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ABSTRACT. Let R be a real closed field and let an expansion of R to an o-minimal
structure be given. We prove that for any closed bounded definable subset A of R™
and a finite family By, ..., B, of definable subsets of A there exists a definable tri-
angulation h : || — A of A compatible with By, ..., B, such that K is a simplicial
complex in R™ and h extends to a definable Cl-mapping defined on a definable open
neighborhood of |K| in R™.

1. Introduction. Assume that R is any real closed field and an expansion of R to
some o-minimal structure is given. Throughout the paper we will be talking about
definable sets and mappings referring to this o-minimal structure. (For fundamental
definitions and results on o-minimal structures the reader is referred to [vdD] or
[C].) We adopt the following definitions of a simplex and a simplicial complex. Let
k,n € Nand k <n. A simplex of dimension k in R" is the convex hull

k k
A= (ag,...,a) = {Zaiai: a; >0 (i=0,...,k), Z%’Zl}
i=0

1=0

of k+ 1 affinely independent points a; of R™ which are called the wvertices of A.
An [-dimensional face of A is any of the following simplexes A" = (a,,,...,a,,),
where 0 < v, <--- <y < k.

A simplicial complex in R™ is a finite family KC of simplexes in R™ which satisfies
the following conditions:

(1) If Al,AQ € K and Al 7é AQ, then Al N AQ = 0.
(2) If A e K and A’ is a face of A, then A’ € K.

The closed bounded definable subset || = |JK of R™ is called the polyhedron
of the symplicial complex IC.
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Let A be any closed bounded subset of R". A definable C*-triangulation of A
is a pair (IC, h), where K is a simplicial complex in some space R™, h: |[K| — A
is a definable homeomorphism such that for each A € K, h(A) is a definable C-
submanifold of R™ and h|A : A — h(A) is a C1-diffeomorphism. When By, ..., B,
are definable subsets of A, we say that a triangulation (IC, h) is compatible with the
sets Bi,..., B, if each of the sets h=!(B;) is a union of some simplexes of K. A
definable strict Cl-triangulation is such a definable C'-triangulation (K, h) that
h: |K| — R™ is of class C; i.e. it has an extension to a C'-mapping defined on
an open definable neighborhood of || in R™.

The main result of the present article is the following.

Main Theorem. Let A be a closed bounded definable subset of R"™ and let
Bi,...,B, be a finite family of definable subsets of A. Then there exists a de-
finable strict C-triangulation (K, h) of A compatible with By, ..., B, such that K
15 a stmplicial complex in R™.

This theorem improves the results of Coste-Reguiat [CR] and Ohmoto-Shiota
[OS]. The interest for proving such a theorem is in its application to integration
theory on sets definable in o-minimal structures (cf. [OS]). The proof of the main
theorem below is divided into two parts; in the first one it is proven that there exists
a definable C!-triangulation (K,h) of A compatible with By, ..., B, such that K
is a simplicial complex in R™, h : || — R™ is Lipschitz and {h|A : A € K}
is a Cl-stratification with the Whitney (A) condition and in the second part this
triangulation will be improved to a strict C!-triangulation.

2. Proof of Main Theorem.

Part I. First we will prove that there exists a definable C!-triangulation (K, h) of
A compatible with Bj,...,B, such that K is a simplicial complex in R",
h : |K| — R™ is Lipschitz and {h|A : A € K} is a Cl-stratification with the
Whitney (A) condition.

The proof is by induction on n. Without any loss of generality we assume that
A is the closure of its interior A = intA. By Theorem 3.12 from [Cz2] there exists
a definable C'-triangulation (K, f) of A compatible with By, ..., B, such that K
is a simplicial complex in R™ and f : || — A is a Lipschitz mapping. By the
assumption about A, |K| = J{A: A € K,dim A = n}. After perhaps a linear
change of coordinates in R", we can assume that there exists a finite number of
affine functions ¢; : R"™' — R (j =1,...,s), such that

{94 :dimA=n} C U ©,

j=1

where ¢; stands for the graph of ¢; = {(z1,...,2,) € R" 1z, = @j(1,...,Zpn-1)}.
(Throughout the article we adopt the convention to identify mappings with their
graphs.) Then {f|A: A € K} is a finite definable C''-stratification of (the graph of)
f. By [L2] (see also [L1] or [LSW], or [L]) it admits a finite definable C!-refinement
S with Whitney (A) condition such that strata from S of dimension n are exactly
{flA : A € K,dimA = n}. There exists a corresponding C!-stratification 7 of
|IC| which is a refinement of K such that S = {f|A: A € T} and 7 contains all
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open simplexes of K. Then for any pair M, N € T, such that M C N and for any
Zo € M and any definable arc a: (0,6) — N (¢ > 0) such that lim; .o a(t) = z,,
we have

M) lim dogey (f] N) D da, (] M).

Here we use the fact that the limit 1%in% da@)(fIN) always exists due to the o-

minimality condition and common boundedness of the differentials dq ) (f| V) fol-
lowing from the lipschitzianity condition.

Let 7 : R" 3 (x1,...,2,) — (21,...,2,_1) € R"! denote the natural pro-
jection. 7(|K|) is a definable closed and bounded subset of R"~!. Take p > 0
such that |¢;(y)| < p, for each y € w(|K]) and j € {1,...,s}. By the induc-
tion hypothesis there exists a strict C'-triangulation (£, g) of 7(|K|) compatible
with all the subsets 7(N), where N € 7, and at the time with all the subsets
{ye R w0, (y) = ¢in(y)} and {y € R 2 ), (y) < ¢4 (y)}, where ji # jo.
Replacing perhaps £ by its barycentric subdivision we can assume that

(2) A€ L,pjo9 <pjogond = (pj09)(c) < (pj,°g)(c), for some vertex cof A.

Put ¢, = —p and ps41 = p.

Similarly as in the classical proofs of triangulation (compare [vdD, Chapter 8]),
we built a polyhedral complex P in R™ the polyhedron of which is |£| X [—p, p] and
such that its projection under 7 is £. To this end fix any simplex A € L. Put

{wél,...,wf_H ={pjoglA:j=0,...,s+1},

where Y2 < ... < 7,b7{‘+1, r = r, depending on A. Let c,, ..., c, be all vertices of A.
For each i € {0,...,r + 1}, define also ¥/! : A — R by the the formula

k k
o ( Z aycy) = Z ah (e,
v=0 v=0

k
where a,, > 0, for each v € {0,...,k}, and Z o, = 1. Now we define the polyhe-

v=0
dral complex

P={0:AcLi=0,...,ra+1}U{(@TF4): A€ Lii=0,...,rs}.

The complex is well defined because w{l have continuous extensions to A and be-
cause of (2) (for more detailed explanation, see Lemma 1 below). There exists a
unique definable homeomorphism H : [L| X [—p, p] — |L]| x [—p, p], such that for
each A € Land i € {0,...,74 + 1}, H(u, ¥ (u)) = (u,{}(u)), for each u € A,
and for each i € {0,...,r4} and u € A, H is an affine isomorphism of the line seg-
ment [(u, 7/ (u)), (u, ¥/}, (u))] onto the line segment [(u, Y/ (u)), (u, i (u))] (see
Lemma 1). Since each of the functions ?,biA has a C'-extension to A, according to
Lemma 1, H is Lipschitz, C! on every polyhedron © € P and {H|© : © € P} is
a Cl-stratification of H with Whitney (A) condition. By Lemma 2 below, all the
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above properties of H hold when we replace P by a simplicial complex P* which
is a barycentric subdivision of P, and since g : |£| — 7(|K]|) is C!, the same pro-
perties inherits the mapping H := (g x idg) o H : |L| x [—p, p] — 7(|K|) x [—p, p].
It is clear from the definitions that there exists a subcomplex R of P such that
{H(©) : © € R} is a Cl-stratification of |K| which is a refinement of K such that
H is Lipschitz and {H|© : @ € R} is a C'-stratification of H with Whitney (A)
condition. Now the mapping G := f o H is the desired Lipschitz triangulation such
that {G|© : © € R} is a Cl-stratification of G with Whitney (A) condition (see
Lemma 2).

Lemma 1(cf. [Cz; Lemma 3.10]). Let A = (co,...,cx) be a simplex in R" of
dimension k. Let L, be the simplicial complex of all faces of A; so |La| = A. Let
Vi A — R (i =1,2) be definable C*-functions such that

(3) A€ L, 1|A#Ys|A = there is a vertex ¢, of A such that ¥1(c,) < a(cy).

Let W; : |A| — R (i =1,2) be defined by the formula
k k
!z ( Z a,/cy) - Z Qu¢i(cv)v
v=0 v=0

k
where Z a, =1, a, > 0. Consider the following polyhedral complex
v=0

P = {Spl| A:Ae £A,i = 1,2} U {(Sp1|A,![/2|A) A€ ﬁA,&pﬂA < !I/Q‘A}
Then there exists a unique definable homeomorphism
H:|P|— {(y,2) € Ax R:9i(y) < 2 < ¢a(y)}

such that, for each y € A and i = 1,2, H(y,%(y)) = (y,%:i(y)) and H is an
affine isomorphism of the line segment [(y,¥1(y)), (y,P2(y))] onto the line segment
[(yvd}l (y))7 (vaQ(y))] MO’I’@O’U@T’, we have that

(a) H is Lipschitz,
(b) H is Ct-mapping on each © € P and
(c) {H|O : © € P} is a Cl-stratification of H with Whitney (A) condition.

Proof of Lemma 1. It is clear that, for each A € L4,

(yﬂpl (y)>7 if (y, w) S Ep1|A
H(y,w) =4 (¥, #ﬁgy)%@) + %%(y))a if (y,w) € (1|4, ¥|A)
(Y, 2(y)), if (y, w) € Ws|A.

Notice that H is well-defined bijection due to (3), which implies that 1y < 15 on
A if and only if ¥; < ¥, on A, otherwise ¥y = ¥ on A and ¥; = ¥, on A. To
prove (a), (b) and (c), first observe that using the following C'-diffeomorphism

Ax R (y,w)— (y,w—1(y)) € AxX R
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we can assume without any loss of generality that ¢y = ¥; = 0. Of course, we
can assume that ¢ := 19 > 0 and ¥ := ¥ > 0 on A. The condition (b) is clearly
fulfilled. Put IT = (0|A,¥|A) and H(y,w) = (y, H*(y,w)). In order to prove (a)
it suffices to show that all first-order partial derivatives of H* are bounded on II.
Since

OH* oz o z  Yly) ow
“ 9, U T Y ) v oy Y
OH* _ Y)
and 8—w(y’w) ~(y)

it is enough to show that % is bounded on A. This is clear if ¢/(¢,) = ¥(c,) > 0, for

all v, so assume that {c,,...,c} = {c, : ¥(c,) = 0}, where 0 < I < k. By an affine
change of coordinates one can assume that ¢, =0 and ¢, (v =1,...,k) are vectors
of the canonical basis. Let y = (y1,...,yx) € II. Put v = (y1,...,4;,0,...,0).
We have

0| _ 9 o)) MY v _ M
U (y) (y) h 25:14-1 y(cy) S min{Y(e,) i v=1+1,...,k}’

where M is the upper bound for the absolute value of the first-order partial deriva-
tives of . In order to check (c), first observe that H is a C!-diffeomorphism of
{(y,w) € |P|:¥(y) >0} onto {(y,2) € AxR:0< z <9Y(y),¥(y) > 0}. Therefore,
without any loss of generality, it suffices to check the Whitney (A) condition for IT
and

Oc{lyw) EAXR:¥U(y)=0=w}={(y,w) EAX R:¢(y)=0=w}=

conv{cy,...,c} x {0}.

Hence, without any loss of generality, one can assume that © = (c,,...,c,) x {0},
where p < I. Fix any (a,0) € ©. By (4), since ¢ and ¥ are C!, we have

OH*
9y,

(y,w) — 0, for j=1,...,p, when II > (y,w)— (a,0).
This ends the proof of (¢) and of Lemma 1.

The next lemma is a particular case of the general fact that the Whitney (A)
condition is preserved in a transversal intersection (see [Czl]).

Lemma 2. Let H: A — R™ be a definable Lipschitz mapping defined on a closed
subset A € R". Let S be a definable finite Cl-stratification of A such that H|M is
C! for each M € S and {H|M : M € S} is a C'-stratification of H with Whitney
(A) condition. Let T be a definable finite C'-stratification of A with Whitney (A)
condition which is a refinement of S.

Then {H|N : N € T} is a C'-stratification of H with Whitney (A) condition.



6 MALGORZATA CZAPLA AND WIESLAW PAWLUCKI

Proof. Tt follows from the Lipschitz condition that the differentials of H|M are
commonly bounded. Hence the proof is immediate.

Part II. Let (K,f) be a definable C!-triangulation of A compatible with
By, ..., B, such that K is a simplicial complex in R™ such that:

(5) f |K| — R"™is Lipschitz
and
(6)  {f|]A:AecK}is a Cl-stratification with the Whitney (A) condition.

Now we will improve f to get a strict C!-triangulation of A. To this end we will
modify f in some tubular neighborhoods of simplexes.

Fix any simplex I' € K of dimension p < n. Without any loss of generality we
can assume that 0 € I" and I' C RP = {(z1,...,2p) € R" : py1 = - =z, = 0}.
Let R"7?P = {(z1,...,2y) € R" : 1 = --- = x, = 0}. There are affine functionals
pi R — R (j=0,...,p) such that ' ={u € R : p;(u) >0 (j=0,...,p) }.

Consider the star St(I', KC) of I" in K; i.e. St(I,K) ={A € K : I'is a face of A}.
Then (2 := [J{A4 € St(I,K)} is an open neighborhood of I' in |K|. There exists
a > 0 such that, for each u € I,

dist(u, 0£2) > amin p;(u).
j

Put w(u) := p2(u) - ... p2(u), for each u € I'. There exists ¢ > 0 such that, for
each u € I,
(7) 2ew(u) < amin pj;(u) < dist(u, 042).
J
Then

G:={(u,v)€|K|:uel,ve R"P |v|<ew(u)}
is a neighborhood of I" in || contained in {2 due to (7).

Let ¢ : [0, +00) — [0, +00) be a definable C!-function such that ¢ (0) = ¢'(0) =
0, p(t) =1,fort > 1, and ¢'(t) > 0, for t € (0,1). Now we define g : ' x R" P —
I' x R™P by the formula

g(u,v) = (u, gp(ﬂ)v>

ew(u)

Then g(G) = G and g is identity outside G. Besides, g is a C!-diffeomorphism of
I'x R*P\ I" onto I' x R"~P\ I', because its inverse on I" x R" P\ I' is

o~ () = (w7 (L) ),

ew(u)’ w|

where 1 : (0,+00) — (0,+00) is a Cl-diffeomorphism defined by the formula
P(t) = p(t)t.
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Furthermore g is C! on I' x R"~P, because for any j € {1,...,n — p}

dg AR o Yl v
(8) 0v; (u,v) = (0’ lv|  ew(u) 14 (au(u))v + g0<£w(u))e‘7)’
Jg
where e; = (0,...,1,...,0). It follows that ——(u,v) — (0,0), when
() dv;

(u,v) — (u0,0) € I

Now we define h : || — |K| by putting h(z) = g(z), for each x € G, and
h(z) = x on ||\ G. It is clear that h is a homeomorphism of |K| onto || and a
C!-diffeomorphism of each simplex A € K onto itself. It follows from (8) and the
boundedness of first-order partial derivatives of f|A (due to (5)) that

9) W(u,v) — (0,0), when (u,v) — (u,,0) € T,

where A € St(I',KC) \ {I'} and z is any nonzero vector from the intersection of the
linear subspace L generated by A with R"~P. On the other hand we have for any
ie{l,...,p} and (u,v) e GN A

O(f|A0oh) o(f14) Kl
1 D — = - —_—
(10) ou; () ou; <u, SD(Ew(u) )v)
q
9(f14) il Ow ol o]
-1 vy
- ; 0z, <u, gD(au(u))U)( )8ui () ew?(u) (au(u))v
where 21, ..., 2, is an orthogonal basis of L N R"~? and v, are coefficients of v with
respect to this basis. It follows from (5) and from flatness of w on OI" that
I(flAoh a(flA
(11) %(U,U) - #(1’%0)7

when A 3 (u,v) — (u,,0) € A, for any simplex A € K contained in I". This has
two consequences. Firstly, all first-order partial derivatives of f|A o h have finite
limits when approaching I" (see (9) and (11)). Secondly, the new triangulation foh
satisfies the condition (6) at faces A of I where it may fail to be C'-extendable.
But such A are of dimension less then p = dim I', and our procedure works by
decreasing induction on p = dim .

Consequently, after finite number of steps, we obtain a definable C!-triangulation
f || — R™ of A which has on |K] all first-order continuous partial derivatives.
Hence, by a definable version of Whitney’s extension theorem [KP], f can be ex-
tended to a definable C'-mapping defined on the whole space R™.
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