci* ... ctn. Then clearly ¢y € acl*(€) and a € acl*(b, co).

Taking the divisible hull of G and viewing it as an additive group, we can also see
that acl® is induced by the linear span with the elements of Gy added as constants.
Since each element of the divisible hull is a rational multiple of an element of G,

the associated geometry of acl® is a projective geometry over Q.
O

Remark 6.7. Since the acl*-dimension in G* is witnessed by positive Boolean
combinations of cosets of definable subgroups, the structure G* is weakly abelian
(see |5]). This gives another proof of weak one-basedness of T*.
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Next, we will look at the structure induced on a dense subgroup G of S, as
studied in section 5. Let (R, Go) be a model of TS| (so, Gy C S(Ry) C R2) and
let (R,G) = (Ro,Go) be |Ry|"-saturated.

Let T* be the theory of the multiplicative group G C S(R) expanded with
the traces of semialgebraic sets over Ry. As before, we will denote the expanded
structure by G*, and acl® will denote the algebraic closure operator in G*. By
Theorem 5.7, the type of a tuple ((a1,a}),...,(an,a),)) € G(R)™ over Ry in the
sense of the theory T¢9 is determined by

tprep(a,al ... an,al,/Ro)
and
tpg, (a1, layl), - .- (an, lay])/Go).
Since tpreop(al,al ..., an,a, /Ry) specifies the signs of af, ..., al,, we can drop the
absolute values.
As before, we get the following result.

Proposition 6.8. The theory T of the group G with the induced structure from
Ry is geometric. Moreover, acl®(—) = dcly(— U Go).

Proof. First, we will show that T* eliminates 3°°. Consider a formula

(;5((:671'/), (y1, yi)v L) (ymy;))

in the language of T™.
It suffices to show that the property "¢((z,2'), (a1,a}), ..., (an,al,)) has finitely
many solutions" (in G) is definable in T*. We may assume that ¢ is a disjunction

of the formulas of the form
G(z, m’)/\/\ GYi, Y)ND(Z, 2 Y1, ULy - - s Yns Yo TOAO (2,27, (1, 1) - -+ s (Uns )5 70) G0

where v is a formula in the language of real closed fields and 6 is a formula in
the language of multiplicative groups defining a boolean combination of cosets of
groups in D(n + 1) (where n is the length of ) and gy are parameters from Gy.
Clearly, it suffices to assume that ¢(x,¥) is a single such conjunction, and that
0(x, ¥, go) represents a single coset of a group in D(n + 1) or its complement.Then
for any d € G, 0(G,ad, gy) is either a coset of a group in D(1) or its complement,
hence either a singleton, or an empty set or an infinite dense subset of G. Thus,
to say that ¢(z,@) has finitely many solutions, we need to express that (R, %, 7)
intersected with S(R) has no interior in S(R), or (G, ¥, o) has no more than one
element. It is clear that the last statement is first order and is expressed by a
formula in 7. The former statement can be expressed in R by saying that for any
—l1<a<b<0or0<a<b<1 there exist (s,s'), (¢t') € ¥(R?,7,7) such that
a < s,t<b, s isbetween V1 — a2 and v/1 — b2, and ¢’ is between —v/1 — a2 and
—+/1 — b%. When restricted to G, this statement becomes a formula in T*.

Claim acl”(—) = dcly.(— U Go)

Suppose (a,a’), (b1,b}), ..., (bn, b)) € G, and

(a,a’) € acl*((b1,b}), ..., (by,b)).

Then for some formulas

'l/}(xvxlvyla yiv oo »ynvyr/m 7?0)
and

9((1'71'/)’ (y1, y/l)v B (ymy;L)ﬂ?O)
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as above, (a,a’) satisfies
Y(x,a’ by, by, b, b)), o) A O((x, '), (b1, b)), .oy (B, b)), G0),

and this formula has finitely many solutions (in G).

Case 1: The formula 9 (z,2’, b1, b, ..., by, b)), 70) A x? + 2/ = 1 defines a finite
set (in R?). Then a 6 delrorp(by, ..., by, ro) Since Ry is G, .-independent, we have
a € delgor (b1, ..., bn, (Go)re)- Thus there is a non-constant polynomlal p(z y,F)
with rational coefﬁ(nents such that a € dclpcr (b Go) is witnessed by p(a, b, §) = 0,
for some go € (Go)re. We may assume that bgo is an algebraically independent
tuple (in the sense of RCF).

Replacing each variable v in p(z,7,) with %(v + %) and passing to a common
denominator, we get a complex polynomial ¢(z, @, @), with z appearing with positive
degree, such that

(]((a, al)v (blv bll)v ) (bnv b”l’L)? (glvg/l)v SERE) (gkvg;c)) =0.
Since Ego is algebraically independent in R, so is the tuple

(ylvyll)a IR (y’my;)’ (tlatll)7 RS (tkv t;s)
(in the sense of the field C(R)), and thus,

Q((]"vx/)v (blvb&)v DR} (bTHb;L)? (91791)7 (RS (gkag;c)) =0

has finitely many solutions in G(R).
By Lemma 5.3, there exists a formula

GQ((xaxl)a (ylvyll)a ceey (ynzy;)’ (tlv t/1)7 EER (tkv t;i:))

in the language of multiplicative groups, such that 64(G'T"¥) is the zero set of ¢
on Gtk Then 6, witnesses (a,a’) € dely,.((b1,b)), ..., (bn, b)), Go).

Case 2. The formula ¥ (z,2’,b1,b], ..., by, b)), Fg)/\:tz—i-x ’2 = 1 defines an infinite
set, so it must have interior (in S(R)). Then O((z,z"), (b1,6)),. .., (bn, b)), Go) must
define a finite set (otherwise it is dense) and so a belongs to dclgr(ggo).

This shows that acl” = dclg,.(—UGy). Since dcly, satisfies the exchange property,
so does acl”.

U

7. DEFINABLE GROUPS IN (R, G)

We begin this section with the study of definable groups in pairs of the form
(R, P), where R is a real closed field and P is a new predicate where P stands
for a small subset of R or of a power of R. We use the usual notation, £ stands
for the language of real closed fields and Lp for L U {P}. Some properties of
groups definable in expansions similar to the ones we are considering were studied
by Eleftheriou, Giinaydin and Hieronymi in [13|. In particular, they conjectured:

Let (F,*) be a Lp-definable group. Then there is a short exact sequence
0—-B—U—K—0and amap 7: U — H where

e U is V-definable.
e B is V-definable in L with dim(B) = Idim(F).
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e K is definable and small.
e 7:U — F is a surjective group homomorphism and

e all maps involved are V-definable.

While the conjecture remains open in our setting, in this section, we present
some positive results when F' is the subgroup of an L-definable one dimensional
group. Of course, we will need some assumptions on the expansion:

Partition Assumption. Let Y C R be definable in Lp. Then there is a finite
partition —oco = a9 < a1 < -+ < a,, = oo of R such that Y is either small or
cosmall in (a;_1,a;) fori=1,...,m.

Generalized Partition Assumption. Let X C R" be L-definable and 1-
dimensional and let Y C X be Lg-definable. Then there is a finite partition of X
into cells {C; : @ < m} such that each C; is either a point or a 1-dimensional cell
and C; NY is small or cosmall in C; N X fori=1,...,m.

Note that these assumptions hold when G is as in section 4 (see Corollary 4.7
and Corollary 4.8) and also as in section 5 (see Corollary 5.12 and Corollary 5.13).
There are many other expansion that also satisfy this assumptions, for example
dense pairs, H-stuctures, and expansions with groups satisfying the Mann propertry
of finite index inside R>° (the work of Giinaydin and van den Dries [12]) and inside
S (the work of Belegradek and Zil’ber [1]).

We will start with torsion free groups, where the argument is more transparent:

Lemma 7.1. Assume F < (R,+) is Lp-definable and the Partition Assumption
holds. Then either F is small or F = (R, +).

Proof. Assume F < (R,+) is Lp-definable. If F' is small there is nothing to prove.
Assume otherwise. Then by the Partition Assumption there is a partition —oco =
ag < ay < -+ < @, = o0 of R and an interval (a;,a;4+1) such that F' is cosmall
in (a;,a;y+1). Now let f € F N (a;,a;41), then (F N (a;,a;+1)) — f is cosmall in
(a;,a;4+1) — f and contains 0. Thus, after possibly going to a different partition, we
may assume that (a;,a;+1) contains 0.

Claim F'N (ai, ai+1) = (ai, aH_l)

Assume otherwise and let ¢ € (a;,a;+1) \ F. Then the coset ¢ + F is cosmall in
(c+a;,c+air1). Since (a;,a;41) is an open set containing 0, (a;, a;+1) N (c+a;, c+
a;+1) is an open interval and both F' and ¢+ F' are cosmall in the interval, so they
must intersect, a contradiction.

Thus F N (a;,ai+1) = (ai,a;4+1), in particular the elements a;/2, a;1+1/2 belong
to F' and thus both elements a;, a;1 belong to F.

Now consider (a;, a;+1) + (a;, a;+1) = (2a;,2a;41) which is a subset of F. Since
F N (aig1,0i42) D (aig1,2ai41) N (@it1,0i+2), the set F must be cosmall in the
interval (a;41,ai+2). Similarly, it is easy to show that F' must be cosmall in the
interval and (a;—_1, a;). It follows as in the claim that FN(a;y1, air2) = (@41, Git2)
and F N (a;_1,a;) = (a;—1,a;). Proceeding inductively we get that F' = R. O

A similar argument applies to multiplicative groups:

Lemma 7.2. Assume F < (R>°,.) is Lp-definable and assumption 1 holds. Then
either F is small or F = (R>Y,").



Proof. We just change, in the proof above, + for -, 0 for 1, multiplication by 2 for
squaring and dividing by 2 for taking a square root. ([

Finally, we prove the argument even works for general 1-dimensional groups:

Lemma 7.3. Assume that (T,-) is a 1-dimensional L-definable group and let F' <
(T,-) be Lp-definable. Also assume that the Generalized Partition Assumption
holds. Then either F is small or F is L-definable.

Proof. Let F' < (T,-) be Lg-definable of dimension 1. If F' is small there is nothing
to prove. Assume otherwise. Since we need to see (T,-) as topological group, we
give (T, ) the t-topology [17]. Then we can write T = Uy U - - - U U,. where the sets
U; are definable and there is a definable bijection between U; and some open subset
Vi in R.

Then by the generalized partition assumption, there is a partition of U; into cells
{C7 :i < my} such that each C is either a point or a 1-dimensional cell and C/ N F
is small or cosmall in C; for i = 1,...,m. Then for some pair of indexes i, j, the
cell C7 is 1-dimensional and C{ N F' is cosmall.

Let f € Cg N F and apply to T the left translation by f~!, which is a continuous
bijection in T. Then the set Dp = f~1 - (C/ N F) is 1-dimensional, contains the
identity and is cosmall in the t-open set D = f~1. Y.

Claim FFN D = D. Assume otherwise and let d € D \ F'. Then the coset dF is
cosmall in d - D. Since D is a 1-dimensional t-open set containing e, d - D is also a
t-open set and they intersect in a t-open set where both F' and d - F' are cosmall, a
contradiction.

Thus F' contains an open set around the identity in the ¢-topology. Since trans-
lation is a homeomorphism, we get that I is t-open.

Assume now that that CF is another 1-dimensional t-open set such that FNCF #
(). Then the intersection is t-open non-empty and thus not small. It follows as in
the claim that the intersection must agree with Cf. We get that F is the union of
the 1-dimensional t-open sets Clk that it intersects and maybe some extra points
and so it must be L-definable. O

Now we will study the definable subgroups of G inside pairs of the form (R, G),
where R is a real closed field and G is either a dense subgroup of R>% with the
Mann property (of infinite rank as in as in section 4 or of finite rank as studied by
Giinaydin and van den Dries) or G is a dense subgroup of S(R) with the Mann prop-
erty (of infinite rank as in as in section 5 or of finite rank as studied by Belegradek
and Zil’ber [1]).

Recall that the definable subsets of G™ in the pair (R, G) are finite unions of
intersections of semialgebraic sets with realizations of group-formulas (%, ¢), where
0(Z, ) defines a finite boolean combination of cosets of subgroups of the form F €
D(n), where n = |Z]. In particular, all groups F' € D(n) are definable. We will try
to simplify the picture:

Lemma 7.4. Whenever (n,k) =1, G, 1, = GI".

Proof. We may work in the model (R, G) where G is generated by the independent
set H. Assume first that g € G, so there is g; € G such that g = g?*. Then
g" = (¢¥)" so g € Gy, k. On the other hand, assume that g = h{'...h;" where h;
stand for generators of G which are algebraically independent and we may assume
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that all h; are different and thus algebraically independent. If g € G, k, then
gF € GI", s0 gF = h’fsl ...hfsl has an n-th root. Since (n,k) =1 each of s1,...,s
is divisible by n and thus g € G[™. O

Lemma 7.5. Whenever (n,k) =1, GI" 0 GF = Gkl

Proof. We may work in the model (R, G) where G is generated by the independent
set H. Clearly GI"* ¢ GI"] 0 GI*. Assume that g = hi'...h]" where h; stand for
generators of G which are algebraically independent and we may assume that all
h; are different and thus algebraically independent. If g € GI" N G*! then each of
(81,...,5) is divisible by n and by k, so they are also divisible by nk. O

We now deal with the expansion (R,G), where G < R>? is dense and has the
Mann property. This includes the case studied in 4 and in [12]

Lemma 7.6. Let S < G be Lg-definable. Then S € D(1).

Proof. Let S < G be Lg-definable, then by Lemma 4.5 we can write S = ((a1,a2)N
B1)U((ag, az)NBa)U- - -U((an, ant1)NB)UF where each B; is a boolean combination
of cosets of groups in D(1), all a; > 0, the intervals (a;, a;+1) are disjoint and F is
a finite set of points.

Assume that R is the standard real field and S < R>? is a subgroup. Then
either S is just the identity, infinite cyclic or dense. Assume that S # {e} so it
must be infinite and thus for some i, (a;,a;+1) N B; is infinite. Since the non-finite
boolean combination of cosets of groups in D(1) are dense, B; N (a;,a;+1) is dense
in (a;,a;+1) and thus S must be dense in R~?. Note that being dense is a first
order property and thus this property is true in all models of the theory.

Let ¢ € (a1,as2) N By, then after multiplying by ¢! we may assume that 1 €
(a1,a2) N By. Since S is dense in R™?, then for every [, S! is dense in R>° and in
a saturated model S%V, the group consisting of the divisible elements of S, is also
dense in R>?. Since being dense is a first order property, this is also true in all
models of the theory.

Claim B, and Bs differ by a finite set.

Let t € (az2,as) N By be divisible. First observe that t~1GM = G and that
for every coset dGI"), we also get t~*dG!"™ = dG!, so t~' B, differs from B, by at
most a finite set. Then t~1 - (a2, a3) N By = (az/t,a3/t) Nt~1 By also contains the
identity and (a2/t, a3 /t) is an open set around the identity. Let ¢; = max(ay, as/t),
¢ = min(asg, az/t). Then on the open set (c1,c2), we have SN (c1,c2) = (e1,¢2) N
By = (c1,¢2) Nt7 1By, so By and ¢t~ By agree on an open interval and thus they
differ by at most a finite set. The claim follows from this result.

Thus after modifying the finite set F', and using the density of S, we may assume
all the sets B; are the same and write S = ([(b1,b2) N B\ F1) U Fy, where Fy, F
are finite sets. Again using the density of S in R™°, we get that by = 0, by = 00
and thus S = B U F which is clearly an element in D(1)

([l

Finally we see how to modify the arguments in the previous proof to deal with
the expansion (R, G), where G < S(R) is dense and has the Mann property. This
includes the case studied in section 5 and in [1].

Lemma 7.7. Let U < G be Lg-definable. Then U € D(1) or U is finite.
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Proof. Let U < G be Lg-definable, then by Corollary 5.13, we can write U =
(CiNB;)U(CoNBg)U---U(Cp,NBy)UF where each B; is a boolean combination
of cosets of groups in D(1), the collection C; is a family of 1-dimensional cells that
are disjoint and F is a finite set of points. Assume first that R is the standard real
field and U < S(R) is a subgroup. It is well known that the subgroups of S(R) are
either finite or dense, since this is a first order property the same results holds in all
models of the theory. If U if finite we get the desired result. If U is infinite, then it
is dense and we proceed in a similar way as in the previous proof by showing that
all B, differ by at most a finite set and that the C; form a partition of S(R) up to
a finite set. O

7.1. Dynamics. In this section we study some dynamical properties of G inside
the expansion (R, G), where G is a dense codense subgroup of R>? (respectively a
subgroup of S(R)) and has the Mann property. We follow the presentation from [9].
First note that in all settings under consideration G is abelian, so it is definably
amenable. Our goals are to find explicit invariant measures and strong f-generic
types, characterize G and the quotient G /G.

7.1.1. Dynamics: the infinite index case. Assume first that G < R>? and (R, G) =
TS are as in section 4. In particular G is dense, has the Mann property and the
groups G have infinite index in G.

Lemma 7.8. Let (K,G) be an Ny-saturated model model of T and consider the
type p(x) =z € GU{z >g: g€ GlU{z € gW : g € GW € D(1)}. Let p,
be the measure centered in p. Then p, is G-invariant. Furthermore G = G and
Stab(p) = G.

Proof. For any a € K, the formula ¢(z) = (x > a) A (z € G) has p,-measure
1. If g € G, then the translate go(z) = (¢7'z > a) A (g7'z € G) = (x >
ag) A (x € G) also has p,-measure 1. Similarly for ¢ € G and W € D(1), the
formula ¢(z) = (x € aW) A (z € G) has p,-measure 1. If g € G, then the translate
gp(x) = (g7'z ¢ aW) A (g7t € G) = (x € gaW) A (z € G) also has measure
1. By the description of definable subsets of G from Lemma 4.5 we get that p, is
G-invariant.

Thus the group G is definably amenable. Also note that since each of the groups
G has infinite index in G, we get that G°° = G. Since for any g € G, g-p = p,
the orbit of p under the action of G is a singleton, Stab(p) = G = G and p(z) is
strongly f-generic. O

For any n > 2, the map that sends g € G to g" € GI™ is a definable group
isomorphism, so the group GI™ is also definable amenable, G["]OO = G and has
strong f-generics. Thus the the lemma also holds for all W € D(1) and by Lemma
7.7 for all definable subgroups of G.

Question 7.9. Is the lemma above true for W € D(1) just assuming that G has
the Mann property and that all groups Gy, i have infinite index in G ?

7.1.2. Dynamics: the finite index case. We now assume that we are in the setting

studied in [12]. So G has the Mann property and that all groups G!"] have finite

index in G. There are several examples of Mann-multiplicative subgroups with this

property, for example 223%, 22325Z etc. In this setting, as opposed to the previous
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case, all G, have finite index in G and thus G is the subgroup of divisible
elements.

Lemma 7.10. Let (K,G) be an X;-saturated model model of T® and consider the
type p(z) =2 € GU{r >g: g€ GyU{x € G :n > 2}. Let u, be the measure
centered in p. Then p, is G*-invariant.

Proof. For any a € K, the formula ¢(z) = (x > a) A (z € G) has p,-measure 1. If
g € G, then the translate gp(z) = (972 > a) A (97'z € G) = (z > ag) A (z € G)
also has p,-measure 1. Similarly the formula ¢(z) = (z € GI") has i,-measure 1.
If g € G, then the translate gp(z) = (¢~ 'z € aGM) = (z € gGM) = (z € GI")
also has p,-measure 1. By the description of definable subsets of G' we get that 1,
is G%-invariant. O

Thus the group G is definable ameanable. Note that it follows from the previous
proof for any g € G, g-p = p and that the orbit of p under the action of G has
cardinality at most 280, namely the orbit is determined by choosing a coset of each
G (and there are finitely many such cosets) for every n.

The quotient group G /G is a profinite group. For every positive pair of integers
n, m such that n divides m, we get a natural map f,,, : G/G["] — G/G[m] defined
by fam(aGIM) = aGl™. The group G/G is the inverse limit of this system. Note
that the quotients G /G[™ are finite and thus they are not ordered groups. Similarly
the profinite group G/G% is not ordered and thus G /G, even when it is infinite,
is not a model of the theory of G.

Example 7.11. Consider the multiplicative group G = 293% that is dense in R>°
and has the Mann property (see [12|). Then G/G"™ = Z/nZ and G/G is the
infinite compact group of profinite integers.

7.1.3. Dynamics: subgroups of S with the Mann property. Finally we study the
dynamics in two other settings. First we consider the case studied by Belegradek
and Zilber in [1] which deal with dense subgroups of S that have the Mann property
that have finite rank. Under these assumptions, all groups G have finite index
in G and G% contains the intersection N, G™ as well as the group of infinitesimals
around 1.

Recall that the shortest arc in the circle between e and e is homeomor-
phic to (=1, 1) through a map that sends (1,0) to the point 0. Thus we can identify
the elements infinitesimally close to (1,0) with the elements infinitesimally close to
0 and give the elements infinitesimally close to (1,0) in S an order compatible with
the group operation. We will use the order below:

—im/4 imw/4

Lemma 7.12. Let (K,G) be an N;i-saturated model of T® and consider the Haar
measure | of G that asigns to an arc its length normalized by 2w. Then u is G-
invariant and the measure of GI" is one over the index of G inside G. Consider
the type p(x) = x € GU{x > a:a € G, a infinitesimal } U{z < 1/n:n>1}U{z €
Gl i > 2}. Let p, be the measure centered in p. Then p, is G -invariant.

Proof. The first part is clear, as the length of an arc (even if intersected with G) is
preserved under rotations. Also, if the index of G™ on G is k, then the cosets can
be permuted by multiplying by elements in G, so they all have the same measure
and the result follows.
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Now we will check that p, is G*-invariant. If g € G%, then g is infinitesimal
and z is infinitesimal and so is gz, thus gr < 1/n :n > 1. Alsoif a € G is
infinitesimal, and g¢ is infinitesimal, then ¢~! and ag~"' are also infinitesimal and
x > ag~! implies gr > a. Finally if x € G" and g € G", then zg € G, so if
g € G and z is divisible, then gz is divisible. O

Example 7.13. Consider the multiplicative group G = U of the roots of unity
interpreted as a subset of R%. It is a divisible group but it has torsion points, for
every n € N, the collection of n torsion points are precisely the n-th roots of unity.
In a saturated model, the interpretation of U includes points without torsion that
are dense inside the torsion points and U0 are those points infinitesimally close to
1. In this setting, U/U is the group S.

This is not surprising, as a pure group, U is the interpretation of S in the field Q
and in a saturated model R, the quotient U(R)/U%(R) correponds to the quotient
of S(R)/SY(R) which is known to be S(R). One can also check directly using the
work of Szmielew [20] that as pure groups, U is elementary equivalent to S.

Now we consider the case studied in section 5 which deals with dense subgroups
of S that have the Mann property that have infinite rank. Now all groups GI") have
infinite index in G and G is the group of infinitesimals around 1.

Lemma 7.14. Let (K,G) be an Ny -saturated model model of T¢ and and consider
the Haar measure p of G that asigns to an arc its length normalized by 2w. Then
w is G-invariant and the measure of G is zero. Consider the type p(z) = = €
GU{x >a:a€ G,a infinitesimal x < 1/n:n>1}U{z & aGI" : n > 2,a € G}.
Let p,, be the measure centered in p. Then p, is G -invariant.

Proof. The proof is very similar to the one of the previous lemma and we leave it
to the reader. O

Question 7.15. Assume F is small, bounded and definable in (R, K) = T, where
(R, K) is Ry-saturated and G < S has the Mann property (regarless if it has finite
or infinite rank). Does it hold that is F = F/F?, i.e. Does a partial version of
Pillay’s conjecture hold in this setting?

8. QUESTIONS

There are several questions that arised from this work and its relationship with
other papers. Here we list some:

(1) Do similar results hold for elliptic curves? That is, if we add a dense-
codense family of independent elements inside an elliptic curve defined in
a real closed field R and we call G the group they generate (with the
elliptic curve operation) is the theory of the pair (R,G) NIP and near
model complete?

(2) Assume G < R”>° has the Mann property and F < (R,+) is small. Is
F ={0}?

(3) Are all small groups definable in expansions of R by a multiplicative group
with the Mann property definably amenable?

(4) Is Th(R,G) rosy when G is an in section 4 or in section 57
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