AN EQUIVARIANT DEFINABLE VERSION OF A THEOREM OF J.H.C. WHITEHEAD

TOMOHIRO KAWAKAMI

Abstract. Let N = (R, +, ·, <, . . . ) be an o-minimal expansion of the standard structure of a real closed field R. We consider an equivariant definable version of a theorem of J.H.C. Whitehead.

1. Introduction

Let N = (R, +, ·, <, . . . ) be an o-minimal expansion of the standard structure of a real closed field R. General references on o-minimal structures are [2], [4], see also [14]. Examples and constructions of them can be seen in [3], [5], [11].

J.H.C. Whitehead proves a weak homotopy equivalence between CW complexes is a homotopy equivalence ([15]). Its equivariant version of it is proved by T. Matumoto ([10]) and its definable version of it proved by [1].

In this paper, we consider an equivariant definable version of the theorem of J.H.C. Whitehead.

Everything is considered in N and a definable map is assumed to be continuous unless otherwise stated.

Theorem 1.1. Let G be a definably compact definable group and ϕ : (X, A) → (Y, B) a definable G map between definable G CW complex pairs. If X^H , A^H and B^H are nonempty and the induced maps ϕ_∗ : π_n(X^H ) → π_n(Y^H ) and ϕ_∗ : π_n(A^H ) → π_n(B^H ) are bijective for 1 ≤ n ≤ max(dim X, dim Y ) and each definable subgroup H which appears as an isotropy subgroup in X or Y , then ϕ : (X, A) → (Y, B) is a definable G homotopy equivalence map.

2. Preliminaries

Let X ⊂ R^n and Y ⊂ R^m be definable sets. A continuous map f : X → Y is definable if the graph of f (⊂ X × Y ⊂ R^n × R^m) is a definable set. A group G is a definable group if G is a definable set and the group operations G × G → G and G → G are definable. A definable subset X of R^n is definably compact if for every definable map f : (a, b)_R → X, there exist the limits lim_{x→a+0} f(x), lim_{x→b−0} f(x) in X, where (a, b)_R = {x ∈ R|a ≤ x < b}, −∞ ≤ a < b ≤ ∞. A definable subset X of R^n is definably compact if and only if X is closed and bounded ([13]). Note that if X is a definably compact definable set and f : X → Y is a definable map, then f(X) is definably compact.

2000 Mathematics Subject Classification. 57S10, 03C64.

Keywords and P hrases. O-minimal, definably compact definable groups, real closed fields, a theorem of J.H.C. Whitehead 1

If R is the field of real numbers R, then for any definable subset X of R^n, X is compact if and only if it is definably compact. In general, a definably compact set is not necessarily compact. For example, if R = R_{alg}, then [0, 1]_{Ralg} = {x ∈ R_{alg}|0 ≤ x ≤ 1} is definably compact but not compact.

Note that every definable subgroup of a definable group is closed ([12]) and a closed subgroup of a definable group is not necessarily definable. For example Z is a closed subgroup of R but not a definable subgroup of R.

Let G be a definable group. A pair (X, ϕ) is a definable G set if X is a definable set and the G action ϕ : G × X → X is definable. We simply write X instead of (X, ϕ).

Let X, Y be a definable G sets. A definable map f : X → Y is a definable G map if for any g ∈ G, x ∈ X, f(gx) = gf(x). A definable G map f : X → Y is a definable G homeomorphism if there exists a definable G map h : Y → X such that f ∘ h = id_Y and h ∘ f = id_X . Two definable G maps f, h : X → Y are definably G homotopic if there exists a definable G map H × [0, 1]_R → Y such that H(x, 0) = f(x), H(x, 1) = h(x) for all x ∈ X, where [0, 1]_R = {x ∈ R|0 ≤ x ≤ 1}. A definable G map f : X → Y is a definably G homotopy equivalence if there exists a definable G map h : Y → X such that f ∘ h is definably G homotopic to id_Y and h ∘ f is definably G homotopic to id_X .

Recall existence of definable quotient.

Theorem 2.1. (Existence of definable quotient (e.g. 10. 2.18 [2])). Let G be a definably compact definable group and X a definable G set. Then the orbit space X/G exists as a definable set and the orbit map π : X → X/G is surjective, definable and definably proper.

Using Theorem 2.1, if H is a definable subgroup of a definably compact definable group G, then G/H is a definable set, and the standard action G × G/H → G/H defined by (g, g^′H) → gg^′H of G on G/H makes G/H a definable G set.

Recall definable G CW complexes and a result on them ([6], [7]).

Definition 2.2 ([7]). Let G be a definably compact definable group.

(1) A definable G CW complex is a finite G CW complex {X, {c_i|i ∈ I}) satisfying the the following three conditions.

(a) The underlying set |X| of X is a definable G set.

(b) The characteristic map f_{ci} : G/H_{ci} × Δ → c_i of each open G cell c_i is a definable G map and f_{ci} |G/H × Int Δ : G/H × Int Δ → c_i is a deifnable G homeomorphism, where H_{ci} is a definable subgroup of G, Δ denote a standard closed simplex, c_i is the closure of C_i in X and Int Δ means the interior of Δ.

(c) For each c_i, c_i − c_i is a finite union of open G cells.

(2) Let X and Y be definable G CW complexes. A cellular G map f : X → Y is definable if f : |X| → |Y | is definable.

Since G and every standard closed simplex are definably compact, every definable G CW complex is definably compact.

Let G be a definably compact definable group. A group homomorphism from G to some O_n(R) is a representation if it is definable, where O_n(R) means the nth orthogonal group of R. A representation space of G is R^n with the orthogonal action induced from a representation of G.

Theorem 2.3 ([6]). Let G be a definably compact definable group. Let X be a G invariant definable subset of some representation space of G and Y a definable closed G subset of

X. Then there exist a definable G CW complex Z in a representation space Ξ of G, a G CW subcomplex W of Z, and a definable G map f : X → Z such that:

(1) f maps X and Y definably G homeomorphically onto G invariant definable subsets Z_1 and W_1 of Z and W obtained by removing some open G cells from Z and W , respectively.

(2) The orbit map p : Z → Z/G is a definable cellular map.

(3) The orbit space Z/G is a finite simplicial complex compatible with p(Z_1) and p(W_1). (4) For each open G cell c of Z, p|c : c → p(c) has a definable section s : p|(c) → c, where c denotes the closure of c in Z.

Moreover, if X is definably compact, then Z = f(X) and W = f(Y ).

Corollary 2.4. Let G be a definably compact definable group and X a G invariant definably compact definable subset of some representation space of G. Then X is a definable G CW complex.

Let G be a definably compact definable group, X a definable G set and Y a definable G subset of X. We say that a pair (X, Y ) admits a definable G homotopy extension if for any definable G map from X to a definable G set Z and any definable G homotopy F : Y ×[0, 1]_R → Z with F (y, 0) = f(y) for all y ∈ Y , there exists a definable G homotopy H; X × [0, 1]_R → Z such that H(x, 0) = f(x) for all x ∈ X and H|Y × [0, 1]_R = F .

Theorem 2.5 ([8]). Let G be a definably compact definable group. If X is a definable G set and Y a definable close G subset of X, then (X, Y ) admits a definable G homotopy extension.

3. Proof of Theorem 1.1

O-minimal homotopy groups are defined in [1]. We use there groups instead of the classical homotopy groups

Proposition 3.1. Let Z be a definable G set and Y ⊂ X be a definable G CW pair such that the dimensions of whose cells do not exceed N. If for each definable subgroup H of G, Z^H is nonempty, definably connected and π_n(Z^H ) vanishes for n < N, then any definable G map of Y into Z is extended equivariantly on X.

Let ∅ = Z_{−1} ⊂ Z_0 ⊂ . . . be a sequence of definable G subsets of a definable G set Z such that any definable G map (G/H × Δ^n, G/H × ∂Δ^n) → (Z_,Z_{n−1}) is definably G homotopic rel. G/H to a definable G map G/H × Δ^n → Z_n (n = 0, 1, 2, . . . ), where H is any definable subgroup of G.

Let Y ⊂ X be a definable G CW subcomplex and f_0 : X → Z be a definable G map such that f_0(Y^n) ⊂ Z_n for each n = 0, 1, . . . .

Lemma 3.2. There exists a definable G homotopy f_t : X → Z rel. Y such that f_1(X^n) ⊂ Z_n, for each n = 0, 1, 2, . . . .

P roof. We proceed by induction on n. We may assume that there exists a definable G homotopy f^{n−1}_t : X^{n−1} → Z rel Y ∩ X^{n−1} such that f^{n−1}_0 = f_0|X^{n−1} and f^{n−1}_1 (X^{n−1}) ⊂ Z_{n−1}. Let e^n be an n cell of X which is not contained in Y and has the G characteristic map Gσ : G/He × Δ^n → Ge ⊂ X. We define a definable G map F^′_s : (G/He) × Δ^n × {0} ∪ (G/He) × ∂Δ^n × [0, 1]_R → Z by F^′_s(g, s, 0) = f_0(σ(g, s)), s ∈ Δ and F_s(g, s, t) = f^{n−1}_t (σ(g, s)), s ∈ ∂Δ^n. By the inductive hypothesis, F^′(G/He × ∂Δ^n × {1}) = f^{n−1}_1 (Gσ(g, s)) ⊂ Z_{n−1}. Then there exists a definable G extension of F^′_s, F_s : G/He × Δ^n × [0, 1]_R → Z such that F_s(G/He × Δ^n × {1}) ⊂ Z_n. F_s induces a definable G map of Ge × [0, 1]_R into Z which is an extension of f^{n−1}_t , therefore we have a definable G homotopy f^n_t : X^n → Z rel. X^n ∩ Y such that f_t|X^{n−1} = f^{n−1}_t , f^n_0 = f|X^{n−1} and f^n_1 (X^n) ⊂ Z_n. By the induction on n, we have f^n_t for any n. The map defined by f_t : X → Z by f_t|X^n = f^n_t is the required definable G homotopy. □

Lemma 3.3. Let Z ⊃ C be a definable G set pair and H a definable subgroup of G. If C^H is nonempty and π_n(Z^H , C^H ) vanishes, then any definable G map Gf : (G/H × Δ^n, G/H × ∂Δ^n → (Z, C) is definably G homotopic rel. G/H × ∂Δ^n to a definable G map G/H × Δ^n → C.

P roof. Restricting Gf to H/H × Δ^n, we have a non-equivariant definable map f : (Δ^n, ∂Δ^n) → (Z^H , C^H ). This map is definably homotopic rel. ∂Δ to a definable map f_1 : Δ^n → C^H . Let f_t : Δ^n → Z^H be this homotopy. Define Gf_t : G/H × Δ^n → Z by Gf_t(g, s) = gf_t(s). Since f_t(s) ∈ Z^H , this is well-defined. Thus Gf_0 = Gf and Gf_t is a definable G homotopy rel. G/H × ∂Δ^n of Gf_0 to Gf_1 : G/H × Δ^n → C. □

The above two lemma proves the following proposition which is a generalization of Proposition 3.1.

Proposition 3.4. Let Z ⊃ C be a definable G set pair and Y ⊂ X a definable G CW complex pair such that the dimensions of whose cells do not exceed N. If for each definable subgroup H of G which appears as an isotropy subgroup of a X, C^H is nonempty and π_n(Z^H , C^H ) vanishes for each n < N + 1, then any definable G map (X, Y ) → (Z, C) is definably G homotopic rel. Y to a definable G map X → C.

Proposition 3.5. Let f : X → Y be a definable map between definable sets. Then dim f(X) ≤ dim X.

We now consider the G cellular approximation theorem. Non-equivariant case of it is studied in [9].

Lemma 3.6. Let f : (Δ^k, ∂Δ^k) → (Δ^n, ∂Δ^n) be a definable map and k < n. Then f is definably homotopic rel. f^{−1}(∂Δ) to a definable map Δ^k to Δ^n.

P roof. By Proposition 3.5, f is not surjective, (Δ^k, ∂Δ^k) → (Δ^n, ∂Δ^n) which transforms f^′ to a definable map which is definably homotopic to f. □

Lemma 3.7. Let Z = G/H^′ × Δ^n and C = G/H^′ × ∂Δ. Then any definable map f : (Δ^k, ∂Δ^k) → (Z^H , C^H ) is homotopic rel. f^{−1}(C^H ) to a definable map of Δ^k into C^H for k < n and any definable subgroup H of G.

P roof. Composite f with the projection Z^H = (G/H^′)^H × Δ^n → Δ^n. Then we have a definable map f^′ : (Δ^k, ∂Δ^k) → (Δ^n, ∂Δ^n) which is definably homotopic rel. (f^′)^{−1}(∂Δ^n) to a definable map from Δ^k to ∂Δ^n by Lemma 3.6. This gives a definable homotopy rel. f^{−1}(C^H ) of f to a definable map from Δ^k to C^H . □

Proposition 3.8. Let X be a definable G CW complex and k ≤ n. Then π_k(X^H , (X^n)^H ) = 0.

P roof. Let f : (Δ^k, ∂Δ^k) → (X^H , (X^n)^H ) be a definable map. Let Ge^m_1 , . . . , Ge^m_k be G m cells of the highest dimension which intersects with f(Δ^k). The we can consider f to be a definable map (Δ, ∂Δ^k) into (Z^H , (X^n)^H ), where Z = Ge^m_2 , ∪ · · · ∪ Ge^m_k ∪ X^{m−1}. Since the difference between Z and C is only one cell G cell Ge^m_1 , by the proof of Lemma 3.7, we have a definable homotopy rel. f^{−1}(C^H ) of f to a definable map f^′ : Δ^k → C^H , provided k < m. Repeating this argument, we have a definable homotopy rel. ∂Δ^k of f to a definable map f^{′′} : Δ^k → (X^n)^H . □ By Proposition 3.8, 3.5 and 3.4, we have the following theorem.

Theorem 3.9. Let f : X → Y be a definable G map between definable G CW complexes. Then f is definably G homotopic to a definable G map h : X → Y such that h(X^n) ⊂ Y^n.

Lemma 3.10. Let ϕ : C → Z be a definable G map between definable G sets, and X ⊃ Y a definable G CW pair such that the dimensions of whose cells do not exceed N. If for each definable subgroup H of G which appears as an isotropy subgroup of X, C^H and Z^H are nonempty and the induced map ϕ_∗ : π(C^H ) → π_n(Z^H ) is bijiective for n < N and surjective for n = N, then any definable G map pair g : X → Z, f^′ : Y → C with g|Y = ϕ ∘ f^′, there exits a definable G map f : X → C such that f|Y = f^′ and ϕ ∘ f definably G homotopic rel. C to g.

P roof. Let M be the definable mapping cylinder of ϕ : C → Z. Then M^H coincides with the mapping cylinder of π^H : C^H → Z^H for each definable subgroup H of G. Thus π(M^H , C^H ) vanishes for n < N + 1. Hence for n ≥ 1, we can use the exact sequence in the Hurwicz homotopy theory. Therefore we may deduce this lemma from Proposition 3.4. □

Theorem 3.11. Let ϕ : X → Y be a definable G map between definable G sets. If each of X^H , Y^H is nonempty for each definable subgroup H of G, then the following conditions are equivalent.

(1) For each definable sungroup H of G, induced map ϕ_∗ : π_n(X^H ) → π_n(Y^H ) is bijiective for 1 ≤ n < N and surjective for n = N.

(2) The induced map ϕ_∗ : [K, X]^{def}_G → [K, Y ]^{def}_G is bijective for dim K < N and surjective for dim K = N for any definable G CW complex K, where [·, ·]^{def}_G denotes the set of definable G homotopy classes of definable G maps.

P roof. (1) implies (2) because of Lemma 3.10. If we take K = G/H × (Δ/∂Δ), (2) implies (1). □

P roof of T heorem 1.1. Put K = B. Then ϕ|A has a definable G homotopy left inverse ψ because the induced map ϕ_∗ : [B, A]^{def}_G → [B, B]^{def}_G is an isomorphism. By the definable G homotopy extension property, we have a definable G map ϕ^′ : Y → Y which is definably G homotopic to the identity and satisfies ψ^′|B = ψ. Then by Lemma 3.10, we have a definable G map ψ^{′′} : Y → X such that ψ^{′′}|B = ψ and ϕ ∘ ψ^{′′} = ψ^′ is definably G homotopic to the identity of Y . That is, ψ^{′′} is a definable G homotopy left inverse of ϕ. Moreover we have a definable G homotopy left inverse of ψ^{′′} and by algebraic argument, (ψ^{′′}, ψ) is a definable G homotopy inverse of (ϕ, ϕ|B). □

References

[1] E. Baro and M. Otero, On o-minimal homotopy groups, Q. J. Math. 61 (2010), 275–289. [2] L. van den Dries, Tame topology and o-minimal structures, Lecture notes series 248, London Math.

Soc. Cambridge Univ. Press (1998).

[3] L. van den Dries, A. Macintyre and D. Marker, The elementary theory of restricted analytic field with exponentiation, Ann. of Math. 140 (1994), 183–205.

[4] L. van den Dries and C. Miller, Geometric categories and o-minimal structures, Duke Math. J. 84 (1996), 497-540.

[5] L. van den Dries and P. Speissegger, The real field with convergent generalized power series, Trans.

Amer. Math. Soc. 350 (1998), 4377–4421.

[6] T. Kawakami, A definable strong G retract of a definable G set in a real closed field, Bull. Fac. Ed.

Wakayama Univ. Natur. Sci. 61 (2011), 7–11.

[7] T. Kawakami, Definable G CW complex structures of definable G sets and their applications, Bull.

Fac. Ed. Wakayama Univ. Natur. Sci. 54 (2004), 1–15.

[8] T. Kawakami, Definable G homotopy extensions, Bull. Fac. Ed. Wakayama Univ. Natur. Sci. 64 (2014), 9–11.

[9] T. Kawakami and I. Nagasaki, Definable obstruction theory, Bull. Fac. Ed. Wakayama Univ. Natur.

Sci. 65 (2015), 1–7.

[10] T. Matumoto, On G-CW complexes and a theorem of J. H. C. Whitehead, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 18 (1971), 363–374.

[11] C. Miller, Expansion of the field with power functions, Ann. Pure Appl. Logic 68, (1994), 79–94. [12] A. Pillay, On groups and fields definable in o-minimal structures, J. Pure Appl. Algebra 53 (1988), 239-255.

[13] Y. Peterzil and C. Steinhorn, Definable compactness and definable subgroups of o-minimal groups, J. London Math. Soc. 59 (1999), 769–786.

[14] M. Shiota, Geometry of subanalytic and semialgebraic sets, Progress in Math. 150 (1997), Birkhäuser. [15] J.H.C. Whitehead, Combinatorial homotopy I, Bull. Amer. Math. Soc. 55, (1949). 213–245.

Department of Mathematics, Faculty of Education, Wakayama University, Sakaedani Wakayama 640-8510, Japan

E-mail address: kawa@center.wakayama-u.ac.jp